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Abstract

Given a monoidal adjunction, we show that the right adjoint induces a braided lax monoidal
functor between the corresponding Drinfeld centers provided that certain natural transformations,
called projection formula morphisms, are invertible. We investigate these induced functors on
Drinfeld centers in more detail for the monoidal adjunction of restriction and (co-)induction
along morphisms of Hopf algebras. The resulting functors are applied to examples related to
affine algebraic groups, quantum groups at roots of unity, and Radford—Majid biproducts of
Hopf algebras. Moreover, we use the projection formula morphisms to prove a characterization
theorem for monoidal Kleisli adjunctions and a crude monoidal monadicity theorem. The functor
on Drinfeld centers induced by the Eilenberg—Moore adjunction is given in terms of local modules

over commutative central monoids.
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1. Introduction

1.1 Motivation A morphism of monoids (or rings) g: A — B does in general not restrict to a
morphism of monoids (or rings) on the centers Z(g): Z(A) — Z(B). The concept of a monoidal
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category C gives a categorical analogue of a monoid. The center of such a monoidal category is
given by the monoidal or Drinfeld center Z(C) [33,44] — a construction widely used in quantum
algebra and topological quantum field theory, see e.g. [22,34, 64| and references therein. Let
G: C — D be a strong monoidal functor. As in the case of morphisms of monoids, such a functor
does not directly produce a strong monoidal functor Z(C) — Z(D). In this paper, we show that,
if G has a right adjoint functor R: D — C satisfying certain natural conditions, then R induces a
functor on Drinfeld centers. This functor is not strong monoidal but braided laz monoidal. A
first version of this result is the following.

Theorem A (See Corollary 4.11). Let C be a rigid monoidal category and let G: C — D be
a strong monoidal functor. If G 4 R is an adjunction, then R induces a braided lax monoidal

functor Z(R): Z(D) — Z(C).

To return to the motivating setup of the morphism of monoids g: A — B mentioned above,
we can view a monoid as a discrete monoidal category and a strong monoidal functor corresponds
to a morphism of monoids. In this classical setup, the existence of a right adjoint implies that g is
invertible and hence also a morphism of monoids making the centers isomorphic. However, at the
categorical level, there exists a wealth of examples of adjoint functors that are not equivalences
which will give us a wealth of lax monoidal functors on Drinfeld centers that are not equivalences.

A key tool used to prove the general result Theorem B below (of which Theorem A is a special
case) are natural transformations called the projection formula morphisms

Proja, x IProjx A

1
A®RX R(GA®X) and RX®A R(X ® GA), (1.1)

for A € C, X € D, which are constructed using the adjunction data. When these are isomorphisms,
we say that the projection formula holds (for R).

The projection formula isomorphisms are a known tool in representation theory (see e.g. [59,
Section 7.2]), algebraic geometry (see e.g. [29, Exercises I1.5.1 and 111.8.3]), K-theory (|14, 5.3.12]),
tensor triangulated geometry (|4, 1.3. Theorem|), and categorical logic [41], and have been
studied in the context of closed symmetric monoidal categories [23,32]. An adjunction G 4 R
satisfying the projection formula is called coHopf in [3, Section 3.1]. This condition has been
linked to Frobenius-type properties of the right adjoint in [3,66]. Dually, for adjunctions L - G,
the projection formula morphisms are sometimes called Hopf operators |9, Section 2.8] and their
invertibility implies that the associated monad is a Hopf monad.

Functoriality of the Drinfeld center is not a new question and other approaches exist in the
literature. The Drinfeld center has been shown to be bifunctorial on a Morita bicategory where
the objects are certain monoidal categories (namely, indecomposable multitensor categories), 1-
morphisms are finite abelian categorical bimodules, and 2-morphisms are bimodule transformations,
see |39, Theorem 3.1.8] and [38, Theorem 4.12, Section 5.2]. Our construction works directly with
monoidal functors between monoidal categories to, contravariantly, induce lax monoidal functors
on their centers.

1.2 Summary of results The main results of the paper build on consequences of the as-
sumption that the projection formula holds (i.e., the transformations in (1.1) are invertible).
These consequences are that, first, the projection formula gives an adjunction of C-bimodules
and, second, an isomorphism of monoidal monads. To state the results, consider a monoidal
adjunction (see Definition 2.6)
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In particular, we are given an adjunction G - R where G is strong monoidal and R lax monoidal.
Thus, the composition T := RG: C — C is a monoidal monad, i.e., a monad that is lax monoidal
in a compatible way (see Definition 5.4 and [58]).

1.2.1 Induced functors on Drinfeld centers The first consequence of the projection formula
holding (see (1.1)) is that the inverses of lproj and rproj serve as lineators (i.e., as coherence
morphisms) to make the right adjoint R: D% — C a morphism of C-bimodules, see Proposition 3.22.
Here, D¢ denotes the C-bimodule obtained by restricting the regular D-bimodule along G. In
fact, the projection formulas lift G 4 R to an adjunction

-\
DG
/

[\

G
L
R
of C-bimodules, see Lemma 3.24. This observation is used to prove the following main result of
the paper.

Theorem B (See Theorem 4.10). Let G 4 R be a monoidal adjunction such that the projection
formula holds. Then R induces a braided lax monoidal functor

Z(R): Z(D) = Z(C), (X, %) = (RX, ),

where the half-braiding cX is defined for any object A of C by:

CRX
RX® A A A®RX
rprojD,Al Tlprojz}x
R(X ® GA) —9Y) | pGA® X)

The lax monoidal structure of Z(R) is inherited from that of R.

Note that Theorem A is a special case of Theorem B because if C is rigid, then the projection
formula holds for R, see Corollary 3.19. The proof of Theorem B uses the fact that the center
of C-bimodules provides a strict pseudofunctor Z: C-BiMod — Cat of bicategories, as already
observed in [60]. We show that the assignments

C— 2(C) and  (GAR)— Z(R)

give a functor from a category of monoidal categories (with monoidal adjunctions as morphisms)
to the category of braided monoidal categories (with braided lax monoidal functors as morphisms),
see Remark 4.12.

1.2.2  Monoidal Kleisli and Eilenberg—Moore adjunctions The second consequence of the pro-

jection formula is explored in Sections 5 and 6. To state this consequence and further results,

®
lax

as l-morphisms, and monoidal transformations as 2-morphisms. A monoidal adjunction is an

we consider the strict bicategory Caty of monoidal categories, with lax monoidal functors
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adjunction internal to CatﬁX and a monoidal monad is a monad internal to Catgx. If the
projection formula holds, then we have an isomorphism of monoidal monads

Iproj_ 1
e

(—)® R1 T(-), (1.2)

where T'= RG and the monoidal monad (—) ® R(1) is given by tensoring with the commutative
central monoid R(1) € Z(C), see Lemma 5.13.

We explore the above isomorphism of monads to study monoidal versions of the well-known
Kleisli and Filenberg—Moore adjunctions. These adjunctions are of the form Free 4 Forg as
appearing in the following diagram:

EM(T)
free R i N
c ¢ D R c,
A 1.3
Free G \ / ( )
Klei(T)

The Kleisli category Klei(7') inherits a monoidal structure from C without further assumptions.
However, the Eilenberg-Moore category EM(T') inherits a monoidal structure, using (1.2) and
[57], provided that the projection formula holds, C has reflexive coequalizers, and the tensor
product preserves them in both components, see Theorem 6.4. The following result is an analogue
of the universal property of the Kleisli adjunction being initial among adjunctions composing
to a fixed monad, replacing adjunctions with monoidal adjunctions and monads with monoidal

monads.

Theorem C (See Theorem 5.9 and Lemma 5.11). Let T be a monoidal monad. Then:
(1) The Kleisli adjunction Free 4 Forg is a monoidal adjunction.
(2) For any monoidal adjunction G 4 R such that T = RG, the unique induced functor G

becomes strong monoidal.
(3) If the projection formula holds for R, then it holds for Forg.

Moreover, we prove a general characterization of monoidal adjunctions of Kleisli form.

Theorem D (See Theorem 5.15). Let G 4 R be a monoidal adjunction such that the projection
formula holds for R and G is essentially surjective. Then G - R is equivalent as a monoidal
adjunction to the Kleisli adjunction Free 4 Forg for T'= RG.

In particular, if the assumptions of Theorem D hold, D ~ Klei(T') are equivalent monoidal
categories and, hence, Z(D) ~ Z(Klei(T")) are equivalent braided monoidal categories. This
describes the Drinfeld center of the full image of the functor G which can be identified with
Klei(T'). The notion of an equivalence of monoidal adjunctions used in the theorem’s statement
is as one would expect, but hard to find in the literature and thus carefully worked out in
Appendix A 4.

Next, we use the isomorphism of monoidal monads from (1.2) to make EM(T), which is
equivalent to the category Mod¢-R(1) of right modules over R(1) internal to C, a monoidal
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category following [57]. We then prove the universal property of the Eilenberg—Moore adjunction
(see also [9,61]) being terminal among monoidal adjunctions composing to a fixed monoidal
monad 7.

Theorem E (See Proposition 6.11, Lemma 6.13, and Theorem 6.15). Assume that G 4 R is a
monoidal adjunction such that the projection formula holds for R, C has reflexive coequalizers,
and these are preserved by the tensor product. Then:

(1) The Eilenberg—Moore adjunction Free - Forg is a monoidal adjunction.

(2) The canonical functor R is lax monoidal.

(3) The projection formula holds for Forg.

Moreover, we prove an analogue of the crude monadicity theorem for monoidal adjunctions in
Theorem 6.22.

Theorem F (Crude monoidal monadicity theorem). Under the assumptions of Theorem E
suppose that, in addition, R reflects isomorphisms and preserves reflexive coequalizers. Then
G 1 R is equivalent as a monoidal adjunction to the Filenberg—Moore adjunction Free - Forg.

This theorem generalizes and interprets in terms of monoidal adjunctions a known result from
the literature of finite abelian tensor categories, namely, that for a monoidal functor G: C — D
with faithful exact right adjoint R, D is equivalent to Mod¢-R(1) [10, Proposition 6.1].

1.2.8  Applications to categories of local modules Using the isomorphism (1.2), the Eilenberg—
Moore category of the monad T is equivalent to Mod¢-M for the commutative central monoid
M = R(1) € Z(C). By |57], the Drinfeld center of Mod¢-M is equivalent to Modlzofc)—M, the
category of local modules over M in Z(C). Such categories of local modules [17,50,57] have
applications in rational conformal field theory, as they describe the extension theory of VOAs
[30,37]. Under Schauenburg’s equivalence, the induced functor Z(Forg): Z(Mod¢-M) — Z(C)
can be recognized as follows.

Corollary G (See Corollary 6.28). Under the assumptions of Theorem E, the right adjoint
Forg: Mod¢-M — C induces a braided lax monoidal functor which, under Schauenburg’s equiva-

lence, corresponds to the forgetful functor
Forg!**: Mod'g(;)-M — Z(C).

A consequence of Theorem B is that, under assumptions implying Theorem F, we have
that Z(D) is equivalent to Modlgfc)—M , with M = R(1), as a braided monoidal category, see
Corollary 6.29.

A further application of this article’s results arises from the fact that braided lax monoidal
functors preserve commutative monoids (also called commutative algebra objects in the literature).
Indeed, from a commutative central monoid N in D we obtain a commutative central monoid
Z(R)(N) in C. Commutative central monoids in monoidal categories, often satisfying further
non-degeneracy conditions that make them (separable) Frobenius algebras, are of interest to
conformal field theory, see e.g. [25]. In the case of categories Z(kG-mod) or Dijkgraaf~Witten
categories Z(vecty), for w € H3(G, k), lax monoidal functors between Drinfeld centers are a key
tool for the classification of so-called connected étale algebras (or, rigid Frobenius algebras) in
these categories [16,18,28,40]. The functors constructed in this paper provide a new tool to
construct commutative central monoids in Drinfeld centers of more general monoidal categories.



Projection formulas and induced functors on centers of monoidal categories 131

1.2.4 Applications to categories of Yetter—Drinfeld modules over Hopf algebras To obtain
concrete examples, we investigate functors of Drinfeld centers, resulting from Theorem A or B,
between categories of Yetter—Drinfeld modules over Hopf algebras in Section 7 and Section 8. The
category of Yetter—Drinfeld modules (or crossed modules) over a Hopf algebra has objects given
by simultaneous modules and comodules satisfying a compatibility condition and is equivalent to
the Drinfeld center Z(H-Mod) of the category of modules over a Hopf algebra H (see e.g. [46]
or [34, Section XIIIL5]).

Given a morphism of Hopf algebras ¢: K — H we consider the strong monoidal restriction
functors of module and comodule categories and their right adjoints:

Res, Res?
— —
H-Mod L K-Mod K-Comod L H-Comod
\_/ \/
Colnd,, Ind”

We observe that the projection formula holds in the following situations:

e Comodule induction Ind?(V) = HOgV always satisfies the projection formula (see Sec-
tion 7.3).

e Module coinduction Colnd?(V) = Homg (H, V') satisfies the projection formula if H is
finitely generated projective as a left K-module (see Section 7.2).

This gives the following induced functors on categories of Yetter—Drinfeld modules via Theorem B:

Corollary H (See Corollary 7.18 and Corollary 7.11). Let ¢: K — H be a morphism of Hopf
algebras.

(1) The functor Ind¥ induces a braided lax monoidal functor
Z(Ind?): #YD — EYD.

(2) Assume that H is finitely generated projective as a left K -module. Then the functor Colnd,
induces a braided lax monoidal functor

Z(Colndy): KYD — #YD.

As examples, we apply Corollary H to the following morphisms of Hopf algebras.

e The inclusion of the group algebra kC,, of a cyclic group into the Taft Hopf algebra T,,(q)
[62], for ¢ an n-th root of unity (see Example 7.15), which yields a lax monoidal functor via
coinduction by Corollary H, (2).

e The morphism of Hopf algebras ¢ = ¢*: Og — Ok determining a morphism of affine
algebraic groups ¢: K — G and gives a braided lax monoidal functor,

Z(Ind®"): QCoh(K/*K) — QCoh(G/*G),
by Corollary H, (1). Here,
Z(Rep G) = Z(Og-Comod) ~ QCoh(G/*G),

which interprets the Drinfeld center as quasi-coherent sheaves on the quotient stack G/24G
of G acting on itself via adjoint action, cf. [6] and Section 8.1.
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e For the Kac-De Concini quantum group Uc(g) at an odd root of unity ¢, there is a central
Hopf subalgebra Oy, for the algebraic group H = (N~ x NT) x T (see, [20], [13, Section
9.1] and [8, Section II1.6]). The inclusion ¢: Oy — Uc(g), induces a braided lax monoidal
functor

2(Colnd,): QCoh(H/*H) — J9yD,

by Corollary H, (2), see Corollary 8.8, (2). This functor, in particular, induces commutative
central monoids over quantum groups.

e The Radford—Magjid biproduct, or bosonization, H = B x K [45,51] for B a Hopf algebra of
finite-dimensional Yetter—Drinfeld modules over K, for which we show that by Theorem D
and Theorem F,

Z(K-Mod) ~ Mody 1)-Ap |

for a commutative central algebra Apx defined on B*, see Section 8.3. This general class
of examples includes, e.g., the Taft algebra H = T,,(q) mentioned above or the Borel part
H = u(b™) of a small quantum group or other biproducts of Nichols algebras [2].

1.2.5 Braided oplax monoidal functors from opmonoidal adjunctions Dually, we may consider a
left adjoint L: D — C to a strong monoidal functor G: C — D. We formalize this situation with
the definition of an opmonoidal adjunction, see Section 4.4. If the projection formula holds for
the left adjoint L, we obtain a braided oplax monoidal functor

Z(L): 2(D) — 2(C).

A class of examples of such oplax monoidal functors is obtained from induction functors of
module categories of Hopf algebras.

Corollary I (See Corollary 7.2). Any morphism of Hopf algebras ¢: K — H induces a braided
oplax monoidal functor
Z(Ind,): KYD — #YD,

which sends a Yetter—Drinfeld module V' with coaction 6: V — K @ V,v — v @ 0O to the
induced module Ind, (V) = H @ V with coaction

s (V) (h®v) = h(l)v(fl)S(h(g)) & h(2) & U(O),
where A(h) = h(1) ® h(g) is the coproduct and S: H — H is the antipode of S.

Unlike for coinduction, the assumption that H is finitely generated projective as a left K-
module is not needed for the projection formula to hold for induction, but note that we assume
that Hopf algebras have invertible antipodes. As an example, one derives from Corollary I that
for ¢: K =k — H, the inclusion of the ground field, H = Ind, (k) is a cocommutative coalgebra
in EYD with the coadjoint coaction and regular action.

1.2.6 Further directions This work was originally motivated by attempts to generalize the
following Frobenius monoidal functors (in the sense of, e.g., [1, Section 3.5|),

(1) Z(kH-Mod) — Z(kG-Mod), see |24, Appendix B],

(2) Z(vectuf;w) — Z(vecti), see [28, Propositions 3.9, 3.10],
for finite groups ¢: H C G, w € H3(G,k*) and
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(3) Ind: Z(Rep S,) — Z(Rep S;), see |24, Theorem 3.3],

for ¢t € C and Deligne’s interpolation categories Rep(Sy) [21], to more general Drinfeld centers. In
a forthcoming article, we plan to investigate Frobenius monoidal functors on Drinfeld centers in
this context.

1.3 Structure of the paper We start by introducing a framework for adjoint functors between
monoidal categories, including oplax-lax and monoidal adjunctions, in Section 2, building on
results from [1]. Next, we introduce the projection formula morphisms in Section 3 and prove
all required coherences. This section also interprets the projection formulas as morphisms of
monads (Section 3.2) and as lineators of a C-bimodule morphism (Section 3.4). Here, we prove
results on when the projection formula morphisms are invertible, i.e., the projection formula
holds (Section 3.3).

Section 4 includes the results on induced braided lax monoidal functors of Drinfeld centers,
after a discussion on centers of bimodule categories in Section 4.1, and gives the analogue results
on oplax monoidal functors, obtained by duality, in Section 4.4.

Section 5 and Section 6 contain our results on monoidal Kleisli and Eilenberg-Moore categories.
For this, Sections 5.1-5.2 define commutative central monoids and show how they induce monoidal
monads. Monoidal Kleisli adjunctions are constructed in Section 5.3 and shown to be given by
commutative central monoids provided that the projection formula holds (Section 5.4). The
characterization theorem for Kleisli adjunctions is stated and proved in Section 5.5. We develop
monoidal analogues of Eilenberg—Moore adjunctions only under additional assumptions on C
concerning reflexive coequalizers and that the projection formula holds, see Section 6.1-6.2. Here,
the projection formula enables us to work with commutative central monoids (rather than general
monoidal monads) and to draw from results of [57|. In particular, the monoidal crude monadicity
theorem and the connection to local modules are proved in Section 6.3 and 6.4, respectively.

The induced functors on Drinfeld centers are given more explicitly in Section 7 in the case
of (co-)induction functors of Hopf algebra morphisms. The paper is concluded with Section 8
discussing examples related to affine algebraic groups (Section 8.1), quantum groups at roots of
unity (Section 8.2), and Radford-Majid biproducts (Section 8.3).

Appendix A contains general bicategorical results that may be of independent interest. First,
strictification results for pseudofunctors of bicategories are used to provide strictification results
for categorical modules in Appendix A.1-A.3. Second, in Appendix A.4, we define a bicategory
of adjunctions internal to a strict bicategory using the calculus of mates from [36] in order to
provide a rigorous notion of equivalence of monoidal adjunctions.

2. Preliminaries

In this section, we collect preliminary results on adjunctions involving (lax and oplax) monoidal
functors and fix terminology. We follow [1]| but many results go back to [35]. We assume our
monoidal categories to be strict by Mac Lane’s strictification theorem [43, Chapter XI, Section 3,
Theorem 1]. Moreover, we use both notations A ® f and idg ® f for tensoring a morphism f
with the identity morphism of an object A.
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2.1 Lax and oplax monoidal functors Let C and D be monoidal categories. A laz monoidal
functor is a functor R : D — C together with a morphism

laxxy: RX ® RY — R(X®Y) (2.1)
natural in X,Y € D and a morphism
laxg: 1¢ — R(1p) (2.2)

such that the associativity and the unitality constraints hold for X,Y, Z € D:

id X laXy’Z
RX ® RY ® RZ RX®R(Y ® Z)
laxx y ®id laxy yoz (2-3)
R(X®Y)®RZ RX®Y ®Z)
1aXX®y7Z
laxg ®id
RX R1® RX
i laxy x (2.4)
RX
ld X laxo
RX RX ® R1
id laxx,ﬂ (25)
RX

We also refer to the unique morphism of (2.3) by
laxyyz: RX®@ RY @ RZ — R(X®Y ® Z).
Dually, an oplax monoidal functor is a functor G : C — D together with a morphism
oplaxy p: G(A® B) — GA®GB (2.6)
natural in A, B € C and a morphism
oplaxy: G(1¢) — 1p (2.7)

such that the analogues of the associativity and the unitality constraints hold. See |1, Definition
3.1, Definition 3.2] for details on the constraints'.

A strong monoidal functor can either be defined as a lax monoidal functor or an oplax
monoidal functor such that the structure morphisms are isomorphisms.

!Such functors are called colaz in [1].
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2.2 Adjoint functors between monoidal categories Let C and D be monoidal categories.
Let G : C — D be a functor together with a right adjoint R. For A € C and X € D, we write

unity : A - RG(A) counity : GR(X) — X

for the unit and counit of the adjunction. We depict this setup as follows:

c L D
~

2.2.1 Oplaz-lax adjoint functors

Definition 2.1. Suppose given an oplax monoidal structure on G and a lax monoidal structure
on R. Then G 4 R is called a pair of oplaz-lax adjoint functors if the following two diagrams
commute (see [1, Definition 3.81, Proposition 3.82]):

unitagp

A®B RG(A® B)
unit4 ® unitg R(OplaXA,B) (29>
RG(A) ® RG(B) R(G(A) ® G(B))
laxg(a),c(B)
and
unitq
1 RG(1)
i R(oplax) (2.10)
R(1)
laX()

Proposition 2.2 ([1, Proposition 3.84|). Suppose given a pair of adjoints G 4 R as in Equa-
tion (2.8).
1. An oplax structure on G induces a unique laz structure on R such that G 4 R is a pair of
oplaz-lax adjoint functors.
2. A lax structure on R induces a unique oplax structure on G such that G 4 R is a pair of
oplaz-lax adjoint functors.

