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Abstract

We define an oco-category of rational motives for inverse limits of algebraic stacks, so-called pro-
algebraic stacks. We show that it admits a 6-functor formalism for certain classes of morphisms.
On pro-schemes, we show that this 6-functor formalism is in the sense of Liu-Zheng. This theory
yields an approach to the theory of motives for non-representable algebraic stacks and non-finite
type morphisms.
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1. Introduction

Motivation: Barsotti—Tate groups have been central to many studies in arithmetic geometry.
Consider the stack BT of Barsotti-Tate groups over Spec(F,). Geometrically, BT is difficult
to understand, as it is not an algebraic stack. However, we can express BT as a pro-system
of algebraic stacks, BT ~ lim,>¢BT,, where BT,, denotes the algebraic stack of n-truncated
Barsotti-Tate groups. Given the importance of BT, it is natural to ask about its “motive” in
DM(F,, Q). Since BT is not algebraic, this question does not a priori make sense, though one
can formally define
M(BT) = colim M (BT,,).
n>0
Alternatively, we could formally extend DM(!@ to arbitrary prestacks and define M (BT) as the
I-pull/push of the unit. However, there is no general reason why these two definitions should
agree. This issue is often referred to as continuity. If S = lim; S; is a projective system of
noetherian finite-dimensional schemes with affine transition maps, then
M(S) = colim M (S;)
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provided that S is also noetherian of finite dimension |7, Thm. 14.3.1].

Returning to BT, both of the above definitions seem reasonable. However, the formal exten-
sion DM(!@ does not come with the six-functor formalism one would typically expect in a theory
of motives. For computations, such a formalism would be very useful. This becomes clearer
when considering the stack Disp of so-called displays [14]. This stack also admits a presentation
Disp ~~ lim,>o Disp,, as a pro-system of algebraic stacks over Spec(F,), and we have a map of
pro-systems of algebraic stacks ¢: BT — Disp [14]. This morphism is level-wise smooth and a
universal homeomorphism. The motive of each Disp,, is in fact Tate (cf. Theorem 4.16), and
hence easier to understand than the motive of each BT,,. To transfer information from Disp
to BT, a definition of the motive of a pro-system of algebraic stacks should be compatible with
morphisms, at least those of pro-(locally of finite type).

In this article, we will investigate such situations more closely. To be more precise, we will
study the category of rational motives on pro-systems of algebraic stacks X ~ lim; X; defined
via colim; DM(X;), and investigate its functorial properties.

Motives on algebraic stacks: We can define DM(F'), the DG-category of motives for any
prestack F': (Ring) — S (here S denotes the co-category of Kan-complexes) via right Kan ex-
tension along the Yoneda embedding [21]. In this way, we can define DM (X)) for any algebraic
stack locally of finite type over a field K for rational motives. Since rational motives satisfy étale
descent, the co-category of rational motives on an algebraic stack X with smooth atlas X can
be computed via the formula

DM(X) := lim(DM(X) — DM(X xx X) 5 )

[21]. The problem with these definitions is that the computation of the motive of a limit lim; X
as above is not straightforward. To circumvent this problem, we will work with an alternative
definition and show that in classical situations our definition agrees with the usual one.

Motives on pro-algebraic stacks: Let us fix a filtered oco-category Z.

Definition 1. Let K be a field and 2: Z — PreStk;? be an inverse system of prestacks. Assume
that each X; := x(i) is representable by an algebraic stack locally of finite type over K and let
us denote by X := limz. Then we call the tuple (x, X) a pro-Z-algebraic stack.

We call (z, X) tame, if x;; is smooth for all i — j € 7.

Note that there is an obvious notion of morphisms of pro-Z-algebraic stacks.

Definition 2. Let (x, X) be a pro-Z-algebraic stack. Then we define the co-category of rational
motives on (z, X) to be

DM(z, X) = colim DM(Xj;),
€L, x*

where the colimit is computed in DGCatcont := Modp(q) (Pré:t).

With this construction, we will obtain a full 6-functor formalism on pro-Z-algebraic stacks,
which is not provided by the right Kan extended version. The caveat is that this 6-functor
formalism does not exist for all morphisms of pro-Z-algebraic stacks. We have to make restrictions
depending if Z ~ N, the poset (N, <) viewed as an oo-category, or not. We will explain this in
the main text of this article.

To keep this introduction light, we will only state a summarized version of the existence of a
(motivic) 6-functor formalism and refer for a precise version to the main text.
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Theorem 3 (2.9). The co-category DM(x, X) is closed symmetric monoidal, compactly generated
and the assignment (x, X) — DM(z, X) is contravariantly functorial in (x,X).

Let f: (x,X) = (y,Y) be a morphisms of tame pro-N-algebraic stacks that is levelwise locally
of finite type. Then f* := DM(f) is part of a 6-functor formalism if we assume that the exchange
map foinxh, — yhfur induced by the diagram is

T
Xn+1 *n> Xn

fn+ll lfn

Yn
Yor1 — Y,

an equivalence for all n € N. Moreover, if fryn« — Tns[11 15 an equivalence, then f* defines a
pullback formalism with respect to smooth maps.

Further, this 6-functor formalism satisfies homotopy invariance, T-stability, localization and
purity in o suitable sense.

Finally, if we assume that each square above is cartesian, the same results hold for any
locally of finite type morphism of pro-Z-algebraic stacks for any filtered oo-category without any
assumption on tameness and the exchange map.

The assumption on the base change map is satisfied, for example, if (z, X) and (y,Y) are
tame and square above is cartesian. Surprisingly, the condition on fn+1!35i1 — yll fn1 only appears
if the square above is not cartesian, since otherwise, we can use the !/x-base change equivalence.
More importantly, we will see that it also holds for the structure map (7,Disp) — Spec(F,),
(where 7,,: Disp,,;; — Disp,, denotes the truncation map on displays), for which each square
is not cartesian. In particular, we can define the motive of Disp via !-pull/push of the unit.
Moreover, we will see that in the special case of Disp, we have continuity

DM(Disp) ~ DM(r, Disp)

(see Proposition 4.15). By Theorem 3, we obtain adjoint functors p; 4 p* - p, and p p' with
the expected compatibilities for the structure map p: Disp — Spec(FF,). These do not follow
formally from the definition of DM(Disp) via Kan extension.

The definition via DM(7, Disp) allows us to compute M (Disp) more explicitly.

Theorem 4 (4.16). The pullback along the truncation map Disp — Disp, induces a fully faithful
embedding.
DM(Disp;) < DM(Disp)

In particular, we have an equivalence of motives
M (Disp) ~ M (Disp,)

inside DM(F),) and moreover it is contained in the full stable cocomplete subcategory of DM(F),)
generated by Tate motives.

As a consequence, working with pro-algebraic stacks, we see that
H**(BT,Q) = H**(Disp;,Q)

(see Corollary 4.19).
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Generalization: Since most arguments in the proof of Theorem 3 apply in a more general
context, we will frequently work with compactly generated 6-functor formalisms. Although our
primary interest lies in rational motives, we will formulate the necessary statements as generally
as possible. This broader perspective encompasses both compactly generated pullback formalisms
[8] and 6-functor formalisms in the sense of Liu-Zheng [16]. The advantage of this generality
is that the key computations remain valid in a wider range of settings, such as pro-systems of
ind-schemes. The étale derived category of such systems, for instance, is considered by Bouthier,
Kazhdan and Varshavsky [3].

Structure of this article. We start by defining pro-Z-algebraic stacks and listing some exam-
ples. We define the co-category of rational motives on pro-Z-algebraic stacks.

Afterward, we prove, that on certain classes of morphisms, this definition yields a (motivic)
6-functor formalism.