The concrete construction of the lax structure on R in Proposition 2.2 is given by taking
Equation (2.10) as a definition of laxg and by defining laxx y via the following diagram:

R(X) ® R(Y) ey RX®Y)
unitpx)eR(Y) R(counitx ® counity) (2.11)
RG(R(X)® R(Y)) R(GR(X)® GR(Y))

R(OplaxR(X),R(Y))



136 Johannes Flake, Robert Laugwitz and Sebastian Posur, Higher Structures 10(1):126-211, 2026.

2.2.2 Braided oplaz-lax adjoint functors Next, we discuss the case when C and D are braided
monoidal categories.

Definition 2.3. Let C, D be braided monoidal categories with braidings U¢, UP | respectively.
We say that a lax (or, oplax) monoidal functor F': C — D is braided if the diagram (2.12) below
(respectively, (2.13) below) commutes for all objects A, B € C.

\IID
F(A)® F(B) —2"%), p(B) @ F(A)
laxAyBi laXB’Al (212)
F(Y6 )
F(A® B) 2 L F(B®A)
F(YS )
F(A® B) 2P L F(B® A)
oplaxA’Bl OplaXB,Ai (213)
VR (4).F(B)

F(A)® F(B) ————= F(B)® F(A)
In this case, we also say that F' has a braided lax structure (respectively, braided oplax structure).

Definition 2.4. A pair of oplax-lax adjoint functors G - R is called braided if G is braided and
R is braided (see [1, Definition 3.81 and the text below that definition]).

Proposition 2.5 (|1, Proposition 3.85]). Suppose given a pair of adjoints G H R as in Equa-
tion (2.8).
1. A braided oplaz structure on G induces a unique braided lax structure on R such that G 41 R
is a pair of braided oplax-lax adjoint functors.
2. A braided laz structure on R induces a unique braided oplax structure on G such that G 4 R
is a pair of braided oplax-lax adjoint functors.

2.2.3 Monoidal adjunctions We recall the notion of monoidal adjunctions. They turn out to be
pairs of oplax-lax monoidal functors G 4 R such that G is strong monoidal.

First, a monoidal transformation between lax monoidal functors F,G: C — D is a natural
transformation n: F' — G such that the following diagrams commute for A, B € C:

na @np

F(A) ® F(A) G(A) ® G(B)
laxty 1ax§ 5 (2.14)
F(A® B) b G(A® B)
1
1axg laxg (2- 15)
F1 n a1

We denote by CatfzX the strict bicategory of monoidal categories, lax monoidal functors, and
monoidal transformations, see Appendix A.1 for a brief explanation of bicategories. Moreover,
see Definition A.24 for the notion of an internal adjunction.
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Definition 2.6. An adjunction G - R internal to Catfﬁx is called a monoidal adjunction. This
means that G, R come equipped with lax monoidal structures, and the unit and counit of the
adjunction are monoidal transformations.

Lemma 2.7. Let G - R be an adjunction.

1. If G 4 R is a monoidal adjunction, then G is a strong monoidal functor.
2. If G is a strong monoidal functor, then there is a unique lax structure on R such that G 4 R
1s & monotdal adjunction.

Proof. The first part is [1, Proposition 3.96] and the second part is [1, Proposition 3.94|, where
the authors use the terminology lax-lax adjunction for monoidal adjunction. O

Lemma 2.8. Let G 1 R be a monoidal adjunction. Then G 4 R is a pair of oplaz-lax adjoint
functors.

Proof. This follows from [1, Proposition 3.93|. O

3. The projection formula

Let G - R be a pair of oplax-lax adjoint functors as in Equation (2.8). This setup gives rise to
the following natural transformation:

unit 4 ®id laxga,x

Iproj x = lproj§ y: A® RX =225 RG(A) ® RX — =% R(GA® X) (3.1)

We call Iproj 4 x the (left) projection formula morphism.

3.1 Elementary identities In the following, we prove elementary identities for the projection
formula morphism that will be used later on. Some of these properties can be found in [3, Lemma
3] in the dual case, when the left adjoint is strong monoidal.

The following lemma shows that we may reconstruct laxyy from the projection formula
morphism.

Lemma 3.1. The following diagram commutes for all X,Y € D:

Iproj
R(X) ® R(Y) POIRCOY | RGR(X) @)

laxx.y R(counitx ®Y)

R(X®Y)

Proof. We embed the diagram into the following larger diagram:
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unitpx ®id laxgrx,y
R(X)® R(Y) — Iprojgx),y — R(GR(X)®Y)

S

laXX’y

S

R(counitx ®id)

R(X®Y)

R(counity) ® id

S

R(X)® R(Y)

/

laXX7y

/

The top part commutes by the zigzag identities of the adjunction G 4 R. The upper left triangle
commutes by the definition of the projection formula morphism in Equation (3.1). The right
triangle commutes by the naturality of lax applied to counitx. It follows that the lower triangle
commutes as well. O

The following lemma shows a compatibility between the projection formula morphism and
the lax structure morphism.

Lemma 3.2. The following diagram commutes for A € C, X,Y € D:

Iproj4 x ® RY

A®RX @ RY R(GA® X) ® RY
A® laXX,y laXGA(X)X7Y
ARRX®Y) RGA® X ®Y)

1Pr0jA,X®Y

Proof. We split the diagram in the statement into the following parts and show that each small

part commutes:
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Iproj4 x ® RY

A®RX @ RY R(GA® X)® RY
unit 4 ®id laxga, x ®id
RGA® RX ® RY
A®laxxy id ® laxx )y laxgagx,y
RGA® R(X ®Y)
unit 4 ®id laxga, xoy
ARR(X®Y) _ R(GA® X ®Y)
IPTOJA,X@@Y

The left rectangle commutes by the interchange law. The upper and the lower triangle commute
by definition. The right rectangle commutes by the associativity of the lax structure (2.3). [

Next, we prove compatibility conditions for the projection formula that are relevant in the

definition of a bimodule functor in Section 3.4.

Lemma 3.3. The following diagram commutes for all X € D:

Iprojy x
1® RX R(G1® X)
R(oplax, ®id)
id
RX
Proof. We take a look at the following diagram:
Iprojy x
1®RX R(G1® X)
\ /
unitq ®id laxgi, x
\ _—
laxp ®id RG1 ® RX R(oplax, ®id)
/
R(oplax, ®id)
/
R1® RX RX
laX]LX

Following the outer path from the upper left to the lower right clockwise yields the identity by
the left unitality of a lax monoidal functor, see Equation (2.4). Thus, this diagram extends
the diagram of the statement, and showing its commutativity means proving the lemma. The
upper triangle commutes by the definition of the projection formula morphism in Equation (3.1).
The triangle on the left side commutes since we have a pair of oplax-lax adjoint functors, see
Equation (2.10). The triangle on the right commutes by the naturality of lax applied to the
morphisms oplax, and idx. O

Lemma 3.4. The following diagram commutes for all A, B € C and X € D:
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1pr0jA®B,X
A® B® RX R(G(A® B)® X)
id ®@ lprojg x R(oplax 4 5 ®id)
A® R(G(B)® X) R(GA®GB® X)

Iproja ¢(pyex

Proof. We refer to the diagram in the statement of this lemma as the main diagram. We prove
that both paths from the upper left to the lower right of our main diagram are equal to the

following morphism:

A®B@RX Ma0uits 044, poy o RGB @ RX AP, RGA®GB® X)  (3.2)

First, we show that the lower path of our main diagram is equal to the morphism in Equa-
tion (3.2). For this, consider the following diagram, whose outer part encodes our desired

equality.
unit 4 ® unitp id

A® B® RX RGA® RGB ® RX

id ® unitp ®id unit 4 ®id
=
&®
% A® RGB® RX id ® laxgp, x
&
>

id® laXGB7X

unit 4 ®id laxga,aBox

RGA® R(G(B) ® X) R(GA® GB® X)

A® R(G(B)® X)

Iproja (e x

We show that all small inner parts of this diagram commute. The two inner parts which involve
curved arrows commute by the definition of the projection formula morphism in Equation (3.1).
The upper left triangle and the lower left rectangle commute by the interchange law. The triangle
on the right commutes by the associativity constraint in Equation (2.3).

Second, we show that the upper path of our main diagram is equal to the morphism in
Equation (3.2). For this, consider the following diagram, whose outer part encodes our desired

equality.
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Iprojsgp, x
A® B® RX R(G(A® B)® X)
® unit4ep ®id laxgagp),x =
Q ]
= RG(A® B) ® RX =
® ’ca
= ®
'E R(OplaXA7B) ® ld EL:
= ~—
RGA® RGB® RX R(GA® GB) ® RX R(GA®GB® X)

laxga,qap ®id laxgagaB,x

We show that all small inner parts of this diagram commute. The top triangle commutes by the
definition of the projection formula morphism in Equation (3.1). The left rectangle commutes
since we have a pair of oplax-lax adjoint functors, see Equation (2.9). The right rectangle
commutes by applying the naturality of lax to the morphisms oplax, p and idx. This completes
the proof. O

We also have the following version of the projection formula morphism where A € C acts from
the right (for X € D):

id®unit 4 laxx,ca
_—

IProjy 4 1= Iprojy 4 RX ® A RX ® RG(A) —"5 R(X ® GA) (3.3)

Coherence conditions for rproj are derived from those for Iproj by duality, replacing a monoidal
category C by its ®-opposite C®°P, the monoidal category that has the same underlying category
as C and whose tensor product is given by A ®cg-op B := B ®¢ A.

Lemma 3.5. The following diagram commutes for all A,B € C and X € D:

Iproj, x ®id

ARRX ®B R(GA® X)® B
id @rprojx p IPrOjGAgX,B
A® R(X ® GB) R(GA® X ® GB)

1projA,X®G(B)
We refer to the resulting morphism by
Proju x.p i= projff’X’B: A®RX ® B— R(GA® X ® GB).

Moreover, this resulting morphism can be described by a symmetrized version of (3.1), i.e., the
following diagram commutes:

PTOJAXB
AQRX ® B R(GA® X ® GB)
unit 4 ®RM MXGB
RGA® RX ® RGB

Proof. We split the diagram in the first statement into the following parts and show that each
small part commutes:
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Iproj,4 x ®id
A®RX®B R(GA® X)® B
umtA ®id laXGA7X ®id
id ® unitpg RGA® RX ® B id ® unitpg
id® unitB
= =
. =
(E? unit 4 ®id laxga, x ®id S.
E A® RX ® RGB RGA® RX ® RGB R(GA® X)® RGB | 2
&S, ®
s =
o] ool
id ®laxx gp
id®laxx,¢p RGA® R(X ® GB) laxgagx,cB
umtA ®id laxga, xeaB
A®RX®GB - R(GA® X ® GB)
Iproj 4 x e (B)

Each of the four triangles commutes by the definition of the left and right versions of the
projection formula morphisms. The lower right rectangle commutes by the associativity constraint
in Equation (2.3). The remaining three rectangles all commute by the interchange law. It follows

that the outer rectangle commutes, which yields the first claim
Next, we split the diagram in the second statement into the following parts and show that

each small part commutes:
projA,X,B
R(GA® X ® GB)

A®RX ®B

Iproja xecn
id @ rprojx p e

A® R(X X GB) 1axGA®X ®id

d® laxx,GB

R(GA® X) ® RGB

A®RX ® RGB - -
Iproj, x ®id

laxGA’X ®id

RGA® RX ® RGB

The shape on the outer left side commutes by the interchange law. The shape on the outer right
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side commutes by the associativity (2.3). The rectangle in the middle commutes by Lemma 3.2.
The remaining small triangles commute by definition. Thus, the second claim follows. O

Lemma 3.6. A symmetrized version of Lemma 3.2 holds, i.e., the following diagram commutes
forall A)BeC, X,Y € D:

Iproj4 x ® rprojy g

AR RX®RY ® B R(GA® X)® R(Y @ GB)
A®laxxy ®B laxgasx,yocs
A®R(X®Y)® B R(GA® X ®Y ® GB)

projA,X@Y,B

Proof. We split the diagram in the statement into the following parts and show that each small

part commutes:

lprojA_’X ® rprojyyB

A®RX ® RY ® B R(GA® X)® R(Y ® GB)
unit 4 ®id ® unitg laxga, x ®laxy,gB
RGA® RX ® RY ® RGB
h >
® g
= =
5 id @ laxx y ®id 2
pi S
®
o g
RGA® R(X®Y)® RGB
unit 4 ®id ® unitp laxga,xov,GB
AQR(X®Y)® B RGA® X ®Y © GB)

PrOjA,X®Y,B

The upper triangle commutes by definition and the interchange law. The left rectangle commutes
by the interchange law. The right rectangle commutes by the associativity of the lax structure.
The lower triangle commutes by the second part of Lemma 3.5. O

Finally, we give an alternative expression for the projection formula. See also Example A.31
for an interpretation of this alternative expression which uses the language of mates.

Lemma 3.7. The following diagrams for the projection formula morphisms of Equation (3.1)
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and Equation (3.3) commute for A€ C, X € D:

1I)FOJA,X
AQRX R(GA® X)

unit gg rx R(GA ® counity) (3.4)

R (oplaxf{" RX)
RG(A® RX) R(GA® GRX)

Proof. We split the diagram in the statement into the following parts and show that each small
part commutes:

lpfojA,X
A®RX R(GA® X)

W’y

RGA® RX

R(counitg4 ® counitx)

unitpgAgRX

=
Q
c
g R(OplaXRGA RX) g;
z G(RGA® RX) R(GRGA® GRX) P
: :
~ E.
5
G(unity @ RX) R(G unity ®GRX)
R(oplaxA mx)
RG(A® RX) R(GA® GRX)

The top triangle commutes by (3.1). The upper inner rectangle commutes by (2.11). The lower
inner rectangle commutes by the naturality of Roplax® applied to unit4 and idgx. The right
triangle commutes by the zigzag identities. The left inner rectangle commutes by the naturality

of unit applied to unit 4 ®idgrx. O

3.2 The projection formula morphism is a morphism of monads Let G - R be a pair
of oplax-lax adjoint functors as in Equation (2.8). If we set X = 1 in Equation (3.1), we get a
natural transformation

Iprojq: A® R1 — RG(A) (3.5)

that will turn out to be a morphism of monads (see Corollary 3.11).

Remark 3.8. We briefly recall the theory of monads relevant to our purpose. For any category
C, let End(C) denote the strict monoidal category whose objects are all functors of the form
C — C, morphisms are natural transformations, and the tensor product is given by composition
of functors. Recall that a monad on the category C is a monoid internal to End(C). If G: C — D
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is a functor with right adjoint R: D — C, then T := RG : C — C gives rise to a monad: the unit
of T is the unit id¢ — T of the adjunction, the multiplication is given by

Rcounitg : T? — T.
Moreover, if (C,®) is a monoidal category, then
C—EndlC): A (—®A)

is a strong monoidal functor. In particular, it sends monoids in C to monads on C.

In our setup, where G 4 R is an oplax-lax-adjunction between monoidal categories C and
D, the tensor unit 1 equipped with trivial structure morphisms is a monoid in C. Since R is
a lax monoidal functor, it sends monoids to monoids. Thus, R1 is a monoid with structure
morphisms laxg : 1 — R(1) and laxy 3 : R1 ® R1 — R1. Moreover, (— ® R1) becomes a monad
by Remark 3.8 with the following structure morphisms natural in A € C:

i X id®lax
A Md8laxo, 4 o p1 A®R1 ® Rl <™ A ¢ RI.

The next lemma shows that the projection formula morphism respects the units of the monads
(— ® R1) and RG.

Lemma 3.9. The following diagram commutes for all A € C:

unit 4
A RG(A)
id ® lax Iprojag
A®R1
Proof. The following equations of morphisms hold:
ity = A 24 RGA X4 RGA
— A it pag 1480 poy ® R1 ﬂ RGA (unitality, Equation (2.5))
= A ¥, 4o g WO pGA® RI ﬂ) RGA (interchange law)
: 1

_ g a8l 4o py prOJA’ﬂ; RGA (Equation (3.1))

O

The next lemma shows that the projection formula morphism respects the multiplication of
the monads (— ® R1) and RG. Note that the top morphism from A ® R1 ® R1 to RGRG(A) in
the diagram of Lemma 3.10 is one of the two canonical ways to express the natural transformation

2 (proj_)®?
e

(—® R1) (RG)®?

within End(C).
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Lemma 3.10. The following diagram commutes for all A € C:

Iproj, ¢ ®id Iprojraa
A® Rl ® R1 RG(A)® R1 RGRG(A)
A®laxy 1 R counitg g
A® R1 - R(G(A))
IPTOJAJL

Proof. We may split the diagram into a rectangle and a triangle as follows:

Iproj, 1 ®1id Iprojraa
A® Rl ® R1 RG(A) @ R1 RGRG(A)
A ® laxq 1 laxg a1 R counitga
A® R1 - R(G(A))
Iproj4 4

The triangle commutes since we can express lax in terms of the projection formula morphism by
Lemma 3.1. We split the remaining rectangle into the following parts:

Iproj, 4 ®id

unit 4 ®id laxg a1 ®id

A® RI® R1 RGA® R1 ® R1 RG(A)® R1
id X laXM[ j
A®laxq 1 RGA® R1 laxg a1
/ \
unit 4 ®id laxga 1
/
A® R1 . R(G(A))
Iproj4 1

Both the upper and the lower part of this diagram commute by definition of the projection
formula morphism in Equation (3.1). The rectangle on the left commutes by the interchange law.
The rectangle on the right commutes by the associativity constraint in Equation (2.3). O

Corollary 3.11. The natural transformation

Iproj4 3
R

A® RI1 RG(A)

is a morphism of monads, i.e., a morphism of monoids in End(C).

Proof. The statement follows from Lemma 3.9 and Lemma 3.10. O

3.3 When is the projection formula morphism an isomorphism? Let G 4 R be a pair
of oplax-lax adjoint functors as in Equation (2.8).
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Definition 3.12. We say that R satisfies the left (right, resp.) projection formula or that
the left (right, resp.) projection formula holds (for R) if the natural transformation lproj from
Equation (3.1) (rproj from Equation (3.3), resp.) is an isomorphism. Moreover, we say that R
satisfies the projection formula or that the projection formula holds (for R) if R satisfies both the
left and the right projection formula.

In this subsection, we give answers within different contexts to the following question: when
does R satisfy the projection formula? The next lemma shows that in the braided case, only a
one-sided version of the projection formula morphism needs to be tested for being an isomorphism.

Lemma 3.13. Let G 4 R be a braided pair of oplaz-lax adjoint functors (see Section 2.2.2). The
following are equivalent:

1. The projection formula holds for R.

2. The left projection formula holds for R.

3. The right projection formula holds for R.

Proof. Let UC¢ and UP denote the braidings of C, D, respectively. The left rectangle in the
following diagram commutes by the naturality of the braiding, and the right rectangle commutes
by R being braided:

/ rprOJX ’ \
RX ® unit 4 laxx ca

RX®A RX ® RGA R(X ® GA)
‘I’%X,A \II%X,RGA R(T/)E,GA)
A® RX - RGA® RX R(GA® X)
1pl"OjA,X
Since all vertical arrows are isomorphisms, the claim follows. O

The next lemma deals with the special case where R is a strong monoidal functor.

Lemma 3.14. Let G - R be a pair of oplaz-laz adjoint functors such that R is strong monoidal®.
Then the projection formula holds for R if and only if G is fully faithful.

Proof. By the definition of lproj in Equation (3.1) and by the isomorphism R1 2 1, we have
that the left projection formula holds for R if and only if unit is an isomorphism, which in
turn is equivalent to G being fully faithful. The same argument is valid for the right projection
formula. O

We can interpret Lemma 3.14 as follows: if R is strong monoidal, the question whether R
satisfies the projection formula is usually not as interesting as the dual question whether G
satisfies the projection formula, see Section 4.4. Thus, we need to describe more general criteria
for R satisfying the projection formula without the assumption that R is strong monoidal.

Lemma 3.15. Let G 4 R be a pair of oplaz-lax adjoint functors and B € C. If

2This situation is called an opmonoidal adjunction, see Section 4.4
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e (B®—):C— C has a left adjoint (B,—) : C — C and
e (GB® —):D — D has a left adjoint (GB,—) : D — D,
then we have a morphism
(GB,GA) — G(B, A)

natural in A € C. Moreover, this morphism is a natural isomorphism if and only if
Iprojg x : B® RX — R(GB® X)
1 an isomorphism for all X € D.
Proof. We have isomorphisms
Home (A, B® RX) = Home((B, A), RX) = Homp(G(B, A), X)
and
Hom¢ (A, R(GB ® X)) & Homp(GA,GB ® X) = Homp((GB,GA), X)

natural in A € C, X € D. Thus, the natural morphism

Home (A,lprojp x)

Home¢ (A, B® RX)

Home¢ (A, R(GB ® X))
corresponds to a natural morphism

Homp(G(B, A), X) — Homp((GB,GA), X)

which by Yoneda’s lemma is given by a uniquely determined morphism as in (3.6). The statement

about the isomorphisms also follows from Yoneda’s lemma.

O

We refer to [9, Section 3.2| for an interpretation of Lemma 3.15 in the language of so-called

closed functors.

Remark 3.16. Recall that a left dual of A € C consists of
e an object A*,
e a morphismevy: A*® A —1,
e a morphism coevy : 1 - A® A*

such that the following triangles commute:

coevy QA A* ® coevy
ARA*® A A* A* R AR A*

and *
d ARevy i evy A
A A*

It follows that a left adjoint of (B ® —) is given by (B* ® —) with unit
A coevp ®A B®B*®A

and counit

evg QA
—_—

B*®B® A A.

Analogously, we can define right duals.
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Remark 3.17. A strong monoidal functor G : C — D respects left duals in the sense that
e the object G(A4*),
e evga = G(A*) ® G(A) 1—axgl>G(A*@A) G(1)
Gleoera), g @ 4%) A ) o G A

G(eva) oplax§
EEmm— —_—

L,

lax§
o coevgy =1 —% G1

form a left dual of G(A). In particular, (G(A*) ® —) is a left adjoint of (GA ® —).

Proposition 3.18. Let G - R be a monoidal adjunction (in particular, G is strong monoidal, see
Section 2.2.3). Further, let B € C have a left dual B*. Then the morphism in (3.6) is given by

lax3. 4 : G(B*) @ GA — G(B* @ A).

Proof. We need to prove that the following string of natural isomorphisms

Hom¢ (A, B® RX) — Home(B* ® A, RX) (= (evp ®RX) o (B* ® )
— Homp(G(B* ® A), X) (o +— counit y oGa)
5 Homp(G(B*) ® GA, X) (a+ aolaxG. 4
—~ Homp(GA,GB ® X) (a— (GB® a) o (coevgp ®GA)
— Home (A, R(GB ® X)) (o — Ra o unit g

is given by (a + Iprojp gx o ). By Yoneda’s Lemma, it suffices to show that idpgrx is mapped

to Iprojp px via this string of isomorphisms.

If we chase idpgrx through this string of isomorphisms, we obtain the outer clockwise path

from B® RX to R(GB ® X) of the following diagram:

unitB®RX R(COGVGB ®G(B ® RX))

B®RX

R(oplaxg,RX) R(GB® laxg*,B(@Rx)

XH‘H[O‘IC[[

R(GB ® X) R(GB ® GRX) R(GB ® G(B* ® B® RX))
R(GB ® counitx) R(GB ® G(evp @RX))

RG(B ® RX) R(GB ® G(B*) ® G(B ® RX))

We need to show that the outer rectangle commutes. The left inner rectangle commutes by
Lemma 3.7. The right inner rectangle commutes due to the compatibility of G with left duals.
More precisely, the right inner rectangle is given by the application of R to the outer rectangle of

the following diagram:
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coevgp ®G(B ® RX)
G(B® RX) GB® G(B*) @ G(B® RX)

WB@)oplaxB RX /

GB®G(B*) ® GB® GRX

GB ® laxp- p ®GRX a
&
) . ®
Q % o]
PZ<Q é{‘ GB® G(B*® B) ® GRX D?Q
= ¥ &
; :
@ %
GB® Glevy) ® GRX
GB ® GRX GB® G(B* ® B® RX)

GB ® G(evg ®RX)

Thus, if we show that this diagram commutes, then we are done. The top triangle commutes
since G is strong monoidal. The left triangle commutes by the triangle identities for left duals.
The right rectangle commutes by the associativity of the lax structure of G. The bottom triangle
commutes by the naturality of lax® applied to evg and idpy. Last, the inner triangle commutes

by Remark 3.17. O

We obtain a corollary that also occurs in different contexts (cf. |23, Proposition 3.2|, [32, Section
A.1.5], and [49] for an overview).

Corollary 3.19. Let G - R be a monoidal adjunction. If B € C has a left dual, then lprojp _ s
a natural isomorphism. Dually, if B € C has a right dual, then rproj_ p is a natural isomorphism.

Proof. Since 1lax® is a natural isomorphism, the claim for left duals follows from Proposition 3.18
and Lemma 3.15. The statement for right duals follows by ®-op-duality. O

Recall that a monoidal category C is called rigid if every object in C has a left and a right
dual.

Corollary 3.20. Let G - R be a monoidal adjunction. If C is rigid, then the projection formula
holds for R.

Proof. Follows from Corollary 3.19. Ul

A related result in the theory of tensor triangulated categories appears in [4, 1.3. Theorem|
where it is shown that if C is, in particular, rigidly-compactly generated and G a triangulated
symmetric monoidal functor preserving arbitrary coproducts, then the projection formula holds.
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3.4 The projection formula morphism is the lineator of a module morphism Let
G - R be a monoidal adjunction as described in Section 2.2.3. Since G is strong monoidal,
we can work with the C-bimodule DY, i.e., the C-bimodule obtained by restricting the regular
D-bimodule along G, see Example A.22. In this subsection, we show that the adjunction G 4 R
can be lifted to the level of C-bimodules
G
T T
c 1 DC
provided that the projection formula holds. For more information on modules and bimodules
over a monoidal category, see Appendix A.2, respectively, Appendix A.3.

Proposition 3.21. Let G 4 R be a monoidal adjunction. If the left projection formula holds,
then R: D — C equipped with (proj')™! as a lineator gives rise to a morphism of left C-modules

R: D% = C.
Proof. We need to show that
(Iproja x) ' R(Ar X) = R(GA® X) 5 A® R(X) = A> R(X)

for A € C, X € D satisfies the coherences of Definition A.9. The coherence for the multiplicator
and lineator is given by Lemma 3.4. The coherence for the unitor and lineator is given by
Lemma 3.3. OJ

Proposition 3.22. Let G 4 R be a monoidal adjunction. If the projection formula holds,

then R: D — C equipped with (Iproj)~! and (rproj)~! as lineators gives rise to a morphism of

C-bimodules

R: D% - C.
Proof. We need to show that

(Iprojs x) ' R(A> X) = R(GA® X) 5 A® R(X) = A> R(X),
(rprojx.4) 't R(X @A) = R(X ® GA) & R(X)® A = R(X) < A,

for A € C, X € D, satisfy the conditions in Definition A.16. By Proposition 3.21 and its
®-op-version, we obtain a morphism of left and right C-modules. Last, the required compatibility
of left and right actions follows from Lemma 3.5. O

Recall that a strong monoidal functor G: C — D naturally gives rise to a C-bimodule functor
G: C — DY (see Example A.23). Together with the C-bimodule functor of Proposition 3.22, we
obtain a so-called adjunction of C-bimodules.

Definition 3.23. Let C be a monoidal category. An adjunction of C-bimodules is an adjunction
internal to the bicategory of C-bimodules (see Definition A.24), i.e., it consists of the following
data:

e a C-bimodule functor G : N' — M,

e a C-bimodule functor R : M — N,
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e C-bimodule transformations
unit: idp — RG, counit: GR — id¢
which make G a left adjoint to R.

Lemma 3.24. Let G 4 R be a monoidal adjunction. If the projection formula holds, then

C L D¢
\R/

s an adjunction of C-bimodules.

Proof. Since G is strong monoidal, it gives rise to a C-bimodule functor by Example A.23. Since
the projection formula holds, R gives rise to a C-bimodule functor by Proposition 3.22.

We check that the unit of G - R is a C-bimodule transformation (see Definition A.17). For this,
we first check that the unit is a left C-module transformation, i.e., we need to check Equation (A.1).
This translates to commutativity of the top right square in the diagram

unit g B

. A® B RG(A® B)
unit4g B
A®unitp R(laxﬁyB)
RG(A® B) 4@ RG(B)—— R(GA® GB)
T0JA,GB
R(oplaXfi,B) RG(Aunity unit g rRG(B) R(GA®counitgp)
R(oplaxg’RGB)
R(GA® GB) RG(A® RGB) R(GA® GRGB).
R(GA®G (unitg))

since the inverse of the lineator of the composite RG is given by R(laXiB) o lprojy ¢p, see
Remark A.10. We prove that the top right square commutes by showing that all other inner
diagrams and the outer diagram commute. In fact, the right lower square commutes by Lemma 3.7,
and the left squares commute by naturality of the unit (applied to id4 ® unitp) and naturality
of R(oplaXG) (applied to id4 and unitg). The outer diagram commutes as by the adjunction
axioms, counitgp G(unitp) = id. The unit being a morphism with respect to the right C-bimodule
structure is proved the same way.

Next, we check that the counit of G 4 R is a C-bimodule transformation. This corresponds to
commutativity of the bottom right square in the following diagram:
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oplax§
G(A® RX) A RX GA® GRX
counitg(agRrx) counitGAgGRE G ADcounitx
GR(GA uni couni
GR(GA® GRX) ZREAZOmY) _ apGA e x) 04X G x
GR(oplaxgyRX) G(lproj4, x) G A®counit x
GRG(A® RX) _ G(A® RX) GA® GRX
G(unitagrx) 1ax§ px

All other squares in this diagram, including the outer diagram, commute using naturality
of the counit, the alternative expressions for Iproj from Lemma 3.7, and the adjunction axioms.
Thus, the bottom right square commutes. Again, the counit being a morphism with respect to
the right C-bimodule structure is proved the same way. O

4. Induced functors on centers

This section contains our results on induced functors between centers. First, we show how to
induce functors between centers of bimodule categories in Section 4.1. We show how to induce
braided lax monoidal functors between Drinfeld centers of monoidal categories in Section 4.3 and
give the analogue results on braided oplax monoidal functors, obtained by duality, in Section 4.4.

4.1 Centers of bimodule categories In this subsection, we fix a monoidal category C and
a C-bimodule M, see Definition A.15, with left and right C-actions denoted by > and <. See
Appendix A.2 and Appendix A.3 for an overview of the notions in the realm of module and
bimodule categories relevant in this section.

Definition 4.1. The center Z(M) of a C-bimodule M is the following category. Its objects are
given by pairs (M, c™), where M € M and c¢™ is a half-braiding, i.c., a natural isomorphism

c=M=(ca=cl: MaA "5 Av M) acc

satisfying the coherences that the diagram

M<(A® B) ek (A® B)>M
multorM,A,Bl imultorA,B,M
(M<aA)<B Av (B> M) (4.1)
chBl TADCB
(A>M)<B bimora. . Av (M < B)
commutes for all A, B € C and that the diagram
M« a 1M, (4.2)

M
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for unitors of the left and right action commutes.
A morphism f: (M,c™) — (N,cV) in Z(M) is given by a morphism f € Homp (M, N)
which commute with the half-braidings, i.e., for all objects A of C,

M

M<A “ A M (4.3)
lqu lADf
CN
NaA A A N.

Centers of bimodule categories appear, e.g., in [26, Section 2B| or [27, Section 2.3] where
Equation (4.2) is omitted as it follows from the other axiom.

We now show that taking the center of bimodule categories is functorial.

Lemma 4.2. Let F: M — N be a morphism of C-bimodules with structure morphisms g s
F(AvbM) = Ao F(M) and raypa: F(M<A) = F(M)<A for Ae C, M € M. Then F induces
a functor

Z(F): Z(M) > ZW),  Z(F)(M, M) = (F(a1), " D),

where the half-braiding ¢¥M) is defined by

CF(M)
F(M)<A 2 A F(M) (4.4)
\LTM{A lA,JVIT
F(c)
F(M<A) F(A> M).

Proof. The following diagrams show that (F(M), (M) satisfies the coherences Equation (4.1)
and Equation (4.2) of an object in Z(N).

> F((M<A)<B) F(A> (B>M))———= A>F(B> M)

F(cMaB) F(AvcM) AF ()| ApchM)

== F((A> M) < B) = F(A>(M<B))— A> F(M < B)

E A (F(M)<B)
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Here, the diagram in the center commutes by Equation (4.1) of ¢™. Diagrams only involving labels
~ commute by the coherence axioms for the lineators of F', see Definition A.16 and Definition A.9.
The small rectangles involving F(cA) and F(c)) commute by naturality of the left and right
lineators. The bend arrows invoke the definition of ¢©’®). Moreover, consider the following
diagram:

(PO
FOM) a1 % F(M < 1) D P M) M T F(M),

F(unitoryy) F(unitory)

unitor g (ar)

This diagram commutes using the coherences for the unitor from Definition A.9, (2). Hence,
(M, cFM)) indeed defines an object in Z(N).

Naturality of lps4,7m,4 in M implies that a morphism f in Z(M) induces a morphism
Z(F)(f)=F(f) in Z(N). Thus, Z(F) is a functor. O

In fact, we observe that the center of C-bimodule categories is 2-functorial, see [60, Section 3.6].
Lemma 4.3. The assignments
M Z(M), QMiNyﬂﬂmamﬂaﬂM%

where Z(F') was defined in Lemma 4.2, extend to a strict pseudofunctor between strict bicategories
Z:C-BiMod — Cat.

Proof. Consider two functors of C-bimodules
ML NP,

Given an object (M,cM) € Z(M), consider the half-braiding of the object

Z(G)o Z(F)(M, M) = 2(G) (F(M), ") = (GF(M),é) € Z(P).

By definition, the half-braiding ¢ is given by

GF(M)<A “ A GF(M)
l(rg(M),A)l lg,F(M)T
G(ch M)
rSEDTHG(F(M) < A) G(A>F(M)) 155,
lG(Tﬁl,A)_l G(li,M)T
GFE(cA)
GF(M<A) GF(A> M)

Left and right vertical compositions give the lineators of the composite functor of C-bimodules,
GF: M — P, cf. Remark A.10. This shows that ¢4 = ch. Thus, the identity gives a natural
isomorphism

Z(G) o Z(F) — Z(GF).
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Moreover, the identity idas: M — M is a C-bimodule functor with lineators given by identity
natural isomorphisms. It follows that Z(ida) = idz ().

Now consider a natural transformation of C-bimodules n: F| — Fy, where Fy, Fo: M — N
are functors of C-bimodules. By Definition A.17, this amounts to n being a natural transformation
of left and right C-module functors. Then, n induces a natural transformation Z(F;) — Z(F3).
Indeed, given a morphism f: (M,c™) — (N,cV) in Z(M), we know that Fy(f) and Fp(f) are
morphisms in Z(N'). Moreover, the diagram

Fl(ADM)*N>ADF1(M)

ianA iﬁMqA lWANM lAan
Fa(chh

FQ(ADM)*N>ADFQ(M)

W

commutes. Indeed, the left and right squares commute since 7 is a left and right C-module natural

transformation, see Definition A.11. The central square commutes by naturality of n applied to
the half-braiding CJXI . This shows that

Z(n)(M,cM) =M (Fl(M)acFl(M)> - (FQ(M)7CF2(M))

is a morphism in Z(N). Further, Z(n) is a natural transformation by naturality of 7, applied to
morphisms in Z(M).

As we have seen that Z(—) is the identity on the component data of natural transformations,
it is clear that the lax functoriality constraint and lax unity constraint, in the terminology of
[31, Section 4.1|, can be chosen to be identities and thus satisfy all coherences, and are invertible,
as required for a strict pseudofunctor. O

For certain classes of bimodule categories, the bimodule center is a monoidal, and even a
braided monoidal, category. Recall that if G : C — D is a strong monoidal functor, we can work
with the C-bimodule DY, i.e., the C-bimodule obtained by restricting the regular D-bimodule
along G, see Example A.22.

Lemma 4.4 ([44, Definition 4.2]). If G: C — D is a strong monoidal functor, then Z(D%) has a
monoidal structure given by (X,cX) @ (Y,c¥) = (X @ Y,cX®Y), where

(X®ch)
—2

CX
K Z X @Y © G(A) Xedd) oy A cexey

for AecC, (X,cX),(Y,cY) € Z(D%).

The category Z(D%) is sometimes called the Drinfeld centralizer or the monoidal centralizer of
G. The special case where C is considered as a bimodule over itself (or, G = id¢), is of particular
interest as it recovers the Drinfeld center, see [44, Example 3.4] and |33, Definition 3|.

Definition 4.5. The monoidal category Z(C) := Z(C¢) is the monoidal center (or Drinfeld
center) of C.
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Lemma 4.6 (|33, Proposition 4]). For any monoidal category C, the Drinfeld center Z(C) has a
braided monoidal structure given by

\IJ(A,CA),(B,CB) = Cgi A® B ;> B ® A.

Lemma 4.7. For any strong monoidal functor G: C — D, there is a faithful strong monoidal
functor
FY: Z2(D) —» 2(D%), (X, ¢®) = (X, 5 )

which is the identity on morphisms.

Proof. Tt is clear that F@ is a well-defined faithful functor to Z(D%) as it simply restricts the
half-braiding ¢X to objects of the form Z = G(A) for A € C and is the identity on morphisms.
To show FC is a strong monoidal functor, the lax monoidal structure consists of identities,

1ax{;fvcx)7(yycy) = idxey: FOX)2 FO(Y) = FE(X ®Y),

which trivially satisfy the required coherences. This is a well-defined morphism in Z(C%) by
commutativity of the following diagram

FG(x)@FG(v)
caa)

X®Y @ G(A) X®GA) Y GA) XY
S =ekEy
X®Y ®G(A) “ “ GA)®X®Y.

This diagram commutes as c)Z( oY — (X® 012/) o (c]‘Z4 ®Y) for any object Z of D, in particular, for
7 = G(A). Thus, F9 is a strict strong monoidal functor. O

4.2 Induced monoidal adjunctions between centers of bimodule categories We can
now apply 2-functoriality to obtain an adjunction of functors between centers of bimodule
categories.

Proposition 4.8. Suppose given a monoidal adjunction

¢
\

=V O

— )
/
such that the projection formula holds for R. Then

Z(C) L Z(D%) (4.5)

is a monoidal adjunction such that the projection formula holds. Moreover, the structural
morphisms of Z(G) 4 Z(R) are directly inherited from the corresponding structural morphisms of
G - R, i.e., they are given by

unitéigz(m = unit§F (4.6)
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counit?}izj)z(m = counit§ P (4.7)
Z(a Z(G
oplax(éﬁé)’(acc) = oplaxgjo oplaxo( ) = oplax§ (4.8)
Z(R Z(R
lax()écl()’(y’cy) = laxgt;y laxg (R) — lax( (4.9)
1pf0j(B,cB)7(X,cX) = 1pI"OJ'B,X 1"PI"OJ'(BycB),(X,cX) = I“PI“OJ'BJ( (4.10)

for (B,cP),(C,c%) € Z(C) and (X,cX),(Y,c¥) € Z(D%).

Proof. By Lemma 3.24, we obtain an adjunction of C-bimodules (C <, DY) + (D% EiN C).

If we apply Z (see Lemma 4.3) to this adjunction, we obtain an adjunction of categories as
depicted in (4.5), since internal adjunctions are mapped to internal adjunctions via pseudofunctors
(Proposition A.25). Since Z is a strict pseudofunctor, the unit and counit of the adjunction in
(4.5) are given by Z(unit) and Z(counit), which are exactly the morphisms in (4.6) and (4.7),
respectively.

Next, we check that (4.8) gives rise to an oplax monoidal structure on Z(G). For this, let
(B,cP), (C,c%) € Z(C). The computation of Z(G)((B,c?) ® (C,c%)) gives a half-braiding on
G(B®C), and the computation of Z(G)((B,c?))® Z((C, %)) gives a half-braiding on GB® GC.
We show that oplaxgc : G(B® C) - GB ® GC commutes with these half-braidings. This
amounts to the commutativity of the outer rectangle of the following diagram:

oplaxgyc ®GA

GB®C)®GA GB® GC®GA
laxGeca . GB ®laxg 4
oplaxy cga
GB®C®A) GB®G(C® A)
G(B® ) o GB ® G(c§)
oplaXByA®C
GB®A®C) GBRGARC)
GB® oplaxg,c
S GB® GA®GC
oplax
G(cB ® C) pea.c 1ax§, @GO
G(B® A)® GC
o G(E)®GC
oplaxzep o
G(A® B® () G(A® B)® GC
oplax§ oplax§ 5 ®GC
A,BRC GA® oplaxgyc PlaX s p
GA®G(B®C) GA® GB®GC

All inner shapes commute either by the associativity of the strong monoidal structure on G or
by the naturality of oplax®. Thus, the outer rectangle commutes. Moreover, laxg is compatible
with the half-braidings on 1p and Z(G)(1¢). It follows that (4.8) gives rise to an oplax monoidal
structure on Z(G).

By Lemma 2.7, we obtain a lax monoidal structure on Z(R) and the adjunction Z(G) 4 Z(R)
is monoidal. This lax monoidal structure on Z(R) can be computed explicitly: if we insert
unit 22 counitZ(@F2(F) | and oplax®(@) into (2.11), we obtain (4.9).

Last, since the left and right projection formula morphisms of the monoidal adjunction
Z(@) 4 Z(R) are build up by unitZ(@2(0) and lax®®) (see (3.1) and (3.3)), they are given by
(4.10). 0
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Ezample 4.9. Following [60, Section 3|, let M be a left C-module and consider F := End(M),
the category of endofunctors of M, which obtains a C-bimodule structure by

(AvF)(M) = A F(M),  (F<A)(M)=F(As M).

It follows that Z(F) ~ End¢(M), the category of C-module endofunctors of M. Now, the action
functor
G=p:C—EndM), A— Av(-)

is a C-bimodule functor and a strong monoidal functor. The C-bimodule structure discussed
above is precisely that of End(M)% from Example A.14. If G has a right adjoint R, then G 4 R
has a unique structure of a monoidal adjunction by Lemma 2.7. Thus, if the projection formula
holds for R, then by Proposition 4.8, we obtain a monoidal adjunction

Z(C)

/)
K

The lax monoidal functor Z(R): End¢(M) — Z(C), was already studied in [60]. Note that
Shimizu works with k-linear abelian categories C and M which allows replacing End(M) by the
subcategory of right exact endofunctors. Since [60] works with monoidal categories that are,
in particular, rigid, the right adjoint satisfies the projection formula by Corollary 3.20 and the
projection formula morphisms are displayed in [60, Section 3.4|. The right R adjoint has been
constructed in the case of finite k-linear abelian tensor categories in [60, Theorem 3.11].

4.3 Induced functors on Drinfeld centers We now prove the main result of this section.

Theorem 4.10 (Main induction theorem). Suppose given a monoidal adjunction

L o
~

such that the projection formula holds for R. Then R induces a lax monoidal functor

Z(R): Z(D) — Z(C), (X,cX) = (RX, ) (4.11)
where

cRX = <RX © 4 TN pix @A) T, paae x) PO g RX)
Aec

The lax monoidal structure is given by

lax(z)gil(%(yycy) = laxf}jy laxg(R) = lax{(} (4.12)

for any objects (X, c~), (Y,c¥) in Z(D). Moreover, Z(R) is braided.
Proof. Consider the composition

Z(R)

Z(D) — Z(D) Z(C),
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where Z(D) < Z(DY) is the faithful strong monoidal of Lemma 4.7 and where Z(D%) ASON Z(C)

is the lax monoidal functor of Proposition 4.8. By abuse of notation, we also denote this
composition by Z(R), which is hence a lax monoidal functor. It is clear that this functor is the
one described in (4.11). We recall that the lax structure on Z(D) — Z(D%) is given by the
identity (see the proof of Lemma 4.7) and the lax structure on Z(D%) 2B, z (C) is given by
(4.9). From this, (4.12) follows.