Lastly, we will have a closer look at motivic cohomology for pro-Z-algebraic stacks and apply
our results to the stack of displays and arbitrary Galois extensions.

1.1 Assumptions and notations. In the following, we want to fix some categorical and

algebraic notation that is used throughout this article.

Categorical notation. Throughout, we fix some inaccessible regular cardinal x. By small, we
will mean k-small. We will freely work with (oo, 1)-categories in the sense of [17] and if we
write co-category, we will always mean (oo, 1)-category. When we say category, we always mean
1-category and view it as an oo-category via the nerve functor.

e Let K be a poset. Then we view K as an oo-category with morphisms induced by the
ordering.

o If F: C' — D is a functor of oo-categories that admits a right adjoint G, then we will
denote the adjunction of F' and G by the symbol F' - G.

e The oco-category of small co-groupoids is denoted by S.

e The oco-category of small co-categories is denotes by Cateo.

e The oo-category of presentable co-categories with continuous functors, i.e. colimit preserv-
ing functors, is denoted by Pr”.

e We denote by Pr® the oo-operad, whose underlying oo-category is Pr’.

e The oco-category of presentable stable co-categories with continuous functors is denoted by
Prl := Modg, (Pr™®).

e Let D(Q) denote the category derived category of Q-vector spaces. This is an algebra
object in Prl. The co-category DGCatcon; denotes the oo-category of D(Q)-modules in
Prk.

e Throughout this article, we will deal with diagrams X € Fun(K,C), where K and C are
oo-categories. For any k € K, we will denote by X} the value of X at k and for any
morphism a: k — [ in K, we will denote the induced morphism in C by X,. We will often
write Xj; whenever the morphism k& — [ is clear from the context. This abusive notation
is for convenience of the reader.

If f: X — Y is a morphisms of diagrams in Fun(K,C), then we write fi: X — Y} for the
morphism in C associated to k € K.

Algebraic notation. Throughout, let S be an excellent noetherian scheme of finite dimension.
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e An algebraic stack is in the sense of [22], also referred to as Artin stack.

e Let X be an S-scheme of finite type. By DM(X), we denote the DG-category of Beilinson-
motives [7, §14]. Roughly, these are Al-local étale sheaves on X with values in D(Q) such
that P! is ®-invertible.

2. Motives on pro-algebraic stacks

In this article, we aim to extend the six-functor formalism to limits of algebraic stacks, such as
the stack of Barsotti—-Tate groups. This stack can be realized as a limit of its truncations. We
develop a general theory for inverse systems of algebraic stacks, allowing for non-representable
transition maps.

Before introducing our main constructions and definitions, we recall the theory of rational
motives on algebraic stacks. Following the construction of Richarz—Scholbach, we obtain the DG-
category of rational motives on prestacks as defined in |21, Def. 2.2.1]. We will later specialize
this to our specific context. In what follows, we omit some details and refer the reader to loc. cit.
for an explicit construction.

Let Aﬂ?SchfSt denote the category of affine schemes of finite type over S. Since AffSchfgt
is essentially small, we replace it with a small skeleton consisting of the relevant objects for
our purposes. We write AffSch for the pro-s-completion of AffSchf, which is again small by
[12, Lem. 6.1.2].

A prestack over S is a functor from AffSchg to oo-groupoids. The oo-category of prestacks
over S is denoted by PreStkg.

The functor DM: X — DM(X) denotes the functor of Beilinson motives on finite type S-
schemes. We extend DM to prestacks as follows. First, we perform a left Kan extension of
DM from AffSchfo to AffSchg, followed by a right Kan extension along the Yoneda embedding
AffSché — PreStkg. The transition maps in this process are given by *-pullbacks. This yields a
functor

DM*: PreStke” — DGCateont.