Next, we show that Z(R) is braided. We have to verify the braiding compatibility condition

Equation (2.12). This condition follows from the commutativity of the outer diagram in

RX ® RY T— R(X®Y)
IProjx, Ry R(X®counity-)
R(X ® GR(Y))
CR{Y) R(Grey)) R(c¥)

R(GR(Y) ® X)

Iprojry x R(counity ®X)

laxY, X

RY ® RX R(Y ® X)

The left middle square commutes by definition of ¢®X. The right middle square commutes by
naturality of ¢X applied to counity. The top and bottom triangles follow from Lemma 3.1 and
its analogue for rproj. Thus, the lax monoidal structure is compatible with the braiding. O

In the rigid case, the main Theorem 4.10 can be restated in the following simplified way.

Corollary 4.11. Let C be a rigid monoidal category and let G: C — D be a strong monoidal
functor. If G 4 R is an adjunction, then R induces a braided lax monoidal functor Z(R): Z(D) —
Z(C).

Proof. By Lemma 2.7, the adjunction G 4 R can be regarded as a monoidal adjunction. By
Corollary 3.20, the rigidity of C implies that the projection formula holds. We can now apply
Theorem 4.10 to derive the result. O

Remark 4.12. Building on Lemma 4.3, one can show that the assignment that sends a monoidal
adjunction G 4 R, where R satisfies the projection formula, to Z(R): Z(D) — Z(C) is functorial
in the sense that

Z(RlRQ) = Z(Rl) o Z(RQ)’

whenever we are given two such monoidal adjunctions

/Gl\ /GQ\
C €L D L £
\Rl/ \RQ/
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and G2G1 4 R1Rs is the monoidal adjunction obtained by composition. Indeed, we have the
following commutative diagram of functors:

Z(Rle)
Z(EG2G1) Z(R2) Z(DGl) Z(f) Z(C)
Z(R1)
z(e6) — "L Z(p)
Z(R2)

—~C

€)

This assignment can be viewed as a functor from the category whose objects are monoidal
categories, morphisms D — C are monoidal adjunctions G 4 R such that R satisfies the projection
formula, with G: C — D, to the category whose objects are braided monoidal categories and
morphisms are braided lax monoidal functors.

4.4 Results by duality In this subsection, we state the op-versions of our main results. For
this, we consider a pair of oplax-lax adjoint functors

e+ o
~_ .,

=~ 4 Q

in which G now has a left adjoint L. We define the projection formula morphisms for L by the
op-versions of Equation (3.1) and Equation (3.3) for A€ C, X € D:

1 X . .

Iproj x: L(GA ® X) 2% [,G(A) @ LX <9 4o X, (4.13)
l X . .

rprojk a: L(X ® GA) =% [X @ LG(A) L2, 1 X @ A (4.14)

Definition 4.13 (op-version of Definition 3.12). We say that L satisfies the projection formula
or that the projection formula holds (for L) if the natural transformations from Equation (4.13)
and Equation (4.14) are isomorphisms.

The op-version of a monoidal adjunction is an opmonoidal adjunction. By the op-version of
Lemma 2.7, an opmonoidal adjunction is an oplax-lax adjunction L 4 G such that G is strong
monoidal. The projection formula morphisms of an opmonoidal adjunction (also called comonoidal
adjunction) plays a key role in the theory of Hopf monads [9, Section 2.8] where they are called
Hopf operators, see also Remark 6.14.

Example 4.14. Assume C is a category with finite products. Then C obtains the structure of a
symmetric monoidal category with tensor product given by

AR B=AXxB,

for all objects A, B in C. The tensor unit is the terminal object. In this case, we call C a cartesian
monoidal category.
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A finite product preserving functor G: C — D between two cartesian monoidal categories has
the structure of a strong monoidal functor. The lax monoidal structure is given by the unique
factorization in the following diagram, where 7 denotes the product projections:

GB
TGB G(rB)
lamg'v B
GA x GB ’ G(A x B)
>N
GA

Consider the oplax monoidal structure on L given by the canonical maps
oplaxk y = (L(mx),L(ny)): L(X xY) = LX x LY,  oplax§: L1 — 1.

We first check that L 4 G is an oplax-lax adjunction by verifying the diagrams dual to Equa-
tion (2.9) and Equation (2.10). First, we verify the dual equation to Equation (2.9). Consider
the following two diagrams:

L(laXiB) counit o« B
L(GA x GB) LG(A x B) AxB
LG(rw T
M |t - o
LGA 2 A
oplaxy couni couni
L(GA x GB) —" " _ [GA x LGB taxcomits _ 4
M\ \LWLGA counit \LWA
LGA 4 A

The triangles commute by definition of lax® and oplax”, the rectangles commute by naturality.

Commutativity of the other diagrams shows that both
counit gx p oL(laxAC]: g) and (counit4 X counitp) o oplaxﬁ, B

compose to the same morphism, counit4 L(7g4), with m4. The same holds for composing with
7 by symmetry. Thus, the two displayed compositions are equal.
Moreover, we have
counity oL(lax$) = oplaxb: L(1) — 1

since 1 is the terminal object. Hence, L 4 G is an oplax-lax adjunction. Since G is strong
monoidal, L 4 G is an opmonoidal adjunction.

We will now give a necessary and sufficient condition for the projection formula to hold for L
from the above opmonoidal adjunction. For this, a category C is called cartesian closed if, for
every object A of C, the functor (—) x A has a right adjoint (—)?. We denote the unit and counit
of this adjunction by coev? and ev. Now assume that C and D are cartesian closed. Recall that

a cartesian closed functor is a functor such that

coev@ lax@

A vAYGA
B4 = <G(BA) SN (G(BA) x GA)OA B, (BA x 4)0A BT GBGA)
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is an isomorphism for any objects A, B in C. This isomorphism is of the form in (3.6) under
0°P-duality.

Consider a monoidal adjunction L 4 G as described above, for C and D cartesian closed. By
[32, Lemma A.1.5.8], the projection formula holds for L if and only if G is a cartesian closed
functor. Here, the right projection formula morphism is given by

rprojy 4 = (Lmx,counity Lwa): L(X X GA) — LX x A.

By Lemma 3.13, rproj is invertible if and only if Iproj is invertible since C is symmetric monoidal.
The dual result to Lemma 3.15 generalizes this example.

The concept of cartesian closed categories has been extended to general symmetric monoidal
categories, and closed functors are defined in this context, see [23| and references therein.

Theorem 4.15 (op-version of Theorem 4.10). Let L 4 G be an opmonoidal adjunction such that
the projection formula holds for L. Then L induces an oplax monoidal functor

Z(L): 2(D) — Z(C), (X, ™) — (LX, %)

( ;L )—1 L X 1 :L
X — <LX oA PR px e aa) B pigae x) 2N 4 g LX> .
Its oplax monoidal structure is given by
Z(L Z(L
oplax( )§7c))(), (Ve¥) = oplaxgcyy oplaxg () _ oplaxg

for any objects (X,c~), (Y,cV) in Z(D). Moreover, Z(L) is braided.

Corollary 4.16 (op-version of Corollary 4.11). Let C be a rigid monoidal category and let
G:C — D be a strong monoidal functor. If L 4 G is an adjunction, then L induces a braided
oplax monoidal functor Z(L): Z(D) — Z(C).

5. Kleisli adjunctions

Let C be a strict monoidal category. In this section, we want to apply our main theorem
Theorem 4.10 to the Kleisli adjunction of a monad T on C. For this, we first need to ensure
that we obtain a monoidal adjunction: Kleisli categories have a canonical monoidal structure
whenever 7' is a monoidal monad (Section 5.3). Moreover, whenever 7' is induced by a monoid
M, then T is a monoidal monad if M is a commutative monoid in Z(C) (see Theorem 5.6). We
call such monoids commutative central monoids. In Section 5.4, we investigate the monoidal
Kleisli adjunctions given by commutative central monoids: we show that the projection formula
always holds for them (Lemma 5.11) and reformulate our main theorem Theorem 4.10 in the
particular instance of this adjunction in Corollary 5.12. Last, we characterize all monoidal Kleisli
adjunctions which are induced by commutative central monoids: they are exactly those monoidal
adjunctions for which the left adjoint is essentially surjective and for which the projection formula
holds (Theorem 5.15).

5.1 Commutative central monoids

Definition 5.1. A commutative central monoid in C is a commutative monoid internal to Z(C).
Explicitly, it consists of the following data:
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1. A monoid internal to C with underlying object M € C, a multiplication morphism
mul :=mul” : M@ M — M

and a unit morphism
unit := unit™ : 1 — M.

2. An isomorphism
swap, =swapy - M @A — A M

natural in A € C.
3. swap defines a half-braiding, i.e., the following diagrams commute for all A, B € C:

idas
T
M M (5.1)
~_
swapq
SWapA®B
M® A® B AR B M
(5.2)
swap, ® B A®swappg
AR M ® B
4. Multiplication and unit are morphisms in Z(C), i.e., the following diagrams commute for
all A € C:
A ® unit
A A M
(5.3)
unit ® A swap 4
M®A
M AR M
MM®®A AQMe M
mul ®A A ® mul
M®A r— A M

5. The monoid is commutative in Z(C), i.e., the following diagram commutes:

swap

M@ M Mo M
(5.5)
mul mul
M
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Example 5.2. In any braided monoidal category, the tensor unit can be regarded as a commutative
monoid in a canonical way. This implies that in any monoidal category, the tensor unit can be
regarded as a commutative central monoid in a canonical way.

Proposition 5.3. Let G 4 R be a monoidal adjunction such that the projection formula holds.
Then R(1p) is a commutative central monoid.

Proof. Any braided lax monoidal functor sends internal commutative monoids to internal commu-
tative monoids. Since the functor Z(R) : Z(D) — Z(C) of Theorem 4.10 is braided lax monoidal,
it sends 1p equipped with its structure of an internal commutative monoid (Example 5.2) to an
internal commutative monoid in Z(C). O

Note that a version of Proposition 5.3, in the dual case, appears in |9, Corollary 6.7].

5.2 Monoidal monads Recall that we denote by Ca’cgX the strict bicategory of monoidal
categories, lax monoidal functors, and monoidal transformations.

Definition 5.4. A monoidal monad is a monad in Cat%x, i.e., it is a monad T on a monoidal

category and T comes equipped with a lax structure. Moreover, the unit and multiplication of T
are compatible with the lax structure, i.e., they are monoidal transformations.

Ezample 5.5. Given a monoidal adjunction G - R, the corresponding monad RG becomes a
monoidal monad.

Theorem 5.6. Let (M, unitM,mulM,swap) be a commutative central monoid in C. Then the
following data give rise to a monoidal monad:

1. Underlying functor:
T:=Ty=(-M):C—=C

2. Unit morphism for A € C:

M
unit} = A A A M

3. Multiplication morphism for A € C:

M
mul} =A@ Mo M 22 Ag M
4. Lax structure for A, B € C:
T unit™
o laxg :=1 —— M
ARsw M M
elaxi pi— Ao MoBe M 00, Ao Be Mo M 2222, 4o Be M

Proof. We need to show that the provided lax structure satisfies the associativity constraint (2.3)
and the unitality constraints (2.4), (2.5). Moreover, we need to show that both unit” and mul”
are monoidal transformations.

The associativity constraint (2.3) holds: Let A, B,C € C. We have the following diagram:
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TA® laxgﬁc

//\

A®M®B®M®C®M?——HA®M®B®C®M@4———ﬁA®M®B®C®M
id ® mul

id ® swapy ®id
id ® swapp ® id id ® swapp @ id Y a
® ®
g g
3 S
id ® swapy ® id g g
ABOIM®2CQM —— AQBIM®C @ M®2 %} 2@
5 A a8 =
Pfﬂ E’ﬂ
0(:18 id ® swaps ® id Y
5 ]
Q ‘id®M®mulM
ARBRCQM®» ———— AR B C ® M®2
id @ mul™ ®id
id ® mul™

id @ mul™ @M

id ® swapg ® id id ® mul™
ABOIMRCOM —————— A®BRQCM®? —————— AQBRCM

T
laXA®B7C

The lower right rectangle commutes by the associativity of the monoid M. The lower left rectangle
commutes by Equation (5.4). The curved shape in the middle commutes by Equation (5.2).
The outer curved shapes commute by definition of the lax structure. The remaining rectangles

commute by the interchange law.

The unitality constraint (2.4) holds: Let A € C. Then:

lax{A o(laXOT ®idra)=(A® mulM) o (swapy ® M) o (unitM ®RA® M) (def)
= (A®@mul) o (A @ unit™ @M) (5.3)
(monoid)

= idagm

The unitality constraint (2.5) holds: Let A € C. Then:

13X£,]1 o(idpg ® laxg) =(A4® mulM) o(A®swap; @ M)o (A M ® unitM) (def)
= (A@mul™) o (A® M @ unit™) (5.1)
(monoid)

= idagm
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Next, we show that unit’ is a monoidal transformation. We compute for A, B € C:

laxi 5 o(unit]y @ unit%h)
= (A® B@mul™) o (A®swapy @ M) o (A® unit? @B ® unit™)

(
= (A® B@mul) o (A® B ® unit” @ unit) (5.3)
= A® B @ unit¥ (monoid)
= unithy 5 (def)

Last, we show that mul” is a monoidal transformation, i.e., that we have an equality
laxg,B o(mul} ® mul}y) = mul£®B o laxg?B

for A, B € C. This equality can be encoded as the commutativity of the outer rectangle of the
following diagram:

A®mul™ @B @ M®2 A® M ® B®muM
A® M®?® B® M®? A@M ® B M®? A®M®BQM
a
®
w
g A ® swap% ® M®2 id ® swapp ® id
3
= e
= =N
@ ®
A Z
A®M® B® M®3 A®@B@M® ——————— A B M*®® 2
id @ mul™ @M®? %
= ®
® al
=
=~ b
z © id @ M @ mul"
; e ; [ss}
=3 id ® swapp ® id
= ®
=
A®M® B® M®? f? A®B® M®2
g
A S
® S
% ® id @ mul™
) =
o ~
s+]
®
= =
®
ARBRM® ¢————— AQ B® M®* 5
id ® M®? @ mul™ g
g g
®
8
=3
S id @ mul™
®
=
id @ mul™
A®B® M®? ARB® M

In this diagram, swapQB denotes the morphism

Mo MeB M@swapp M&Be M swap g @M

B M@ M.
and we also use mul™ for the morphism

M®* — M
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that is obtained by applying the multiplication M®? — M three times.

The middle triangle in the diagram commutes by (5.5) (extended to four factors). The lower
rectangle and the rectangle directly above the middle triangle commute by the associativity of
M. The upper rectangle involving A ® swap%s ® M®? commutes by (5.4). The lower rectangle
involving A®swap23 ® M®2 commutes by (5.2) and the interchange law. The remaining rectangles
commute by the interchange law. O

5.3 Monoidal Kleisli adjunctions We recall the construction of the Kleisli category.

Definition 5.7. Let T be a monad on a category C. The Kleisli category of T, denoted by
Klei(T), is given as follows:

1. The objects of Klei(T') are given by the objects of C.

2. For A, B € Klei(T), we set

Homgjei() (A, B) := Hom¢ (A, TB).

For a € Hom¢ (A, TB), we write
[a] :A— B

for its corresponding morphism in the Kleisli category.
3. The identity of A € Klei(T) is given by

[unitZ]

A A.

4. The composition of morphisms [a] : A — B and [§] : B — C in Klei(T') is given by

lT
A% 7B 5 2o 2 .
Whenever T is a monoidal monad, Klei(7') inherits a monoidal structure.

Lemma 5.8. Let T be a monoidal monad on a monoidal category C. Then Klei(T') is a monoidal
category with 1¢ as a tensor unit and with the tensor product given as follows: For [a] : A — B
and [v] : C — D in Klei(T'), we set [a]| @ [y] : A® C — B® D in Klei(T') as

lax %
A®C 22 TB o TC —2% 7(B ® D).
Proof. This is a well-known fact, see, e.g., [19, Section 4]. O]
A monad T on a category C gives rise to the famous Kleisli adjunction

Free -~
¢ L Klei(T)

Forg —

where the functors are given by

LT

o unltB
A—B——TB
_A [ ] B

Free(A % B) :
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and
mul®
Forg(A 1% B) .= 74 1o 12 ™%, 7R,

The Kleisli adjunction satisfies a universal property (see, e.g., [53, Proposition 5.2.11]). It is the
initial adjunction yielding T, i.e., if G 4 R is an adjunction such that RG = T', then we have a

e
kee) i /

Klei(T

diagram of functors

5.6
Forg (5.6)

with the dashed arrow being a uniquely determined functor that renders the diagram commutative.

Theorem 5.9. If T is a monoidal monad, then the Kleisli adjunction and its universal property
lift to Catffm. More precisely, Free and Forg can be equipped with lax monoidal structures such
that Free - Forg is a monoidal adjunction and, for any monoidal adjunction G 4 R such that
RG =T, the uniquely induced functor of (5.6) can be equipped with a lax monoidal structure and
(5.6) is a commutative diagram in Cat_.

Proof. The necessary constructions are standard and easy to verify. Alternatively, this theorem
follows from [68, Corollary 4.2]. O

Remark 5.10. It follows from Lemma 2.7 that in Theorem 5.9, the three functors G, Free, and
the induced functor are strong monoidal. Moreover, the induced functor is always fully faithful.
It follows that we can always regard Klei(7') as a full monoidal subcategory of D, which can be

identified with the full image of G, i.e., the full monoidal subcategory on objects of the form G A,
for A in C.

5.4 Monoidal Kleisli adjunctions given by commutative central monoids

Let (M, unit™, mul™ ,swap) be a commutative central monoid in a monoidal category C. By
Theorem 5.6, the endofunctor Ty = (— ® M) is a monoidal monad on C. Thus, by Theorem 5.9,
we have a corresponding monoidal Kleisli adjunction

/ G := Free —
c I Klei(Ty) (5.7)
\ R := Forg ———
We describe its defining data more explicitly. The functors are given by

a®unlt

GASB) =4 = mem) (5.8)
for (A% B) € C and
RX L yy=(xeom Py onmenm Yo, v o) (5.9)
for (X W, Y) € Klei(T)). The unit of the Kleisli adjunction for A € C is given by

M
unit§ R = A A9 A g M (5.10)



170 Johannes Flake, Robert Laugwitz and Sebastian Posur, Higher Structures 10(1):126-211, 2026.

and the counit for X € Klei(T)s) is given by

id
comnit§ ' = X @ M M X. (5.11)

The functor G is strict monoidal. The functor R is lax monoidal with structure morphisms given
by

laxt! = unit™ : 10 — M (5.12)
and
W M
laxky = (XoMay oM 2O v oy o mem XYY v oy o M). (5.13)

for X,Y € Klei(T).
Lemma 5.11. The projection formula morphisms of the adjunction in (5.7) for A € C, X €
Klei(T) are given by the following formulas:

o (RX)2 AL RX @A) = (XoMeoA T2 x g A M)

o (A® R(X) R(A® X)) =idagxem

In particular, R satisfies the projection formula.

Iproj 4 x

Proof. We calculate:

Iprojx A= laxf},GA o(RX ® unit§'®) (3.3)
= (X@AmuM) o (X ®swapy @ M) o (X @ M @ A®@uit™)  (5.13), (5.10)
= (X ®A@mul™)o (X ® A®unitM) o (X @ swap,) (interchange law)
=id o (X ® swap,) (monoid)
and
Iproj, x= lanA’X o(unit§ " ®RX) (3.1)
= (A® X @mul™)o(A®swap, ® M) o (A®@ it X @ M) (5.13), (5.10)
=(A® X @mul™) o (4® X @ unit™ @ M) (5.3)
=id (monoid)
Since swap and id are isomorphisms, the projection formula holds. O

Corollary 5.12. We have a braided lax monoidal functor

Z(Klei(Thy)) 252,

Z(C).
More explicitly: If X € Klei(Thr) is equipped with a half-braiding

[eXQY =Y RXQM)]

X®Y Y®X

natural in'Y € Klei(Tyr), then the half-braiding of Z(Forg)(X, [c]) is given by

X®swap QM A X @mulM
A c mu

(X@M)® A XA M EM Ao X @ Mo M A® (X ® M).

Proof. This is Theorem 4.10 applied to the Kleisli adjunction in (5.7). O
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5.5 A characterization theorem We complete this section by providing sufficient conditions
for a monoidal adjunction to be equivalent to a monoidal Kleisli adjunction.

Lemma 5.13. Let G 4 R be a monoidal adjunction such that the projection formula holds for R.
Then

r0j_ 1

(- ® R1) 224 pa(o)

1 an isomorphism of monoidal monads.

Proof. Since G 4 R is a monoidal adjunction, RG is a monoidal monad (see Example 5.5). Since
the projection formula holds, R1 is a commutative central monoid by Proposition 5.3 whose
half-braiding for A € C is given by

Iprojq 4 (Iproj 1)t

swap,y : R1® A RA A® RI1. (5.14)

Thus (— ® R1) is a monoidal monad by Theorem 5.6. By Corollary 3.11 we already know that
Iproj_ 4 is an isomorphism of monads. It suffices to show that this isomorphism respects the
lax structures. This can be encoded by the commutativity of the large outer rectangle of the
following diagram:

Iproj, 4 ® lprojp 4
A®R1® B® R1 RGA® RGB

id ® swapg Iproj, 1 ® rprojy 5

id ® swapp ® id A®RI®R1® B laxga,cn

id® laX]l_’n ®id

pijA,n,B
AR B® Rl ® R1 A®RI®B R(GA® GB)

id ® swapg id @ rprojy g

Iproj 4 ap

id ® laxg 4 A® RGB Rlax§ p

id ®@ Iproj g 4

AR B®R1 - RG(A® B)
1pr0JA®B,]l

We show that each small part of this diagram commutes. The upper triangle and the left inner
triangle commute by (5.14). The left pentagon commutes by (5.4). The right upper rectangle
commutes by Lemma 3.6. The lower rectangle commutes by Lemma 3.4. The right inner triangle
commutes by Lemma 3.5.

Thus, each small part of this diagram commutes. Since we assume that the projection formula
holds, swap is an isomorphism. From this, we conclude that the large outer rectangle commutes,
which gives the claim. O

A dual result to Lemma 5.13 is found in [9, Theorem 6.6(b)].