If we instead use !-pullbacks in place of %-pullbacks, we denote the resulting functor by DM'.
However, when restricted to schemes locally of finite type over S, these two constructions are
equivalent. This equivalence follows from the fact that, in our setting, DM satisfies h-descent on
schemes [7]. Consequently, both DM' and DM* can be computed via descent. Indeed, schemes
locally of finite type admit open covers by affine schemes of finite type, and !- and *-pullbacks
agree up to shift and twist. The same reasoning shows that DM*(X) ~ DM' (X) for any algebraic
space, since the diagonal of an algebraic space is representable by a scheme.

Using étale descent, we may glue the six-functor formalism of DM to the restriction of DM*
to algebraic spaces, as in [13], or equivalently via the DESCENT algorithm of Liu—Zheng [16].
Similar constructions appear in [21], where ind-algebraic stacks and ind-schemes are treated.

We may now apply the same arguments to glue the six-functor formalism to the restriction
of DM* to algebraic stacks locally of finite type over S. As before, the existence of a smooth
cover implies that DM'(X) ~ DM*(X) for any such stack X.

To summarize, there is (up to equivalence) no distinction between working with DM' and
DM*. Furthermore, we obtain a complete six-functor formalism in the sense of Liu—Zheng for
algebraic stacks locally of finite type over S, i.e., the functor DM* extends to a symmetric

monoidal functor
DM*: Corr(Stkit);, — CAlg(Prl).
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To simplify notation, we will henceforth write DM for the extension DM*. We retain the
notation DM' for the !-variant.

Notation 2.1. Throughout this article, we will denote by Z a filtered oco-category.

Definition 2.2. Recall the definition of a pro-Z-algebraic stack of Definition 1. We simply say
pro-algebraic if we do not want to specify Z.

o If (z, X) is a pro-Z-algebraic stack, then we denote by X; := (i) and the transition maps
Xj-)Xi bya:ij, fori —» jeT.

o Let f: (z,X) — (y,Y) be a morphism of pro-Z-algebraic stacks. If P is a property of a
morphism of algebraic stacks, we will say that f has property P if each f;: X; — Y; has
property P.

e If X is an algebraic stack, we will abuse notation to denote the constant diagram 7 — X
(here the transition maps are given by idx) with X itself.

We will define some important properties of pro-algebraic stacks inspired from examples of
the introduction.

Definition 2.3. Let (x, X) be a pro-Z-algebraic stack. Then we say that (z, X) is
1. classical if x;; is affine for all i — j € Z,
2. strict if z7;: DM(X;) — DM(Xj) is fully faithful for all i — j € 7.
3. tame if each x;; is smooth!.

Remark 2.4. The property strict will not be used heavily in this article. Nevertheless, we want
to remark that the stack of displays by Lau admits a presentation as a strict pro-N-algebraic
stack. Perhaps a more straightforward example is the infinite dimensional affine space, via the
projections A"t — A™,

As remarked in the introduction, we only get a 6-functor formalism for certain classes of
morphisms. Let us define these.

Definition 2.5. If f: (z,X) — (y,Y) is a morphism of pro-Z-algebraic stacks, then we call f

cartesian if each square
Tij

X; 9, X,
f]i lfi
ij Yij sz

is a pullback diagram. We call a morphism f: (z,X) — (y,Y) of pro-Z-algebraic stacks x-
adjointable if the exchange morphism fy;j« — i)« fj* induced by each square above is an
equivalence and !-adjointable if fﬂa:;j — yl!-j far is an equivalence.

The property cartesian is perhaps a more natural restriction for the existence of a 6-functor
formalism. Especially, when considering that homotopy invariance, T-stability and localization
requires a good notion of the affine line, the projective space resp. taking complement in the
category of pro-algebraic stacks. However, it turns out that the property adjointable is enough
for just the existence of a 6-functor formalism if Z ~ N. We will make this more precise late but
let us give an example of adjointable morphisms of pro-algebraic stacks.