Definition 5.14. We say that two monoidal adjunctions are equivalent as monoidal adjunctions
if they are equivalent as objects in the bicategory Adjs,.e (see Appendix A.4).
lax
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Theorem 5.15 (Characterization theorem). Let G - R be a monoidal adjunction such that the
following holds:

o (G is essentially surjective,

e the projection formula holds for R.
Then G = R is equivalent as a monoidal adjunction to an adjunction of the form (5.7). More
precisely: M := R(1) is a commutative central monoid, Th := (— ® R(1)) is a monoidal monad,
and we have an equivalence Klei(Ty;) = D of monoidal categories such that we have a diagram
of functors

C

e

in which the left triangle strictly commutes and the right triangle commutes up to natural isomor-

Klei(Th;) Forg

phism.

Proof. Since the projection formula holds, M is a commutative central monoid by Proposition 5.3.
By Lemma 5.13, we have an isomorphism of monoidal monads Th; =2 RG on C. This isomorphism
gives rise to a monoidal equivalence Klei(T);) — Klei(RG) such that the diagram

y
¢ ‘:

Klei(TM )

Klei(RG)

in CatffLX strictly commutes. Last, since GG is essentially surjective, so is the induced functor in
(5.6). Since the induced functor is always fully faithful and strong monoidal by Remark 5.10, it
is an equivalence of monoidal categories. Thus, we obtain the following strictly commutative

diagram
aQ D
C / ‘:
R Klei(RG)
in Catgx. The strict commutativity of the diagram in the statement now follows by combining

the two diagrams in the proof. Moreover, the strict commutativity of the diagram in the statement
suffices to obtain an equivalence of adjunctions in Catfix by Corollary A.38. The commutativity
of the other triangle up to natural isomorphism follows from Corollary A.39. OJ

6. Eilenberg—Moore adjunctions

Commutative central monoids (M, swap = swap™) in C played a key role in Section 5.5 through
capturing monoidal monads of monoidal adjunctions whose right adjoint satisfies the projection
formula. It is known that the Eilenberg—Moore categories of modules over M obtain a tensor
product from C provided reflexive coequalizers exist and are preserved by the tensor product,
cf. [50,57]. In Section 6.2, we show that the free-forget adjunction of such Eilenberg-Moore
categories is itself monoidal and its right adjoint Forg satisfies the projection formula.
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Further, in Section 6.3, we discuss a universal property of such monoidal Eilenberg—Moore
categories and a monoidal version of the crude monadicity theorem. The monadicity theorem
imposes the additional assumption that the right adjoint R preserves reflexive coequalizers and
reflects isomorphisms.

We conclude with a discussion of the center of monoidal Eilenberg—Moore categories in
Section 6.4. By a result of Schauenburg, the Drinfeld center of the Eilenberg—Moore category
is equivalent to the category of local modules over the commutative central monoid M and our
results produce a braided lax monoidal functor from this category of local modules to the Drinfeld
center of C which is identified with the forgetful functor, see Section 6.4.

6.1 Basic definitions and results Given a monad T, we consider the Eilenberg—Moore
category EM(T) of T-algebras. Its objects are pairs (A, act?) where A is an object of C and
actd: T(A) — A is a morphism, called action morphism, satisfying that the diagrams

T (act™) unit’l
TT(A) T(A) A )
mulg actA and \ / (61)
act?
T(A) 2 4 A

commute. A morphism f: (A,act?) — (B,act?) in EM(T) corresponds to a morphism f: A — B
in C such that the diagram

74— 7B
actA iaetB (62)
A ! B

commutes.
Recall that there is the well-known Eilenberg-Moore adjunction

Free —\

i EM(T). (6.3)

c/
\Forg—/

The functor Forg: EM(T) — C maps (A, act?) to A and preserves morphisms, and the functor
Free: C — EM(T) maps an object B of C to (T(B),T(mul%)) and a morphism f: B — C in
C to T(f). Now, consider an adjunction G - R such that RG = T. We have the following
commutative diagram of functors

EM(T)
Free 3 Forg
G | R
c D C,
: / (6.4)
Free | Forg

Klei(T)
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which includes the diagram from (5.6) as as sub-diagram. The dashed arrow D — EM(T) is
given by sending an object X in D to R(X), together with the action given by

R(counitx)
e

act™X): TR(X) = RGR(X) R(X)

for any object X of D and acts via R on morphisms.

Remark 6.1. Given a monad T': C — C, the adjunction Free 4 Forg of (6.3) is terminal among
adjunctions G - R that compose to T
A
A reflexive pair is a pair of parallel morphisms AZ B such that there exists a common

g
section, i.e., a morphism s: B — A satisfying that fs = gs = idp. We call the colimit of such a

reflexive pair a reflexive coequalizer. We remark that this colimit is simply given by the coequalizer
of the underlying pair of morphisms f, g. Consider the full and faithful functor Klei(7') — EM(T)
obtained by composition of the two dashed arrows in Equation (6.4). This functor enables us to
regard Klei(T") as a full subcategory of EM(T'), and we call the objects in the image free. The
next lemma states that general objects in EM(T') are reflexive coequalizers of free objects.

Lemma 6.2. Let (A, act?) be an object in EM(T). Then the following diagram is a coequalizer
diagram in EM(T):

mulﬂ N
(T(T(A)), mulg(A)> (T(A), mul}) e (A, act?) .
T(act4)

Moreover, the depicted parallel morphisms form a reflexive pair of free objects with a common
section in EM(T) given by T'(unita).

Proof. We have a coequalizer diagram by [7, Lemma 4.3.3]. O

Remark 6.3. In general, the category EM(T) might not be monoidal even if C is monoidal.
General conditions on 7" ensuring that EM(T') is monoidal were discussed in [58].

In the following subsections, rather than studying the most general context, we will restrict
to monoidal monads of the form T 2 (—) ® M for a commutative central monoid (M,swap™).
This restriction is motivated by Lemma 5.13 and the fact that we are interested in monoidal
adjunctions for which the projection formula holds in this paper.

6.2 Monoidal Eilenberg—Moore adjunction For the rest of Section 6 we impose the
following assumptions on C.

Assumption 6.4. We assume that C has coequalizers of reflexive pairs and that the tensor product
of C preserves such coequalizers in both components.

In the following, let (M,swap™) be a commutative central monoid in C. By Theorem 5.6,
Ty = (—) ® M is a monoidal monad that inherits its structure from M. Recall that the monad
structure is given by

unitEM = A ®unit¥, muliM = A®@mul?,
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where unit™, mul™ are the unit and multiplication of the monoid M. The lax monoidal structure
is given by

laxg™ := unit™, laxij’% = A® ((Bomul™) o (swapy @ M)).
The Eilenberg—Moore category EM(Th) can be identified with that of right modules Mod¢-M
over M internal to C, see e.g. [17,50,57], which is why we also call the objects in EM(Ts) (right)
M -modules. We study the following adjunction:

Free
_— = (6.5)

C n EM(Ty;) ~ Mod¢-M

\ Forg /

Lemma 6.5. Reflexive coequalizers exist in EM(Ty) and Forg: EM(Tys) — C preserves and
creates them.

Proof. Existence of coequalizers in EM(T)ys) and that Forg preserves them follows from [7,
Proposition 4.3.2| since, by Theorem 6.4, Thy = (—) ® M preserves reflexive coequalizers, and we
assume that reflexive coequalizers exist in C. Similarly, by [53, Theorem 5.6.5], the functor Forg
creates reflexive coequalizers. O

Definition 6.6. The tensor product of two objects X = (A,actd) and Y = (B, act?) in EM(Ty)
is a pair consisting of an object X ®3/Y in C, together with a morphism quoy y: A®B — X®nY
such that the diagram

actd @B

/\ qu0X7Y

A® M ®B A®B

~_ 7

A®(actB oswapp)

X®uY, (6.6)

is a coequalizer in C. Note that this is actually a reflexive coequalizer with a common section
given by A ® unit™ @B.

Lemma 6.7. The tensor product X @)Y, for X = (A,act?d) and Y = (B, act?), exists and
gives an object in EM(Tys) with action actX®MY defined as the unique factorization appearing in

A® B M A%t A®B

quox y ®Ml lquoX,Y

(XouY)o MM xony.

Proof. The tensor product X ®j; Y exists in C under Theorem 6.4. Again, due to Theorem 6.4,
the action morphism exists and inherits its axioms from act®. O

The next lemma appears, e.g., in [57, Section 2.2, Lemma 4.1].

Lemma 6.8. The tensor product @y makes EM(Ty) a monoidal category and Q@ preserves
reflexive coequalizers.
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Proof. Note that it is sufficient to assume that coequalizers of reflexive pairs exist in C and are
preserved by the tensor product of C in both components (rather than assuming this for general
coequalizers as in [57]).

The result that ®js preserves reflexive coequalizers follows from the same assumption for ®
and the fact that colimits commute with other colimits. O

Remark 6.9. The monoidal structure on EM(T}/) of Lemma 6.8 is a special case of [58, Corollary
2.5.6]. Indeed, Seal constructs a tensor product X on EM(T)s) such that C — EM(T)y) is strong
monoidal [58, Section 2.5.3]. Moreover, it is assumed in [58, Corollary 2.5.6] that X commutes
componentwise with reflexive coequalizers. From these two facts, it follows that the tensor product
functors X and ®p; are equivalent. In both cases, the structure morphisms are inherited from C.
Thus, the resulting monoidal structures are equivalent as well.

Remark 6.10. We obtain the following natural transformation:

Forg(—) ® Forg(—)
EM(Th) x EM(Thr) || auo T
\ /
Forg(— ®n —)
Lemma 6.8 shows that if C satisfies Theorem 6.4, then so does EM(T)s). Without loss of
generality, we will also treat EM(Ty), with monoidal product ®yy, as a strict monoidal category
to simplify the exposition.

Proposition 6.11. The functor

Free: C — EM(Th;), A (A® M, A®mulM), (ALB) — (A@MMB@M),

is a strong monoidal functor with lax monoidal structure langeg defined as the factorization
appearing in:

T
laxAyB

Free(A) ® Free(B) Free(A ® B)

qUOFree(A),Free(B) laXE“?E

Free(A) ®@ar Free(B)

In particular, Free - Forg s a monotidal adjunction with laxg(of}g =quoyy for X,Y € EM(T)y).

Proof. Recall the lax monoidal structure for Ty,
lax"y = (A® B @ mul™)(A® swapp @ M): Ty (A) @ Tay(B) = Tn(A® B),

from Theorem 5.6. One verifies directly that lax™™ factors through Free(A) ® s Free(B). Denote
the factorization by
laxﬂrjgcz Free(A) ®ps Free(B) — Free(A ® B).

This morphism is an isomorphism. For this, it suffices to describe an inverse of Forg(laXPA\reBe),

which is given by the composition

AQunitM B M ) QUOFree(A),Free(B)
e I

(A®B)@ M (A M)® (B M Forg(Free(A) ®ar Free(B)).
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The coherences for lax™° hold since they hold for lax™™. As lax'"®® is an isomorphism, Free is
strong monoidal. Therefore, Forg has a unique lax monoidal structure making Free - Forg a
monoidal adjunction by Lemma 2.7. We compute lax™"® on X = (A4,actd) and Y = (B, act?)
as follows:

Forg Free)

lax’y’y> =Forg(counit x ® counity ) o Forg(lax ;%)™ " o unitagp

—Forg(act” @ act®) o (qquree(A)vpree(B) o(A®unit” ®B® M)) o (A® B ® unit™)
=quoyxy -

In the first equality, we use the construction of the lax structure on the right adjoint Equation (2.11).
The second equality uses the explicit structure of unit and counit of the adjunction Free - Forg
and the inverse for Forg(laXFree) displayed above. The third equality uses, after applying naturality

of quo (see Remark 6.10), that the unit of M acts trivially on A and B. O

Remark 6.12. We can regard Klei(T)s) as a full monoidal subcategory of EM(Tyy). Indeed, we
can use the universal property of Klei(Tys) (Theorem 5.9) and Proposition 6.11.

Lemma 6.13. The projection formula holds for Forg of the Eilenberg—Moore adjunction from
(6.5)

Proof. We show how to derive that the projection formula morphisms for the Eilenberg—Moore
adjunction being invertible follows from the same statement for the Kleisli category in Lemma 5.11.
For this, we regard the Kleisli category of C as a full monoidal subcategory of EM (7)) (see
Remark 6.12). Then the projection formula morphism

A ® Forg(X) — Forg(Free(A) @y X)

is an isomorphism for all A € C and X € Klei(M) by Lemma 5.11. But now, every object in
EM(T)y) is a reflexive coequalizer of objects in the Kleisli category by Lemma 6.2. Since the four
constituents Forg, Free, ®, and ®); respect reflexive coequalizers, it follows that the projection
formula morphism is an isomorphism for all objects in EM(T);) as well. O

Remark 6.14. In the dual setup of an opmonoidal adjunction L - G, the tensor product of C
always gives rise to a canonical tensor product on the Eilenberg—Moore category independent of
the existence of reflexive coequalizers in C, see [47] and [11, Theorem 2.3|. In that context, the
projection formula holds for the Eilenberg—Moore adjunction of the associated monad T' = GL if
and only if T is a Hopf monad [9, Theorem 2.15]. Note that this is different to our context, i.e.,
the context of a monoidal adjunction and Theorem 6.4: here, the projection formula always holds
for the Eilenberg-Moore adjunction by Lemma 6.13.

We now prove a universal property of the monoidal Eilenberg—-Moore adjunction.

Theorem 6.15. Assume G - R is a monoidal adjunction such that the monoidal monad RG
is given by tensoring with a commutative central monoid M, i.e., RG = Ty;. Then the unique

e
k

induced functor R in

BM(7)
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can be equipped with a unique lax monoidal structure such that (6.7) is a strictly commutative
®

diagram in Cat_ .

Proof. Observe that R(X) can be regarded as the M-module (R(X), laxf}’l) by Lemma 3.1, for
an object X in D. i

We construct the lax monoidal structure laxf},Y :R(X)@p R(Y) = R(X ®Y) as the unique
morphism that renders the following diagram commutative:

lax %
R(X) @ R(Y) - R(X®Y)
QHOR(X),Rmi ] (6.8)
~ ~ Forg(lax% ) -
Forg(R(X) @y R(Y)) : ForgR(X ® Y)
The existence of such a morphism follows from commutativity of the outer diagram in
R(X)®rproj
R(X)® M ® R(Y) — M OR(X) © RGR(Y)
lax® | @ R(Y
R(X)® R(Y) R(X)®laxf'y  R(X)@R(counity) R(X)® R(Y)® M.
k\ (X)(X)laxg1
RX®Y) — R(X)® R(Y)
axy y

Here, both interior triangles on the right commute by Lemma 3.1, and the left interior square
commutes by associativity of the lax monoidal structure Equation (2.3). We can choose 1ax(}]%
to be the identity on R(1) = M. One checks that lax§7y and laxZ are morphisms of right
M-modules which satisfy the necessary coherences and render the diagram of the statement

strictly commutative. O

Ezample 6.16. We consider the algebra S := k[z]/(x?) of dual numbers over a field k. Then
T := (— ®k S) defines a monad on finite-dimensional vector spaces C = vecty. The Eilenberg—
Moore category EM(T') is given by mod-S, i.e., the category of right S-modules of finite
k-dimension. We describe two inequivalent monoidal structures on mod-S: the first one is given
by the monoidal structure of Lemma 6.8, i.e., the usual right exact tensor product ®g. For the
second monoidal structure, we consider the following equivalence of categories:

(=)Y := Homg(—, 9) : (mod-S)°® — mod-S.

Structure transport along (—)" of the right exact monoidal structure ®g on (mod-S) yields a
right exact monoidal structure on (mod-S)°P, i.e., a left exact monoidal structure g on mod-S.
Concretely, it is given by

M xg N := (MY ®g N)V

for M, N € mod-S. Since ®g is not left exact, the two monoidal structures are inequivalent.
However, they are equivalent when we restrict to free modules, i.e., for both monoidal structures,
the functor

Free : vecty — mod-S
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is strong monoidal in a canonical way. In this situation, the comparison functor of Theorem 6.15
is given by the identity functor of mod-S equipped with a lax monoidal structure given by a
canonical map of the form

M®s N — Mxg N

which is not an isomorphism in general, e.g., it is the zero map for M = N = k.

6.3 Beck’s monadicity theorem and monoidal adjunctions Recall that an adjunction
G - R with T = RG such that the comparison functor D — EM(T) is an equivalence is called
monadic. We can now derive a monoidal version of the crude monadicity theorem. For this, we
work with the following strict bicategory.

Definition 6.17. Let Cat®

lax,coref

be the 2-full sub-bicategory of Catff;LX from Section 5.2

e whose objects are monoidal categories with reflexive coequalizers and tensor products that
respect these reflexive coequalizers,

e l-morphisms are lax monoidal functors that preserve reflexive coequalizers,

e 2-morphisms are all monoidal transformations.

We require the following lemmas.

Lemma 6.18. The FEilenberg—Moore adjunction from Equation (6.5) is an adjunction internal to
Cat?

lax,coref

Proof. We have seen that the Eilenberg—-Moore adjunction Free 4 Forg is a monoidal adjunction
in Proposition 6.11. By Theorem 6.4 and Lemma 6.5, C and EM(Ty;) are objects in Cat®

lax,coref *

. . . ® . . . . .
Further, Forg is a 1-morphism in CatlaX’ coref 38 it preserves reflexive coequalizers and it is clear
that Free preserves reflexive coequalizers as it is a left adjoint. O

Lemma 6.19. Let G 4 R be a monoidal adjunction in CatgLX coref Such that T'= RG s given by
tensoring with a central commutative monoid M. If every object in D is a reflexive coequalizer of
a diagram with objects in the image of G, then R is a strong monoidal functor.

Proof. Consider the lax structure of R evaluated on two objects in the image of G-

i
laxga),6(m))

RG(A) @y RG(B) ——""">~ R(G(A) ® G(B))
Free Il

l lax
Free(A) @ Free(B) — Free(A ® B)

The bottom row isomorphism can be identified with the lax monoidal structure of the free functor
Free: C — Klei(C). Hence, it is an isomorphism by Lemma 5.11. By naturality, and using that
R preserves reflexive coequalizers by assumption, laxiy is also an isomorphism for all reflexive
coequalizers X,Y of objects in the image of G. If every object in D is of this form, R becomes
strong monoidal. O

Remark 6.20. The functor R is mentioned (as a strong monoidal functor) in [54, Proposition
2.16] to exist if R satisfies the projection formula. Note that Example 6.16 shows, in particular,
that the assumption that the tensor product of D preserves reflexive coequalizers is crucial in
Lemma 6.19.

Lemma 6.21. If R preserves reflexive coequalizers, then so does R.
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Proof. By Lemma 6.5, Forg, in particular, reflects reflexive coequalizers. If R = ForgR preserves
them, it follows that R preserves them as well. O

®

In particular, if G 4 R is an adjunction internal to Cat, ___ .

¢ satisfying the projection

formula, then the diagram of Equation (6.7) also lies in Cat® For the following result,

lax,coref "
recall our notion of an equivalence of monoidal adjunctions in Definition 5.14.

Theorem 6.22 (Crude monoidal monadicity). Assume that
®

e G - R is a monoidal adjunction in Caty .,

o R satisfies the projection formula,

o R reflects isomorphisms (i.e., if R(f) is an isomorphism, then so is f).
Then G 4 R is equivalent as a monoidal adjunction to the Eilenberg—Moore adjunction from (6.5),
for M = R(1). In particular, G 4 R is monadic.

Proof. The assumptions of the theorem include those necessary to apply the crude monadicity
theorem [5, 5.1. Proposition|, hence G 4 R is monadic and R is an equivalence. It suffices to
prove that R is also strong monoidal. For this, we check the assumptions of Lemma 6.19: since
the projection formula holds, 7= RG is given by tensoring with the commutative central monoid
M = R(1). Moreover, since D ~ EM(T}), every object in D is a reflexive coequalizer of an
object in the image of G by Lemma 6.2. O

In particular, the theorem gives conditions under which there is a monoidal equivalence
Mod¢-M =~ D for the commutative central monoid M = R(1) from Proposition 5.3.

To conclude this section, we recover a special case of Theorem 6.22 appearing in [10, Proposi-
tion 6.1|. For this, we call a monoidal category C an abelian tensor category if it is a k-linear
tensor category in the sense of [22, Section 4.1]. In particular, C is a locally finite k-linear rigid

abelian category with a k-bilinear tensor product such that End¢ (1) = k.

Corollary 6.23. Let C, D be abelian tensor categories over a field k and assume given a
monoidal adjunction G 4 R. If R is faithful and exact, then G 4 R is monadic and equivalent
to Free 4 Forg as a monoidal adjunction. In particular, there is an equivalence of monoidal
categories D ~ Mod¢-M .

Proof. First, we note that the projection formula holds for G 4 R by Corollary 3.20. Now, since C
and D are abelian, coequalizers exist. By rigidity, the tensor product is exact in both components
[22, Section 4.2]. As R is assumed to be exact, it preserves coequalizers and as it is assumed to
be faithful and exact, it reflects isomorphisms since C and D are assumed to be abelian. Hence,
the assumptions of Theorem 6.22 hold and G - R is isomorphic to Free 4 Forg as a monoidal
adjunction. O

Remark 6.24. Theorem 6.22 has a partial analogue for symmetric monoidal exact functors of
tensor triangulated categories with a right adjoint satisfying the projection formula [55, 3.8.
Proposition|. There, it is assumed that R(1) is a separable algebra and hence Mod¢-R(1) is the
Karoubian envelope of the Kleisli category.

6.4 Center of Eilenberg—Moore categories and local modules In the following, we
recall a description of the Drinfeld center of the monoidal category EM(T)s) = Mod¢-M for a
commutative central monoid M in C.
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Definition 6.25 (|50]). The category of local modules over a commutative central monoid
(M, swap™) is defined as the full subcategory of the category Modz)-M consisting of right
M-modules (A, act?) such that

actd oUpraoWyy = act? . (6.9)

Here, ¥ denotes the braiding in Z(C). We denote the category of local modules over A by
Mod'g;)-M.

In particular, Wps 4 = swap% . The following result can be found in [50, Theorem 2.5],
cf. [57, Section 4. Recall that we assume that Theorem 6.4 holds.