'In practice the pro-algebraic stacks we consider are always tame. However, not every assertion in our construction
will need this condition.
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Example 2.6. (1) Let f: (z,X) — (y,Y) be a cartesian morphism of pro-Z-algebraic stacks,
then f is adjointable.

(2) Let f: (x,X) — (y,Y) be a morphism of pro-Z-algebraic stacks. If y;;, is fully faithful for
alli — j € Z (e.g. when (y,Y) = S) and (x, X) is strict, then a simple computation shows
that f is x-adjointable.

Indeed, we use that id — SUij*CC;(j and y;*jyij* — id are invertible to conclude that the
morphism
fz‘*yij* — ﬂiz‘j*il‘fjfi*yij* ~ xij*f;y;kjyij* — ﬂfz‘j*ff
is also invertible.
If (z, X) and (y,Y) in addition tame and id — y;y;;y is invertible (again this holds if
(y,Y) = S), then the same argument together with purity shows that f is !-adjointable.

Example 2.7. Let L/K be an algebraic extension of fields. Let fIL( be the filtered category of
all finite field extensions L/E/K. Let F IL( — Fields be the associated diagram in the category
of fields. Then Spec(L) & limperr Spec(F). Now let X be an algebraic stack over K. For any
E e fIL(, we set Xp = X Xg E. Let zp p: Xp — Xp be the projection for a field extension
E'/E. Then (z,%r) is a classical pro—]:]L(—algebraic stack. Naturally, we also get a classical
pro-FE-algebraic stack (i, Spec(L)) defined by the inclusions of field extensions in F%. The
associated morphism (z,Xr) — (¢,Spec(L)) is cartesian. Note that (¢, Spec(L)) and thus also
(x,%1) is not strict as for example any Galois extension F < E is a Gal(E’/E)-torsor.

The above can be generalized to the following case. We can replace Spec(K) by S and assume
that S is connected. Let § be a geometric point of S. Then we can define Fig as the category
of pointed étale covers over (5, 5). The construction above can be repeated in this case for any
algebraic stack X over S.

Now let us define the DG-category of rational motives associated to a pro-algebraic stack.

Definition 2.8. Let (z, X) be a pro-Z-algebraic stack. Then we define the co-category of rational
motives on (x, X) as
DM(z, X) = colim DM*(X;),

i€l x*

where the colimit is taken in DGCateont.

One might wonder why we chose DM* and not DM'. Our main reason is convenience. We
conjecture that we have an equivalence between both possible definitions. But by working with
DM*, monoidality of DM(x, X) follows by definition. Also, we will see that if Z ~ N, then both
possible definitions are equivalent.

Let us now formalize Theorem 3 of the introduction. We will postpone the technical proof
to Section 3.

Theorem 2.9. Let f: (z,X) — (y,Y) be a morphism of pro-I-algebraic stacks. Then there is

an adjunction
f*:DM(y,Y) —— DM(x, X): f,
where f* is symmetric monoidal and preserves compact objects. The functor f* extends to a
functor (z,X) — DM(x, X'). Moreover, the functor DM satisfies the following property on pro-
T-algebraic stacks.
(PB) If f is smooth and x-adjointable, then f* admits a left adjoint f; satisfying base change
and projection formula.
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Assume now that f locally of finite type. Further, assume one of the following holds true
() f is cartesian, or
(t) Z ~N, f is!-adjointable, (x,X) and (y,Y) are tame.
Then we can upgrade f* to be part of a 6-functor formalism in the following sense. There
exists an adjunction

f!: DM(an) <:> DM(yaY) f!7

where fi defines a covariant functor on pro-algebraic stacks satisfying (x) or (). Further, the
adjunctions above satisfy the following properties.

(F1) If f is cartesian and proper, we have a canonical equivalence fi ~ fi.

(F2) The functor f' commutes with arbitrary colimits.

(F3) (Base change) For any pullback square

!