Proposition 6.26 (Pareigis). The category Modlzofc)—M s a braided monoidal subcategory of
the monotidal category Modzc)-M.

Proof. The braiding of local modules is given by the factorization of

quoy,

T
A®B 25 B A —15Y @y X,
through X ®j; Y, which exists for local modules X = (4, act?) and Y = (B, act?). O
Theorem 6.27 (Schauenburg). There is an equivalence of braided monoidal categories
Z(Modc-M) ~ Mod2(;,-M.

Proof. We only indicate a brief sketch of the equivalence from [57, Theorem 4.4]. Given an object
X = (A, act?) with half-braiding ¢ in Z(Mod¢-M), evaluating the half-braiding ¢ on an object
of the form Free(B) for B € C gives, under the isomorphism

rprojy g : Forg(X) ® B = Forg(X ®) Free(B))

a half-braiding ¢ such that (A,¢) becomes an object in Z(C). It follows that the action act”
then makes (A,¢) a right M-module in Z(C). On morphisms, the equivalence is given by the
identity. O

Our result Theorem 4.10 now amounts to the following result for any commutative central
monoid (M, swap™) in Z(C).

Corollary 6.28. Under Theorem 6.4, Forg: Mod¢-M — C induces a braided lax monoidal
functor Z(Forg) : Z(Mod¢-M) — Z(C). Under the equivalence from Theorem 6.27 this lax
monoidal functor corresponds to the forgetful functor

Forg*®: Mod${.)-M — Z(C),
which forgets the M -action.

Proof. The braided lax monoidal functor Z(Forg) is obtained by Theorem 4.10. For a right
M-module X = (A, act?) with half-braiding ¢, the underlying object of Z(Forg)(X) is A. The
half-braiding of Z(Forg)(X) is given by the composition ¢ in the diagram

A® B 5 B® A

TlprojB’lX

Forg(Free(B) @ X).

lrpron’B

F ree
Forg(X @ Free(B)) -2
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We see that this half-braiding € is precisely the half-braiding used in the proof of Theorem 6.27.
Thus, Z(Forg) corresponds, under the equivalence from Theorem 6.27, to the stated forgetful
functor Forg!°®. O

We obtain the following direct corollary.

Corollary 6.29. Under the conditions of Theorem 6.22, there is an equivalence of braided
monoidal categories Z(D) ~ Modlzo‘gc)—M.

Example 6.30. Let G,H be groups, ¢: G — H a group homomorphism, and w € C3(H,k) a
3-cocycle. Denote by vectg the category of finite-dimensional G-graded k-vector spaces with
associators given by w, see e.g. |22, Example 2.3.8]. Then ¢ induces a strong monoidal functor
Py vect(é*w — vecty. Its right adjoint is always exact. It is faithful if and only if ¢ is surjective
[28, Lemma 3.2|. The commutative monoid R(1) = M is isomorphic to the group algebra of ker ¢.
It follows that Z (vect‘é*w) and MOdlZ,?Evectﬁ)_M are equivalent as braided monoidal categories

by Corollary 6.29 recovering [28, Corollary 3.3].

7. (Co-)induction for Yetter—Drinfeld modules of Hopf algebras

In this section, we will specify the categorical results on induced functors on Drinfeld centers
from Section 4 to left and right adjoints of restriction functors between categories of (co)modules
over Hopf algebras.

Let H be a Hopf algebra® over k and consider its category H-Mod of left modules. Let
w: K — H be a morphism of Hopf algebras. Then restriction along ¢ provides a strong monoidal
functor

G = Res,: H-Mod — K-Mod, W — W/|.

This functor has left and right adjoints given by induction and coinduction, respectively. These

are given by
L(V) :=Indy(V) := H®gV, R(V) := Colndy, (V) := Homg-moa(H, V), (7.1)

where the former is a left H-module through left multiplication, and the latter is a left H-module
via

h- f(g) = f(gh), f € Homg mod(H, V), h,g € H. (7.2)

In the following, we find that the projection formula holds for

e induction functors of modules along any ¢ (Section 7.1),

e coinduction functors of modules along ¢ such that H is finitely generated projective over

K (Section 7.2)

e induction functors of comodules along any ¢ (Section 7.3).
Note that these categories are not rigid, as we do not restrict to finite-dimensional objects, so
it does not follow from Corollary 3.20 that the projection formula holds. We also explore the
induced functors on Yetter—Drinfeld categories obtained from induction and coinduction.

3We assume all Hopf algebras to have an invertible antipode S: H — H.
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7.1 Induction on Yetter—Drinfeld module categories One checks that unit and counit
transformation of the opmonoidal adjunction

Ind, = L 4G = Res,
are given by
wnitt Y vV - GL(V), v 1®u,
counit? ¢ LG(W) — W, h® w +— hw,
for any K-module V and any H-module W. The oplax structure of L is given by
oplaxyy: LV U) = L(V)®@ L(U), h®(u®v) (b @v) @ (he) @ u). (7.3)
Lemma 7.1. The projection formula holds for Ind,: K-Mod — H-Mod with the isomorphisms
given by
Iprojiyy: LGW)®@V) = W L(V), h®(w®v)— hgwe he v,
(Iprojiyy) ™ WR L(V) = LGW) V),  w® (h®v) s hi @S~ (ha)w v,
rprojiy : L(V @ G(W)) = L(V) @ W, h® (v®w)— hay ®v & hew,
(rprojﬁw)_l L(V)@W — L(V e GW)), (h@v)@w = hay@v® S(he))w.
Proof. We use (4.13) and (4.14) to compute the expressions for the projection formula morphisms

lproj{}v, v and rprojﬁ,y for Ind, 4 Res,. Then, one checks directly that the given formulas indeed
give inverses for these morphisms using the antipode axioms. O

Recall that there is an equivalence Z(H-Mod) ~ HYD of the Drinfeld center and the category
of (potentially infinite-dimensional) Yetter—Drinfeld modules over a Hopf algebra H, see [67],
[46, Example 9.1.8], or [22, Proposition 7.15.3]. The category 2YD consists of k-vector spaces V'
which are both left H-modules and left H-comodules with the coaction

0:V-o>HRYV, v oD @)
satisfying the Yetter—Drinfeld condition
hayw ™ & hgyw® = (hayw)TDh) & (hayw)©. (7.4)
Given an invertible antipode S, this is equivalent to
5(hw) = hayw VS (he) @ hgw'®. (7.5)

The induced functor on Drinfeld centers obtained from Ind, 4 Res, specifies to the following
result.

Corollary 7.2. Given V a Yetter—Drinfeld module of K with coaction
VoS KeV, v»—>v(_1)®v(0),
we define
6o (h @ v) = h(l)tp(v(*l))S(h(g)) ® h(g) ® 0@, (7.6)
Then the assignment
Z(Ind,)(V,6") i= (Ind,(V), ™% M), f s Ind,(f), (7.7)

for any morphism f in fYD, gives an oplax monoidal functor Z(Ind,): %YD — gYD. Its
oplaz monoidal structure is given by Equation (7.3).



184 Johannes Flake, Robert Laugwitz and Sebastian Posur, Higher Structures 10(1):126-211, 2026.

Proof. By Lemma 7.1, the projection formula holds for Ind,. Thus, the braided oplax monoidal
functor on the Drinfeld centers is obtained from Theorem 4.15. O

Remark 7.3. For the functor R = Ind,, to restrict to the rigid categories of finite-dimensional
modules to give a functor Ind,: K-mod — H-mod, we require that H is finitely generated as a
left K-module. In this case, Z(Ind,,) restricts to an oplax monoidal functor Z(Ind,): Kyd — #yd
between the rigid categories of finite-dimensional Yetter—Drinfeld modules.

Ezample 7.4. For any Hopf algebra H and K = k the ground field, we obtain that R(k) =
H®rk = H is a YD module over H with regular left action and left coaction given by the adjoint
coaction

d(h) = h(l)S(h(g)) X h(Q), Vh e H.
Since R is oplax monoidal, H is a coalgebra object in 2 YD.

Ezample 7.5. Let G be a group, not necessarily finite, and K < G a subgroup. Then the group
algebra K := kK is a Hopf subalgebra of H := kG. Given a Yetter—Drinfeld module V of K,

V=@Ve, kVa=Vig—, VdkeK,
deK

we obtain that Ind22(V) = H ®g V is a Yetter-Drinfeld module of H with G-grading given by
the coaction
G
0"V (g @ vg) = gdg ™ @ va,

for vg € Vg and g € G. It was shown in [24, Appendix B| that Z(Ind¥): £YD — #YD is a
separable Frobenius monoidal functor. The oplax monoidal structure obtained from Corollary 7.2
agrees with the one used there.

Example 7.6. Let ¢ € k be a primitive n-th root of unity in a field k of characteristic zero and
denote G = (g|g™ = 1) = C,, the cyclic group of order n. Consider the Taft algebra

T :=Ta(q) =k(g,2)/(¢" = 1,2" = 0,9z = qzg),
which is a Hopf algebra with coproduct A, counit €, and antipode S uniquely determined by
Alg)=g®g, Al@)=z01+g®@z, (g)=1, ex)=0, Sl =g S&)=—-g 'z

The inclusion of the group algebra G = kG into T is a morphism of Hopf algebras. By
Corollary 7.2, it induces an oplax monoidal functor

Z(Ind%
kC, x Cp-Mod ~ §yD 216, Typ,
Simple objects in gYD are given by vector spaces k; j, © = 0,...,n — 1, with a single basis

vector v; ; of degree g’ and a G-action given by guv; j = ¢/v; j. We can describe V; ; := Ind& (k; ;)
explicitly. It has a basis given by wy, = z* ® v; 5, for 0 <k <n — 1, with action of the generators
given by

wigy1, f0<k<n—1

_ k+7 _
quwg =g Wi, TWE —
{0, ifk=mn—1.

Thus, k; ; is generated by wg as a left T-module, and it suffices to specify the coaction on wy,
where we have

§(wo) = g' © wo.

Formulas for §(wy) can be derived from Equation (7.5).
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The following consequence of Corollary 7.2 provides examples of cocommutative coalgebras.

Corollary 7.7. 1. Consider the algebra 1 € K-Mod which has a canonical structure of a
cocommutative coalgebra in YD, Its image

A:=Z(Ind,)(1) =H®g 1= H/H -kereg

18 a cocommutative coalgebra in gYD with the induced action, adjoint coaction 623, and
coproduct A given by

(Sad(h) = h(l)S(h(g)) ® h(z), Z(h) = h(l) & h(2).

2. Similarly, K is a cocommutative coalgebra in %YD with respect to the given coproduct,
the regular left action and adjoint coaction. This coalgebra object is denoted by K. Now,
Corollary 7.2 shows that the image Z(Ind,)(K??) is the coalgebra H*.

7.2 Coinduction on Yetter—Drinfeld module categories Now consider the monoidal
adjunction

Res, = G 4 R = Colnd,,
for a morphism of Hopf algebras ¢: K — H. Explicitly, R is given by
R(V) =Homg (H,V) = Homg mod(H, V).
The unit and counit of the adjunction G 4 R are given by

unity : W — RG(W) = Homg (H, W), w+— (h— h-w), (7.8)
counity : GR(V) = Homg (H, V)|, — V, f— f(1).

The lax monoidal structure is given by
laxyw: R(V)@ RIWW) — RVeW), fog— (h = f(hay) ® g(h(g))). (7.10)

Using the expressions for the projection formula morphisms from (4.13) and (4.14), we obtain
the following natural transformations

Iprojyv: W e R(V) = R(GIW)® V), w® f (b= hay-we f(hg)), (7.11)
rprojyy: R(V) @ W — R(V @ G(W)), fowe (he f(ha)) @ hg) - w). (7.12)
We want to investigate when the projection formula holds for Colnd,. To do this, given a

vector space W, we denote by WV the trivial K-module structure on W, that is, k - w = e(k)w
for all k € K and w € W. We need the following lemma.

Lemma 7.8. Assume that H is finitely generated projective as a left K-module. Then, for any
K-module V and any H-module W, the canonical k-linear maps

awy: W @ Homg (H,V) — Homg (H, W™ @ V), we f— (h = w® f(h)),
avw: Homg (H,V) @ W — Homg (H, V@ W™), w® f+ (h— f(h) ®@w),

are invertible and natural in W and V.
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Proof. Assume that H is finitely generated projective as a left K-module. By the dual basis
lemma for projective modules, see, e.g., [15, Section 4.5, Proposition 5.5|, we can find elements
hi,...,hy in H and fi,..., f, in KY := Homg (H, K) such that

hzzn:fi(hyhi, Vh e H. (7.13)

Thus, for any left K-module U and f € Homg (H,U), we have

n
h) =Y fi(h) - f(hi).
i=1
It follows that the canonical map
Homg (H,K) ®x U — Homg (H,U), f®uw (b f(h)-u),
has an inverse given by f— > | f; ® f(h;). By composition, we have linear isomorphisms
Homy (H, W™ @ U) = Homg (H, K) @k (W™ @ U)
= W @Homg (H,K)®r U
= W @ Homg (H, U),
which one checks to be inverse to ay,y. The second isomorphism in this chain is given by the

symmetric structure of k-vector spaces, and we remove the superscript triv as afterwards the
K-action is not used. The proof for ay, is similar. O

Remark 7.9. By structure transfer, the target k-vector spaces for ary,yr and agy,y- obtain a unique
left H-module structures such that oy, and aw, are isomorphisms of H-modules. Thus, in
the following, we will identify these H-modules, provided that H is finitely generated projective
as a left K-module.

Lemma 7.10. Assume that H is finitely generated projective as a left K-module via p: K — H.
Then the projection formula holds for R = Colnd,, see Definition 3.12.
Under the isomorphisms from Lemma 7.8, the inverses for lproj, rproj are given by

Iprojyty : R(GW) @ V) = W @ R(V), e (b= (S(hay)) ®@1) - fh))),
rprojyyy: R(V @ G(W)) = R(V) @ W, fr (h= (1®S(hag)) - f(hay)),

where we denote (h®@ 1) - w®@v = hw®v and (1@ h) -v®@w = v & hw, respectively, for
he HveVweW.

Proof. First, consider the map
Ty Homg (H, W], @ V) = Homg (H, W™ @ V),  f (b (S(hay) @1) - f(h@)),
where W|g denotes W viewed as a K-module. We compute that

Ty o Iprojiy(w @ f) = (h = (S(hay) 1) - heya) - w @ flhe)e))
= (h= S(hayw)hae - w e fhe))
= (h— e(hayw @ f(he)))
(h»—>w®f ) = awy(w® f).
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Here, we applied coassociativity of the coproduct, followed by the antipode axioms, and the
counit axioms. Next, for f € Homg (H,G(W) ® V), we compute that

Iprojyy,y 0 gty © wy v (f) = (A= (hay ® 1) - gy () (hz))
= (h= (hyS(hiywy) @ 1) - f(h )
= (h = (e(hay) @ 1) - f(h))
= (h= f(h) = f.
Hence, if H is finitely generated projective as a left K-module, ayyy is invertible by Lemma 7.8

and the above shows that 7T%/V’V = (Iprojyy o ayiy) . Hence, Iprojyy,y, is invertible. Invertibility
of rprojyyy is proved similarly. Thus, the projection formula holds for R as claimed. O

Hence, Theorem 4.10(a) implies the following result.

Corollary 7.11. Assume that H 1is finitely generated projective as a left K-module. Given a
Yetter—Drinfeld module (V,9) over K with coaction

§V:VoKaV, §() =0 g0,
we define
V). R(V) = Ho R(V),
3" (f) = aggly (h e S(hay) f(h@) Vi@ © flhe)?), (7.14)

under the isomorphism oy from Lemma 7.8.
Then the assignment

Z(Colnd,)(V) := (Colnd,(V),68V)), s Colnd,(f) = Homg (H, f), (7.15)

for any morphism f in ﬁYD, gives a braided lax monoidal functor Z(Colndy): %YD — gYD.
The lax monoidal structure is given by Equation (7.10).

Moreover, Colnd, restricts to a functor ﬁyd — gyd, for the rigid categories of finite-
dimensional YD modules.

We will now provide a series of examples of coinduction functors.

Ezample 7.12. As in Example 7.4, take K = k and assume H is finite-dimensional. Then
CoInd¥ (k) = H* = Homy(H, k), the dual of H. Then H* is a YD module over H with coaction

577 (f) = (h = S(h)) f () hz)) € Homy(H, H) = H® H*.

We note that if H is infinite-dimensional, this does not give a well-defined coaction.

The next example serves the purpose of applying the results from Section 5 to the Hopf
algebra setting.

Example 7.13. If H is finite-dimensional and K = k. Then, in the terminology of Section 5, the
forgetful functor G: H-Mod — k-Mod, which is essentially surjective, and its right adjoint R
form a monoidal adjunction. Since the projection formula holds by Lemma 7.10, the corresponding
monoidal monad 7" = RG is isomorphic to tensoring with R(1) = H* by Lemma 5.13. The
central structure on H* is given by the map

swapy: H* @V = V@ H*, f®v— ayy(he S(ha)ha v f(ha)),
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using the formulas in Equation (7.12) and Lemma 7.10. This central structure can be identified
with the half-braiding obtained from H* as an object EYD with respect to the coregular action
(h- f)(k) = f(kh) and coadjoint coaction given by

ST(f) =" S((ha) 1)) (ha)(3) ® F((ha)(2) fa

where {f*}, {hq} are dual bases. In fact, with this structure and the product obtained by
dualizing Ay, H* is a commutative algebra in gYD.

Let C = H-Mod and let T" be the monoidal monad from above. The category of right
H*-modules in C is equivalent to the category of Hopf modules, see e.g. [48, Section 1.9]. Indeed,
dualizing a right H*-action to a left H-coaction via a dual basis for H gives the description
of the category used there. The Kleisli category Klei(T") is equivalent to the category of free
Hopf modules, i.e., right H*-modules of the form V ® H* where V is a H-module. Under this
equivalence, the functor Free: C — Mod¢-H* is given by V +— V ® H*. The H-action is then
given by the tensor product of H-modules, while the right H*-action is given by multiplication in
H*.

Now, the characterization theorem, Theorem 5.15, implies that this category of free Hopf
modules is equivalent to k-Mod (as a monoidal category). Moreover, by Lemma 6.2 we see
that Modg.moa-H* ~ k-Mod since k-Mod is closed under coequalizers and the canonical
functor respects these. This recovers the fundamental theorem of Hopf modules, namely, that
Mod g mod-H* ~ k-Mod, cf., e.g., [48, Section 1.9.4].

Now, the functor Z(R): k-Mod — Z(H-Mod) = YD is characterized by sending k to H*
with the above action and coaction.

Ezxample 7.14. In the group case of Example 7.5 with K = kK C kG = H , take a YD
module V' = @,k Va and for a homogeneous basis {v;}; of V' consider the basis {f;;}i; of
ColndZ (V) = Homg (H, V), where

fi,j(kgl) = (Si’lk - Uy, for all k € K,
where we fix a coset decomposition G = LU;Kg;. Then R(V') is a YD module with coaction given
by
3(fig) = g; lvjlei @ fiy.
One can show that in this example, Ind& = CoInd% and describe the lax monoidal structure
explicitly, see [24, Appendix B].

Example 7.15. Returning to Example 7.6, we have a full list of simple YD modules over G = kC,
of the form k; ; = kv; j, where g - v;; = ¢’v; j; and |v; j| = g*. A basis for R(k; ;) is given by the
unique left G-module homomorphisms f, = f,”: T'— k; ; defined on generators z* by

F (@) = G gviy.

As a left T-module, R(k; ;) is cyclic and generated by ffli 1- The T-coaction on this generator is
given by

5(]82{1) = gH—l & f:{i1
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7.3 Induction of comodules categories In this section, we show that the projection formula
always holds for the right adjoint of a restriction functor of comodule categories over arbitrary
Hopf algebras. This way, any morphism of Hopf algebras induces a lax monoidal functor on
Yetter—Drinfeld module categories.

Assume that K, H are Hopf algebras over a commutative ring R and ¢: K — H is a morphism
of Hopf algebras. Restriction along ¢ gives the strong monoidal functor

Res?: K-Comod — H-Comod, (V,8) = VIH = (V, (¢ ®@id) 0 §),

which is the identity on morphisms. The functor Res? has a right adjoint, comodule induction,
which we denote by Ind®. It is given by cotensor products, namely,

Ind?: H-Comod — K-Comod, V — KOg{V.

Here, Ky V is the equalizer of the R-linear maps

id g ®dy

KoV K@HV,

(i[dx ®p) Ak ®idy

and thus a subspace of K ® V. One can check that the unit and counit of the adjunction
Res? 4 Ind¥ are given by

unity = 6y : V — Ind?(Res?(V)) = KOg(V[7) (7.16)
counityy = ex ® idyy: Res?(Ind?(W)) = (KOgW)|T — W, (7.17)

for an K-comodule (V,dy) and an H-comodule (W, dyy).
The lax monoidal structure for Ind?,

laxy: Ind?(V) ® Ind?(U) — Ind*(V @ U), (7.18)
is given by the restriction to cotensor products of the map
laxy ; = (mk ®idyey) o (idx @ Tvx @idy): (KR V)@ (K@ U) — Ko (Ve U),

where 7y g: V ® K — K ® V is the swap map, i.e., the symmetric monoidal structure of
(R-mod, ® = ®p). Thus, from Equation (3.1) we derive that the projection formula morphism,

Iprojyy: V ® Ind? (W) — Ind?(Res? (V) @ W), (7.19)
is given by restricting the map
1ax’V‘H7U(6V Ridgew): VR (K@W) — K& (Ve W), (7.20)
where dy is the K-coaction of V', to the respective cotensor products.

Proposition 7.16. The projection formula holds for the adjunction Res¥ 4 Ind¥.

Proof. We have to show that the morphisms lprojy - and rprojy;y- are isomorphisms. We include
the proof for Iprojy,y, with the other case being easier, using Sk instead of S;(l. Since K is a
Hopf algebra with invertible antipode Sk, we obtain an inverse to the map in Equation (7.20) via

(idy ® mg ®idw) o (Tky ®id) o (((3;(1 ®idy)ody) ® idK®W) o (v ® idw).

One checks that the restriction of the above map to KOy (V[ ® W) has image contained in
V @ (KOgW) and thus lprojy,; is indeed invertible. O
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Hence, Theorem 4.10(a) induces a braided lax monoidal functor
Z(Ind?): Z(H-Comod) — Z(K-Comod).

We will display its structure in terms of Yetter—Drinfeld module categories over H and K. For
a braided monoidal category C, C¥°P denotes C with the same monoidal structure but inverse
braiding ‘Ilg(‘p;p = (\Ilg, )L We recall the following well-known equivalence of braided monoidal
categories.

Lemma 7.17. For any Hopf algebra H, there is an equivalence of braided monoidal categories
Z(H-Comod)¥°P ~ YD,

Proof. The functor sends an object (V,¢), where ¢: V® X — X ® V is a half-braiding (cf. Defi-
nition 4.1), to the left H-module

ay = (idy @eg)oct: HRV =V,

where H is regarded as a left H-comodule via the coproduct Ag. Naturality of ¢~! with respect
to the morphisms of H-comodules my and 1, and compatibility with the monoidal structure,
imply that ay defines a left H-module structure on V. The fact that cﬁl is a morphism of
left H-comodules implies that V is a Yetter—Drinfeld module of H with respect to the given
coaction and action ay. One checks that this assignment gives an equivalence of monoidal
categories. However, the braiding of Yetter—Drinfeld modules corresponds to the inverse braiding
on Z(H-Comod). O

Corollary 7.18. The functor Z(Ind¥?) gives a braided lax monoidal functor from gYD to
gYD which sends an H-Yetter—Drinfeld module (V,ay,dy) to the K-Yetter—Drinfeld module

(KOpV,axn,v,0ko,v) given by
AKOgV: K® (KDHV) — KOgV, k® (l X U) — k(l)lS(k(g)) (= av(k(Q) & Z)), (7.21)
dxnyv: KOV — K ® (KOgV), k®vr—>k‘(1)®(k‘(2)®v). (7.22)

The lax monoidal structure is given by

(k@)@ (®w)— ke (vew),
lax?: 1 — KOgl, v lg ®o. (7.24)

(7.23)

Proof. The statement follows from Theorem 4.10(a) under the equivalence of braided monoidal
categories from Lemma 7.17. Note that the functor Z(Ind¥) is braided if and only if it preserves
the reverse braiding. O

8. Examples and applications

We conclude by discussing some examples and applications of the functors between Drinfeld
centers introduced in this article. We start by considering examples arising from affine algebraic
groups in Section 8.1, followed by functors that induce Yetter—Drinfeld modules over quantum
groups of roots at unity from objects in the center of certain algebraic groups in Section 8.2. We
study module categories over commutative central monoids internal to categories of representations
of Radford—Majid biproduct Hopf algebras in Section 8.3.
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8.1 Drinfeld centers of representations of algebraic groups Let G be an affine algebraic
group over an algebraically closed field k. Its coordinate algebra Og is a commutative Hopf
algebra, and we can consider the symmetric monoidal category Rep G := Og-Comod, with tensor
product ® = ®g. The Drinfeld center Z(Rep G) is equivalent to the category 8ZYD. Since Og
is a commutative Hopf algebra, it is an algebra object in Rep G with respect to the coadjoint
coaction

5C03.d: OG — OG X OG7 T — $(1)S(x(3)) ® x(2)

It follows that Z(Rep G) is equivalent to the category Oéoad—ModRepg, where Oéoad denotes the
algebra Og as an object in Rep Og with the coadjoint coaction. The tensor product of two objects
is given by the tensor product in Rep G, where the action of C’)and is given via the coproduct map
A: Og — Og ® Og.

We now give a geometric interpretation of Z(Rep G). Consider a commutative k-algebra A,
i.e., A = Ox for an affine scheme X = Spec A over k. The category QCoh(X) of quasi-coherent
sheaves on X is simply the category of Ox-modules. Now, a continuous action of the algebraic
group G on X amounts to a coaction

(5:0x—>OG(X>Ox

such that Og is a (commutative) algebra object in Rep G. This is equivalent to Ox being a
comodule algebra over Og. Rather than providing a model for the quotient X/G, we only define
the category QCoh(X/G) of G-equivariant coherent sheaves on X as

QCOh(X/G) = Ox—MOdRCpG.

(5coad

The coadjoint coaction of G on itself corresponds to the morphism of schemes given by

Spec(0©°) = ¢ Gx G— G, (g,h) — g 'hg,
i.e., to the adjoint action. Thus, there is an equivalence of k-linear categories
Z(Rep G) ~ QCoh(G/G),

where the quotient of G by itself is taken with respect to this adjoint action. This point of view
on the Drinfeld center appears in [6]. For an interpretation of (the twisted version of) Z(Rep G)
for a finite group G in terms of gerbes and groupoids, see [65].

Remark 8.1. The category QCoh(G/2G) has a natural relative tensor product ®¢, inherited from
the symmetric monoidal category QCoh(G) = Og-Mod which exists since Og is a commutative
algebra in QCoh(G), cf., Lemma 6.7. However, the tensor product on Z(Rep G) is given by the
tensor product ® = ®x of Rep G since the forgetful functor F': Z(Rep G) — Rep G is monoidal.
As already evident in the finite group case, this tensor product is not symmetric but braided
monoidal in general. In this section, we always use the tensor product ®; on QCoh(G/*1G).

We can generalize Example 7.14 to the setting of affine group schemes. For this, assume
given a morphism of affine group schemes ¢: K — G. Equivalently, we have a morphism of Hopf
algebras ¢ = ¢*: Og — Ok. As described in Section 7.3, the strong monoidal functor

Res?: RepG — RepK, (V,8) = V|9 = (V, (p © id)é),
has a right adjoint given by cotensor products,

Ind?: RepK — RepG, V — Oclp,V,
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where OgUp, V is the equalizer of the maps

idoG )
OG®V/ﬂOG®OK®V.
(idog @¢) A®idy

Now, Corollary 7.18 specifies to the following result.

Corollary 8.2. A morphism ¢: K — G of affine group schemes induces a lax monoidal functor
Z(Ind®"): QCoh(K/*K) — QCoh(G/*G).

Remark 8.3. We can give an interpretation of the functor Ind” in terms of the usual formulation
of representations via actions

pv: G(k) —» Endg (V).

An element g € G(k) is an algebra homomorphism g: Og — k and it acts on V' via
g-v =g, YveV. (8.1)
Here, the product of g1, g2 € G(k) is given by

(91 - 92)(f) = g2(f1))91(f(2))
making py a left module. An example of such an action is the regular action of G(k) on Og given
via
g-f=9(f))fe),  VfeOe.
If Og =k[z1,...,24)/(f1,.-., fm), then
Gk)={a=(a1,...,an) | fila1,...,an) =0, Vi=1,...,m} Ck",
and the action is given by

(a- f)(b) = f(ab).

With this description of G-representations, the cotensor product is given by

Oc @OV = {3 fieue0caV | Y fi-ok)ovi=Y fi@k v, Vke K} COgaV.

Viewed as a G(k)-representation, Indd)*(V) = O @%®) V is equipped with the left regular action
a-(fov)=fla-) ®w.

As a consequence of Corollary 8.2, the images of commutative algebra objects in QCoh(K/*!K)
are commutative in QCoh(G/4G).

Ezample 8.4. The image of the tensor unit 1 corresponds to the G(k)-representation
K(k
Og™ ={f €O | f-o(k) = . Yk € K(K)}

of invariants with respect to the right K(k)-action. Since Og is commutative, the half-braiding
on this object is just the symmetric braiding of Rep G.

Ezample 8.5. The coordinate algebra Ok is a commutative algebra in QCoh(K/2K) with
respect to the regular coaction and trivial action (which coincides with the adjoint action by
commutativity). It follows that Ind?" (Ok) = Og as commutative algebras in QCoh(G/24G).
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The case of finite groups viewed as affine group schemes is recovered as a special case.

Ezxample 8.6. Let ¢: K C G be an inclusion of finite groups. Then Og = k|[G] is the Hopf algebra
of k-valued functions on G. The symmetric monoidal category Og-Comod is equivalent to
kG-Mod = Rep G, the category of kG-modules. The functor Res: Rep G — Rep K is the usual
restriction functor and the above corollary gives an equivalent description of Example 7.14 via an
isomorphic functor Ind*” 2 Colnd,.

Dually, (op)lax monoidal functors from QCoh(G/2G) to QCoh(K/*K) can be induced
from adjoints of the direct image functor of quasi-coherent sheaves. Indeed, for the morphism
¢: K = G of affine algebraic groups, restriction along ¢: Og — Ok gives the direct image functor

¢.: QCoh(K) = Ox-Mod — QCoh(G) = Og-Mod.

This functor is monoidal with respect to the tensor product induced by the multiplication map,
i.e., the coproduct of the coordinate rings. That is, for m: G x G — G,

VoW =m,(VEW).

The left adjoint of ¢, is the inverse image functor ¢* and the projection formula holds for the
monoidal adjunction ¢* - ¢.. Hence, by Corollary 7.2, we obtain an oplax monoidal functor

Z(¢*): QCoh(G/*G) — QCoh(K/*K).

Moreover, if ¢: Og — Ok makes Ok a finitely generated projective Og-module, then ¢, has
a right adjoint ¢' which is given by coinduction along the morphism of algebras ¢ and, by
Corollary 7.11, induces a laz monoidal functor

Z(¢"): QCoh(G/*G) — QCoh(K/*K).

8.2 Quantum groups at roots of unity Let U,(g) be the quantized enveloping algebra, or,
quantum group, associated to a fixed Cartan datum of a semisimple Lie algebra g, see [20] or
[13, Section 9.1]. We can specialize the quantum group U,(g) to a root of unity ¢ € C of odd
order ¢ (also required to be prime to 3 if g contains a factor of type G3). That is, Uc(g), the
De Concini-Kac-Procesi form of the quantum group at a root of unity, is obtained from Uy(g)
by extension of scalars along the homomorphism C(q) — C,q — e. We let E;, F;, K; denote the
usual generators of these quantum groups.

Consider the Hopf subalgebra Zj defined in [8, Section I11.6.2| which contains Ef , Ff , Kf and
is closed under the braid group action. It is well-known that Zj is a polynomial central Hopf
subalgebra. Thus, Zj is the coordinate ring of an algebraic group, which is described in the
following lemma summarizing results found, e.g., in [8, Section II1.6].

Proposition 8.7. Let G be a connected, simply connected, semisimple algebraic group over C
associated to the Cartan datum fized above. Then the Hopf algebra Zy is isomorphic to the
coordinate ring Oy of the semidirect product group

H:=(N"xN")xT,

where N™ and N are the nilpotent subgroups and T is the Cartan part of a Lie group G. Moreover,
the quantum group U(g) is free of rank (rank g)* as a left module over Oy.



194 Johannes Flake, Robert Laugwitz and Sebastian Posur, Higher Structures 10(1):126-211, 2026.

We can therefore apply the constructions of the paper to the extension of Hopf algebras
t: Oy = Uc(g) and obtain the following results.

Corollary 8.8. Induction and coinduction of module categories give the following braided lazx,
respectively, oplax monoidal functors.

(i) Corollary 7.2 gives the oplax monoidal functor

Z(Ind,): QCoh(H/*H) — /9YD.

(i) Corollary 7.11 gives the lax monoidal functor

Z(Colud,): QCoh(H/*H) — J-®YD.

Both functors restrict to the subcategories of finite-dimensional objects.

Ezample 8.9. The image Z(Colnd,)(1) =: A is a commutative algebra in the category of left

*

YD modules over Uc(g). As a C-vector space, A is isomorphic to the dual u.(g)* of the small

quantum group u.(g), where the small quantum group is the quotient

ue(g) = Ue(g)/<Eél7ngva -1, (VZ7])>7

which is, equivalently, the quotient by the ideal in U(g) generated by the kernel of the counit of
Zy. Here, B1,..., BN is a list of positive roots, K7y, ..., K, are the free generators of the Cartan
part. We denote the quotient map by 7: Uc(g) — uc(g). Then, as Zj is central in U(g), the map

. f=fm

ue(g) A = Colnd“(1)
is well-defined and an isomorphism of C-vector spaces. The inverse is given by evaluating a
Zp-module map U(g) — C at a representative from the set

b b , .
{EﬁllEﬁxK{mK;” ngFgﬁ | 0 <b;,ci,m; <l—1,Yi,j}

which gives a set of free generators for U(g) as a free left Zy-module and gives a C-basis for u.(g)
after applying the quotient map 7.

The product on A is given by the dual of the coproduct, i.e., mg = A*: uc(g)* ® uc(g)* —
ue(g)*. The left Uc(g)-action is the restriction of the coregular action of u.(g) on its dual along
the quotient map 7. The U,(g)-coaction is defined by evaluating the adjoint coaction of Uc(g)
against the pairing

ev(m ®id): uc(g)” @ Ue(g) — C,

which is well-defined since the kernel of the counit of Zj is contained in the radical of the
evaluation pairing

ev: Homc(Ue(g),C) ® Uc(g) — C.

~

Example 8.10. Evaluating Z(Ind,) at the coalgebra 1 displays ue(g) = Uc(g) ®z, k as a cocommu-
tative coalgebra in the category of U.(g)-YD modules. The coproduct is the coproduct of u(g)
and the action is given by restricting the action along the quotient map =, while the coaction
is the regular coaction (id ® m)d co-restricted to Uc(g) ® ue(g) which factors as a morphism

uc(g) = Ue(g) @ ue(g).
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8.3 Applications to biproduct Hopf algebras In this section, we apply the results from
Section 5 and Section 6 to inclusions of Hopf algebras. In particular, for inclusions of the form
K C H = B x K, we describe the commutative central algebra

Ap i = Colnd(1) = B*,

We show that its category of internal modules is equivalent to K-Mod and identify the functor
Z(Colnd) on Drinfeld centers. We start with the following lemma.

Lemma 8.11. Let v: K — H be a morphism of algebras. The following are equivalent:
(i) For the functor G = Res,: H-Mod — K-Mod there exists a functor I such that GI =

id g Mod-
(i) There exists a left H-module V' such that G(V') =2 K*® and G induces an isomorphism

EndH-Mod(V) = EndK_Mod(Kreg).
(11i) There is an algebra map m: H — K such that me = idg.

Proof. First, we note that (i) implies (ii) with V' = I'(R"®#). The condition on endomorphism
follows as G is faithful and GI = idg_moq implies that G is full.

Assuming (ii), we can choose a H-module V such that G(V) = K™ as a left K-module.
This implies that any endomorphism a: V' — V of H-modules gives an endomorphism G(«) of
K-modules on G(V) = K™# which is thus given by right multiplication by an element k, in K.
Identifying V and K, we have

a(k) = kk,, Vk € K.

But a was a morphism of left H-modules, so
(h-k)kq = h- (kkq), Vke K,h € H.

As G is full, for any | € K, the K-module endomorphism (—) -1 of K*8 lifts to an endomorphism
of left H-modules on V' which restricts to (—) - via G. By the above, we have

(h-k)l=h-(kl), Vhe H, kleK.
This shows that K is a H-K-bimodule. Now define
mH—K, h—h-l1g.

It follows that
h-k=h-(1gk)=(h-1g)k =7(h)k.

In particular, 7 is a morphism of algebras since
m(hg) = hg -1k =h-(9-1x) = h-n(g) = n(h)n(g),  Vh,g € H.

Also, mu(k) =k - 1x = k for all k € K, as desired. Thus, (iii) holds.
Conversely, given (iii) consider the functor

I = Res,;: K-Mod — H-Mod.

Then, since mt = idg, GI = idg_Mod, showing that (i) holds. O]
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Definition 8.12 (The commutative central algebra Agx). Assume H is finitely generated
projective as a left K-module. Then G = Res, has a right adjoint R = Colnd, such that the
projection formula holds for G 4 R by Lemma 7.10. We denote

AH|K = R(]l) = HomH-mod<K7 ]1),
which is a commutative algebra in Z(H-mod) with half-braiding given by
swapy: Agig @V =V @ Ay,  fOv e ayy(h—= S(hay)hg) -0 © flhg))-

By Lemma 5.13, there is an isomorphism of monoidal monads between T" = RG and Ty HIK -
We may interpret the category Klei(TAH‘ ) as the category of free right modules over the algebra
Ak in K-Mod it is equivalent to the full subcategory on modules in the image of the functor

Free: C — MOdK—Mod‘AH|K7 X—X® AH\K

The following result can be seen as a generalization of the fundamental theorem of Hopf modules,
cf. Example 7.13, which appears as the special case of the Hopf algebra extension k — H, with
right inverse €.

Corollary 8.13. Assume that H is finitely generated projective as a left K-module and that the
equivalent conditions from Lemma 8.11 hold. Then the following hold:
(1) K-Mod is equivalent, as a monoidal category, to Klei(TAHIK), which, in turn is equivalent
to MOdH-Mod'AH\K-
(2) The equivalences from Part (1) induce an equivalence of braided monoidal categories between
Z(K-Mod) ~ £YD and Mod$%,,-Ap k-
H
(8) The functor Z(Colnd) corresponds to the forgetful functor

Forg'°®: Mod%’;D—AH‘K — IyD

under the equivalence from Part (2).

Proof. Since H is finitely generated projective over K, the projection formula holds for Res -
Colnd by Lemma 7.10. The equivalence with Klei(T,,, ) follows from Theorem 5.15 since, by
Lemma 8.11, G = Res, is essentially surjective.

Now, the functor Colnd: K-Mod — H-Mod preserves colimits, and hence reflexive coequal-
izers, since H is projective. Thus, by Lemma 6.21, the functor K-Mod =~ Klei(TAK‘H) —
Modpy.Mmod-Am |k preserves reflexive coequalizers. Thus, since K-Mod is abelian, it is closed
under coequalizers and hence, by Lemma 6.2, the Kleisli and Eilenberg—-Moore categories are
equivalent. The latter is equivalent to Modg.mod-Ag|x- This proves Part (1).

Parts (2) and (3) now follow from Corollary 6.28. O

A large class of examples of Hopf algebra extensions satisfying the conditions of Corollary 8.13

can be obtained from the following lemma. To state the lemma, following [51, Theorem 3],
L

consider k-Hopf algebras H and K with Hopf algebra morphisms K C H satisfying m = idg.

This situation is equivalent to the existence of a Hopf algebra B in IngD such that H 2 B x K

is the Radford-Magid biproduct (or, bosonization) of K and B. The Hopf algebra structure on

B x K is detailed in [52, Theorem 11.6.7]. We denote by A(b) = b(1) ® b(2) the coproduct of B as

a Hopf algebra in £YD, and by dp(b) = b~ ® b0 € K ® B the left K-coaction on B.
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Lemma 8.14. For H = B x K as above, assume that B is finite-dimensional. In this case,
Apx = Homg (H,k) can be identified with B* = Homy(B,k) as a k-vector space. The H =
B x K-action is given by

(b& k) - f)(e) = F(STH(K) - cb), (8.2)

forb,ce B, k€ K and f € B*. The coaction is given by
5(f) = agy (b= S(ba)be) @ (b - 9)(1)) € H @ BY, (8.3)
and the product is given by

(f - 9)(b) = F(S (b2 ™Y) - b)) ® g(bay ), (8.4)

for f,g € B*.
Proof. The isomorphism of k-vector spaces is given by

g (b—g(b®1))
Agjk =Homg(Bx K,k) = Homy(B,k) = B*. (8.5)
(b®k— f(S™1(k)-b) )4 f

Checking these are indeed mutually inverse linear maps uses the identity
bk = k() (S (k) - b),
for k € K,b € B derived from the defining relation
kb= (k@) - bk

of the product on B x K via the antipode axioms.

By construction, B x K is isomorphic to K ® B as a k-vector space. Hence, it is free as a left
K-module, with the action given by the product in B x K. Thus, the projection formula holds
for the adjunction Res, 4 Colnd, for the inclusion K — B x K.

To prove Equations (8.2)—(8.4) we transfer the respective structures on Ag,, K|k Via the above
isomorphism. Since

(6@ k) f)lc) =g((c@1)(b@k)) = g(cb @ k)
= g(k@) (S~ (kq)) - cb) ® 1))
= ek (k(2))g((S™ (k) - cb) @ 1)
=g((S7' (k) -cb) ®@ 1) = f(ST'(K) - cb),
using the action from Equation (7.2). Here, the map f: B — k corresponding to g under the

isomorphism in (8.5). This proves Equation (8.2) describing the H-action on A k-
The coaction on Ap, ki is given by Equation (7.14) and specifies to

5(f)(b) = 6(g)(b® 1) = S(b(1))bes) @ (bez) - 9) (1),

for g € Ap, x|k and b € B. This proves Equation (8.3).
The product of B* is computed using the lax monoidal structure from Equation (7.10). Using
the coproduct formula for A(b), which is given by

AR E) = (b2 k)1 ® (b k) = (z@ ® b@(_l)h(l)) ® (b@@ ® h@)) ,

this directly implies Equation (8.4). O
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Corollary 8.13 applies to the inclusions ¢: K — B x K, for B finite-dimensional, of Lemma 8.14
because by [51], there is a Hopf algebra map 7: B x K — K,b® k + ep(b)k which is a right
inverse for the map ¢.

A large class of examples fitting the setup of Lemma 8.14 is obtained from finite-dimensional
Nichols algebras B = B(V) realized as Hopf algebras in £yd, see, e.g., [2]. Here, V is an object
in £yd and B(V) is a graded quotient of the tensor algebra of V by relations in degree at least 2,
where the space V' is concentrated in degree 1. The dual B(V)* = B(V*) as a Hopf algebra in
ﬁyd. Thus, Agv kg = B(V*) and Corollary 8.13 gives equivalences of monoidal categories

K-Mod = MOdB(V)xK—Mod‘B(V*)'

This statement can be viewed as a fundamental theorem of Hopf modules internal to K-Mod
for a Hopf algebra B(V') in K-mod. If K is quasitriangular and B the image of a Hopf algebra
in the braided monoidal category K-mod under the functor K-mod — %yd, this recovers
[42, Theorem 1.1] and [63, 3.4 Theorem].

Ezample 8.15. As a special case, the Taft Hopf algebra T" = T,(¢q) from Example 7.6 and
Example 7.15 is isomorphic to B x K, where K = kC,, and B = k[z]/(z™) which is the Nichols
algebra of the 1-dimensional YD module over K, spanned by x, with coaction §(z) = g ® x and
action g - & = gw. It follows that Ap g = B*. We fix the basis {fi}o<i<n—1 for B*, where

fii B — ]k, xj — 5i7j'

As a left T-module, B* is generated by f,—1 which has coaction given by §(f,—1) = ¢ lg® fr_1.
The action of B on Ar| is determined by

(@* - ;) = fici for k <.
The left K-action is given by ¢ - f; = ¢~ f;, since
(9-fi)(=?) = filg™ -&?) = filg7a?) = ¢77 i,

using Equation (8.2). Thus, by Equation (8.4), the product on Az is computed as follows:

i 1) =3 (’“) filg™ ) fi(a)

"~k
= ( ) q_y(k_y)(si,k—u(sj,u
1%
v=0 q

k N
= —(k—z)zd .
(k? _ Z) qq i+j,k

k N
:( ) aEDif (),
q

1

where (-)4 denotes ¢g-binomials. This shows that

fi-fi= (HZ_]) q " fiyj.
q
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Thus, Apjy = klyl/(y"), via f; — %yi, where [-],! is the g-factorial. In particular, 1

corresponds to fp and y corresponds to fi. It follows from Corollary 8.13 that, for this algebra,
MOdTn(q)—Mod_AT|H ~ ]kCn—Mod

is an equivalence of monoidal categories.

Ezample 8.16. Consider the nilpotent part u.(n”) of the small quantum group wu.(g) from
Example 8.9, for € an odd root of unity of order . The Cartan part of uc(g) is the group
algebra K = kZ,", for r the rank of g. Then u.(n~) is a Nichols algebra in the category Kyd,
[2, Theorem 4.2]. The above Lemma 8.14 and Corollary 8.13 apply to these examples and
ue(n™)* can be identified with u.(n™) which obtains the structure of a commutative algebra in
Z(ue(b™)-Mod), for the negative Borel part ue(b™) = u.(n™) x K. Further, by Corollary 8.13,
(2), we have an equivalence of braided monoidal categories

Mod'%},, (b )-noa)-te(n) = Z(K-Mod).

Appendix A:

The role of this appendix is two-fold. We first provide all required definitions about bicategories
of modules and bimodules over monoidal categories. We extract these definitions from general
concepts of bicategories in order to be able to apply strictification results for pseudofunctors to
strictify (bi)module categories. Second, in Appendix A.4, we define a bicategory of adjunctions
internal to a strict bicategory using the calculus of mates from [36]. The main use of this
bicategory is to obtain a well-behaved notion of equivalence of monoidal adjunctions, used in
Theorem 5.15 and Theorem 6.22 of the main text.

A.1 Modules over a bicategory In this subsection, we briefly introduce the language of
2-category theory. For this, we sketch the relevant terminology and refer to [31] as a very
accessible reference for further details. We also introduce modules over a bicategory and recall
some strictification results.

A bicategory C consists of objects (0-cells), hom-categories Home (A, B) for each pair of objects
A, B € C, a composition functor o : Home¢ (B, C') x Home (A, B) — Home (A, C) for each triple
of objects A, B,C € C, and identities id4 € Hom¢ (A, A) for each A € C (|31, Definition 2.1.3]).
Composition is associative up to a coherent isomorphism. Identities behave like units with respect
to composition up to a coherent isomorphism. The objects in the hom-categories are called 1-cells
or 1-morphisms, the morphisms 2-cells or 2-morphisms. The composition of 2-morphisms within
a single hom-category is called vertical composition. The application of the composition functor
to a pair of 2-morphisms is called horizontal composition and denoted by x.

A bicategory is called strict if the coherent isomorphisms are given by identities. In [31], strict
bicategories are called 2-categories, however, we do not adopt this term.

Ezample A.1. The “category of categories” Cat is an example of a strict bicategory |31, Example
2.3.14].

Ezxample A.2. Every monoidal category C can be regarded as a bicategory with a single object
[31, Example 2.1.19].

The appropriate notion of a functor between bicategories is a pseudofunctor [31, Definition
4.1.2]. It consists of a function between objects and functors between hom-categories. Applying



200 Johannes Flake, Robert Laugwitz and Sebastian Posur, Higher Structures 10(1):126-211, 2026.

a pseudofunctor needs to respect composition and identities up to coherent isomorphisms. A
pseudofunctor is called strict if the coherent isomorphisms are given by identities.
For bicategories C and D, there is a bicategory? of pseudofunctors [31, Corollary 4.4.13] which
we denote by
Hom(C, D).

It is a strict bicategory whenever D is strict [31, Corollary 4.4.13]. The objects of Hom(C, D) are
given by pseudofunctors C — D. Its morphisms are given by strong transformations |31, Definition
4.2.1]. Its 2-cells are given by modifications |31, Definition 4.4.1]|.

A morphism A % B in a bicategory is called an equivalence if there exists a morphism B £> A
such that the composites o o § and 8 o « are isomorphic to the identities in their respective
hom-categories [31, Definition 5.1.18|. It can be shown that such an « is always part of the data
defining an adjoint equivalence |31, Definition 6.2.1, Proposition 6.2.4], a notion which transfers
the corresponding well-known notion within Cat to an arbitrary bicategory.

FEzample A.3. Let C be a strict bicategory. Then any pseudofunctor F' : C — Cat, regarded as an
object in Hom(C, Cat), is equivalent to a strict pseudofunctor [31, Exercise 8.5.6].

We will need the following notion from 3-category theory: a pseudofunctor F' : C — D between
bicategories is called a biequivalence if there exists a pseudofunctor G : D — C such that the
composites F o G and G o F' are equivalent to the identities in their respective bicategories of
pseudofunctors [31, Definition 6.2.8].

Ezample A.4. For every bicategory there exists a biequivalence to a strict bicategory [31, Theorem
8.4.1 (Coherence)]. This biequivalence is called a strictification.

Ezample A.5. Let F : C — C’ be a biequivalence of bicategories. It is not hard to see that
composition with F' induces a biequivalence between the bicategories of pseudofunctors

Hom(C', D) = Hom(C, D).
Definition A.6. Let C be a bicategory. We call
C-Mod := Hom(C, Cat)

the bicategory of C-modules. An object in C-Mod is called a left C-module category, or simply a
C-module.

We note that C-Mod is a strict bicategory since Cat is strict.

Remark A.7. Let C — C' be a strictification of a bicategory, see Example A.4. It induces
biequivalences
C-Mod ~ C'-Mod ~ C'-Mod’

by Example A.5 and Example A.3. Here, C’-Mod’ denotes the full sub-bicategory of C-Mod
given by strict pseudofunctors.

A.2 DModules over a monoidal category In this subsection, we describe modules over a
monoidal category more explicitly. See also [22, Chapter 7| and [12] and for references.

Let C be a monoidal category. We can regard C as a bicategory with a single object, see
Example A.2. Let M : C — Cat be a pseudofunctor. If we unpack the defining data of M, we
obtain an alternative point of view on left modules:

4To avoid set-theoretic issues, C needs to have a set of objects.
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Definition A.8 (A left module over a monoidal category). A left C-module consists of:
1. An underlying category, which we also denote by M. It arises as the image of the unique
0-cell of C under the pseudofunctor C — Cat.
2. Left action functors

(Ab—): M — M

which arise as the image of the 1-cells A € C (i.e., as the images of the objects in C regarded
as an ordinary monoidal category).
3. An isomorphism
multora g (A® B)> M = Ax (B> M)

natural in A, B € C, M € M, called the multiplicator, which satisfies a coherence condition.
It arises from the coherent isomorphism of a pseudofunctor which encodes compatibility
with composition. Concretely, the coherence condition is given by the commutativity of the
following diagram for A, B,C € C, M € M, where assora g ¢ denotes the associator of the
monoidal category C:

(AeB)@C)> M

N

assora,g,c > M multoragB,c,Mm
/ \
(A® (B®C))> M (A® B)o (C> M)
multor s pgc,m multor 4. B, oo
AD((BQO)DM) AD(BJ(C’DM))

Avmultorg, c

4. An isomorphism
unitorys : Lo M = M

natural in M € M which satisfies a coherence condition, called the unitor. It arises from
the coherent isomorphism of a pseudofunctor which encodes compatibility with identities.
Concretely, the coherence condition is given by the commutativity of the following diagram
for A € C, M € M, where unitor4 denotes the unitor of the monoidal category C:

multor 1.,
(A1le)p M Av (e M)

\ /

unitor4 > M A > unitor s

~

A M

Strictness of M regarded as a pseudofunctor corresponds to the isomorphisms in (3) and (4) of
the data above being equal to identities.

If we unpack the definition of 1-morphisms and 2-morphisms in C-Mod in the same way as
we did in Definition A.8 with the objects in C-Mod, we arrive at the following definitions:

Definition A.9. Let M and N be left C-module categories. A C-module functor between M
and N consists of the following data:
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1. A functor F: M — N.
2. An isomorphism
linorg ps : F(A>M) = Ap F(M)
natural in A € C, M € M, called the lineator.
These data satisfy the following coherence laws:
1. The following diagram commutes for A, B € C, M € M:

(A® B)> M)
F(multorA’By{) }ou@B,M
\
F(AD(BD% (A® B)> F(M)
linor 4 gy as multor 4, g r(ar)
ADF(£I>M) AD(BiF(M))

Ap hnOI’B’]\/[

2. The following diagram commutes for M € M:

linory ., v
F(lee M) e F(M)
\ /

F(unitoryy) unitor g(ar)

~ —

F(M)

Remark A.10. Given composable C-module functors M LENE L, their composite has G o F'
as an underlying functor and the lineator of the composite is given by

G(linorf ) linorg’FM

GF(Av M) ———— G(A>FM) A>GFM

for AeC, M € M.

Definition A.11. Let M and N be left C-module categories. Let F,G : M — N be C-module
functors. A C-module transformation between F' and G is a natural transformation v : F — G
such that the following diagram commutes for A € C, M € M:

linOI‘AJu
F(A> M) Av F(M)
VA>M Av vy (A.1)
G(A> M) - A G(M)
linor 4, ps

Remark A.12. Right C-modules can be treated via ®-op-duality, i.e., we define the bicategory of
right C-modules as the bicategory of left C®-°P-modules and denote it by

Mod-C.
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We usually denote the right action functors of M € Mod-C by
(—<qA): M —>M

for AeC.

Ezample A.13. Any monoidal category C can be regarded as a left C-module with the left action
given by
ArB:=A®B

for A, B € C. The multiplicator is given by the associator. The unitor for the module structure is
given by the unitor of the monoidal structure. Analogously, we can regard C as a right C-module.

Ezample A.14. Let C,D be strict monoidal categories. We can turn D into a left C-module by
means of a strong monoidal functor G: C — D:

e The left action is given by Ap X :=GA® X,

oplaxg’B RX

e the multiplicator is given by G(A® B) ® X GARGB® X.

lax§ ®X
e the unitor is given by G(1¢) ® X R RN e

for A, B € C, X € D. Analogously, we can turn D into a right C-module.

A.3 Bimodules over monoidal categories In this subsection, we describe bimodules over a
monoidal category more explicitly. Again, see [22, Chapter 7] and [12] and for references.

Let C and D be monoidal categories. Their product C x D is the monoidal category whose
underlying category is given by the product of the underlying category of C with the underlying
category of D, and whose tensor product Q@c«p is given by

(Aa X) RexD (B>Y) = (A Q¢ BaX XD Y)
Then the bicategory of (C,D)-bimodules is given by
(C x D¥°P)-Mod.

Although this is a convenient way to define bimodules, we spell out explicitly an alternative point
of view on bimodules.

Definition A.15. A (C,D)-bimodule category, or simply a (C,D)-bimodule, consists of the
following data:

1. A category M.
2. Structure that turns M into a left C-module with left action functor denoted by

>:Cx M— M.
3. Structure that turns M into a right D-module with right action functor denoted by
4 MXxD— M.

4. An isomorphism
bimor asx : (AbM)<X = Av (M < X)



204 Johannes Flake, Robert Laugwitz and Sebastian Posur, Higher Structures 10(1):126-211, 2026.

natural in A € C, M € M, X € D, called the bimodulator, such that the following diagrams

commute:

(A®B)p M)« X

b

multors gy 9 X bimorag B, M, x
/ \
(Ab (BoM)) <X (A® B)»> (M < X) (A.2)
| |
bimor 4, gy 1, x multor 4, B, arax
AD((B[JM)QX) AD(BDJ(MQX))

A bimorp ar x

A (M<(X®Y))
A multoer,y bimOI‘A,]yLX(@y
A ((M<aX)<aY) (AbM)<(X®Y) (A.3)
bimOI‘A,]qu,y mUItOI'ADM,X,Y
(Ap (M« X))«Y (AbM)<«X)<Y
bimorA7M7X Y
bimOI‘Hc’M’X
(lepM)< X Te>(M<aX)
unitory; < X unitorasqx (A~4)
MaX
bimorA,JM,]lD
(A>M)<alp Av (M <1p)
unitor 4y s A > unitor,y (A-5)
A> M

where A€ C, M € M, X,Y € D. We simply call a (C,C)-bimodule a C-bimodule.

Definition A.16. A (strong) functor between (C, D)-bimodule categories M and A consists of
the following data:
1. A functor F' : M — N between the underlying categories.
2. An isomorphism
linorg ps : F(A>M) = Av F(M)

natural in A € C, M € M that turns F' into a 1-morphism of left C-modules.
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3. An isomorphism
linory, x : F(IM<X) = F(M)<X

natural in X € D, M € M that turns F' into a 1-morphism of right D-modules.
4. The following diagram commutes for A€ C, M e M, X € D:

bimorApr,X

Av (FM<X) (AbFM)<« X
A linor s x linora ar < X
Av F(M<X) F(AbM)<X (A.6)
linor 4, pmrax linor ap a1, x
F(Ar (M < X)) F((Ar M)<X)

F(bimor 4, ar.x)

Definition A.17. A transformation between functors F, G between (C, D)-bimodule categories
is a natural transformation between the underlying functors F' — G that is both a 2-morphism in

C-Mod and Mod-D.

Definition A.18 ([12, Definition 4.3.5]). We denote the bicategory of (C, D)-bimodule categories
with functors Definition A.16 as 1-morphisms and transformations Definition A.17 as 2-morphisms
by C-Mod-D. If we deal with (C,C)-bimodules, we also denote the corresponding bicategory by
C-BiMod.

Remark A.19. We note that C-Mod-D is a strict bicategory.

The proof of the equivalence of both points of view on bimodules can be found in [12, Theorem
4.3.6], where the authors consider lax 1-morphisms, but their arguments also respect strong
1-morphisms.

Theorem A.20. There is a biequivalence
(C x D®°P)-Mod — C-Mod-D.

Ezxample A.21. Any monoidal category C can be regarded as a C-bimodule: the left and right
actions are given as described in Example A.13, the bimodulator is given by the associator.

Example A.22. Let C,D be strict monoidal categories. We can turn D into a C-bimodule by
means of a strong monoidal functor G: C — D: the left and right module structures are described
in Example A.14, the bimodulator is given by the associator. We denote this bimodule by D¢.

Ezample A.23. A G: C — D strong monoidal functor between strict monoidal categories gives

rise to a C-bimodule functor
G:C— D¢

with lineators given by

oplax§
) 2P GA® GB = A GB

G(A>B)=G(A® B

and

oplax§
)

G(B<A) =GB A) — 25 GBRGA=GB<A

for A, B € C.
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A.4 A bicategory of adjunctions In this subsection we discuss adjunctions internal to a
strict bicategory C. The goal is to describe an appropriate notion of an equivalence between two
adjunctions. For this, we first define a bicategory in which adjunctions reside as objects. This
bicategory is based on the theory of mates, see [36, Section 2|. Recall that we denote horizontal
composition in C by .

Definition A.24. An (internal) adjunction in C consists of:
1. Objects C, D € C and 1-morphisms C E) D& C,
2. 2-morphisms id¢ W RG and GR < idp.

These data satisfy the zigzag identities:
(idg * counit) o (unit xidg) = idg (counit xid¢) o (idg * unit) = idg
The 1-morphism G is called the left adjoint, R the right adjoint.

Definition A.24 generalizes the familiar notion of an adjunction in the sense that an adjunction
internal to Cat precisely yields an adjunction between functors. In our paper, we will deal with
adjunctions internal to the bicategory of bimodules (see Definition 3.23) and with adjunctions
internal to the bicategory of monoidal categories and lax monoidal functors (see Section 2.2.3).
Moreover, we need the following statement:

Proposition A.25 ([31, Proposition 6.1.7]). A pseudofunctor maps internal adjunctions to

internal adjunctions.

In the remainder of this subsection, we fix two adjunctions (C, D, G, R, unit, counit) and
(C',D',G, R ,unit/, counit’) and simply refer to them by G 4 R and G’ 4 R/, respectively.

Lemma A.26. Let G 4 R and G’ 4 R’ be adjunctions. Suppose given
1. 1-morphisms U : C — C" and V : D — D',
2. 2-morphisms G'U % VG and UR bRy,

We depict these data as follows:

G R
C D C
U = VJ = U
C/ G/ D/ R/ C/

Then the following equations are equivalent:

(idg * ) o (unit’ xidy) = (B * idg) o (idy * unit) (A7)

(idy * counit) o (a * idg) = (counit’ xidy) o (idg * 3) (A.8)

B = (idgy * counit) o (idrs * a x idg) o (unit’ *idy g) (A.9)

a = (counit’ ¥idy ) o (idg * 8 *idg) o (idgy * unit) (A.10)

Proof. This is an easy computation. O

Definition A.27 (In the context of Lemma A.26). If one of the equivalent equations holds, then
we call « and 8 mates and we refer to (U, V, «, §) as a mate datum of the adjunctions G 4 R and
G'4R.
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Remark A.28. Equations (A.7) and (A.8) can be interpreted as follows: a mate datum respects
the units and counits of the given adjunctions. Moreover, equations (A.9) and (A.10) can be
interpreted as follows: mates determine each other uniquely.

Example A.29. The classical notion of an adjunction is recovered by an adjunction G - R internal
to Cat. Here, morphisms GA = X are in bijection with morphisms A LN RX, where A and X
are objects of the corresponding categories C, D € Cat. These morphisms can be regarded as
mates, where we interpret them as natural transformations between functors whose source is the
terminal category:

AC| = X’L % A|

In particular, if X = GA and o = idg4, we have 8 = unit, which provides an example in which
« is invertible while 8 is not necessarily invertible.

Ezample A.30. Let G - R be an oplax-lax adjunction, see Section 2.2.1. Then oplax® and lax’
can be regarded as mates:

GxG RxR
CxC DxD CxC
oplaxG lax®
= ® = ®
C D C
G R

Indeed, the construction of lax® from oplax® described in (2.11) is a special instance of the
construction of § from « described in (A.9).

Ezample A.31. Let G - R be an oplax-lax adjunction, see Section 2.2.1. Then oplax® and lproj®
can be regarded as mates:

ide x G ide x R
CxC CxD CxC
lax® lproj’
®J y(;@mpj Ioroll—= ®J
C D C
G R

Indeed, the construction of Iproj’ from oplax® described in Lemma 3.7 is a special instance of
the construction of 5 from « described in (A.9). Analogously, oplax® and rproj® can be regarded
as mates.

Definition A.32. A transformation between mate data (U, Vi,aq, 1) and (Us, Va, ag, B2) of
adjunctions (G - R) and (G’ 4 R') consists of

e 2-morphisms U; LUy and Vi S Vs
such that the following equations hold:

azo (idg *7) = (o xidg) o (A.11)

B2 o (Txidgr) = (idrr * o) o B4 (A.12)

Lemma A.33. In the context of Definition A.32, the equations (A.11) and (A.12) are equivalent.
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Proof. This is again an easy computation. O

We obtain a strict bicategory Adj. whose objects are adjunctions, 1-morphisms are mate
data, 2-morphisms are transformations between mate data. Composition of mate data is given by
pasting diagrams and it is easy to see that mates are indeed compatible with this composition
[36, Proposition 2.2|. Horizontal and vertical composition of transformations between mate data
is directly inherited from the corresponding notions in C.

Remark A.34. There are other candidates for bicategories in which adjunctions reside as objects.
For example, one can consider bicategories of pseudofunctors from the free adjunction into C,
see [56]. These categories are useful in the study of the functoriality of Kleisli categories and
Eilenberg-Moore categories. However, since we are only interested in an appropriate notion of

equivalence between adjunctions, it suffices to work with Adj..

We compare Adj. with the following bicategory:

Definition A.35. We define the following strict bicategory LAdj.:
e Objects are given by those 1-morphisms in C for which there exists a right adjoint.
e A l-morphism from (C G, D) to (C' <, D’) is given by 1-morphisms U : C — C’ and
V : D — D’ and a 2-morphism G'U % VG.
e For 1-morphisms G —>(U1’Vl’al) G'and G —>(U2’V2’a2)
Uy = Uy and Vi % V3 such that (A.11) holds.

G’, a 2-morphism is given by 2-morphisms

The following proposition is a way to express that being a left adjoint is a property in a
categorical sense.

Proposition A.36. The canonical strict pseudofunctor
Adj., — LAdj,
which forgets the right adjoint is a biequivalence.

Proof. The pseudofunctor in question is actually surjective on objects. Moreover, it induces
essentially surjective functors between hom-categories due to Lemma A.26. These functors
on hom-categories are clearly faithful. Last, they are full by Lemma A.33. Thus, we have a
biequivalence by the Whitehead Theorem for bicategories |31, Theorem 7.4.1]. O

Remark A.37. A version of Proposition A.36 for right adjoints holds by a duality argument.

Corollary A.38. G 4 R and G' 4 R are equivalent in Adje if and only if there exist
e an equivalence U : C — (',
e an equivalence V : D — D',
e an invertible 2-morphism G'U = VG.

Proof. By Proposition A.36, G 4 R and G’ 4 R’ are equivalent in Adj. if and only if G and G’
are equivalent as objects in LAdj., which is equivalent to the condition in the statement. O

Corollary A.39. G 4 R and G’ 4 R are equivalent in Adje if and only if there exist
e an equivalence U : C — (',
e an equivalence V : D — D',

e an invertible 2-morphism UR LNy 78
Proof. This follows from Remark A.37 and Corollary A.38. O
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