(w, W) —L (2,2)

/| Js

f
(JI, X) — (y7 Y)
of pro-algebraic stacks with morphisms satisfying (%) resp. (1), the exchange morphisms

o —=af”
g f— flg"

are equivalences.

(F4) (Projection formula) The exchange transformation fi(—® f*(—)) — fi(—) ® — is an equiv-
alence.

Furthermore, the following properties hold.

(M1) (Homotopy invariance) Let us define (q,A)) via the system i — Ak . Then p* is fully
faithful, where p: (q,AL) — (x,X) denotes the projection.

(M2) (Localization) Let i: (z,Z) < (x, X) be cartesian closed immersion of pro-algebraic stacks
with open complement j: (u,U) — (x,X). Then there exist fiber sequences

hit — id — jug*

Gt = id — iyt

Assuming that T admits an initial object 0 € T, we moreover have the following properties.

(M3) (T-stability) Let Vi — Xo be a vector bundle and let p: (v,V) — (x,X) be the in-
duced morphism of pro-algebraic stacks. The zero section sy: Xo — Vj induces a section
s: (x,X) = (v, V). Then the Thom-map Th(p,s) := Th(Vy) = pys« is an equivalence of
DG-categories.

(M4) (Orientation) Let (q,Gm x) be the pro-algebraic stack defined by n — Gy, x,. We nat-
urally obtain a projection p: (¢,Gn x) — (2,X). For M € DM(X), we set M(1) :=
cofib(pgp*M — M)[—1]. Let Vo — Xo be a vector bundle of rank n. Then there is a
functorial equivalence Th(Vp)1x ~ 1x(n)[2n].

(M5) (Purity) If f is cartesian, we have a canonical equivalence f'~ Th(,)1x @ f*.

If we further restrict ourselves to pro-L-schemes, i.e. inverse systems of schemes locally of

finite type over S indexed over I, then f* extends to a 6-functor formalism in the sense of
Liu-Zheng [16].
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Before we continue with the proof, we want to show that DM (z, X)) ~ DM(X) for classical
pro-algebraic stacks, as one would expect. We will need the following result.

Lemma 2.10. Let £ be an oco-category that admits finite limits. Let F: £ — Pr{j be a functor.
Denote by Fr the composition of Fun(Z, F) with the colimit functor Fun(Z,PrL) — Prl. Then
we have the following.

(1) Let X € Fun(Z,£). We denote by X°P the opposite functor. Further, let us denote by
F.: E% — Pr® the functor induced by the equivalence Pr¥ ~ (Pr®)°P [17, Cor. 5.5.8.4].
Then we have

Fr(X) ~lim F, o X°P,
PrR

where the equivalence is in Catyg.
(2) For any ig,i1 € T the composition

insX X

% b;
F(X;)) —> Fr(X) ~ lim F, o X — F(X;)
Pr

s canonically equivalent to

I F.(Xs) 0 Fr(X
KeZas igvhi: 11—k (Xpg) 0 Fr(Xa)

where the colimit is taken in Funp r(F(X;,), F(X;,)).

Proof. The first assertion follows from [17, Cor. 5.5.3.4| (see also Remark 2.11 below). A proof
for (2) is given by Gaitsgory in the setting of DG-categories (cf. |9, Lem. 1.3.6] - note that the
proof is completely analogous in this slightly more general setting). O

Remark 2.11. The equivalence in Lemma 2.10 for X € Fun(Z, ) is induced via the following
process [9, Lem. 1.3.2]. The projections pZX : limp r Fy 0 X — X; admit left adjoints, denoted
by ’yZX . These left adjoints assemble to an equivalence

1€LOP x
This is an equivalence in Pr”, where we view the RHS naturally as an object in Pr’”. The inverse
of hx is equivalent to colim;cr insZX o pX, where insZX : F(X;) — Fz(X) denotes the canonical
map.

Let us fix the above notation, as we will need it later on.

Notation 2.12. We fix the notation as in Remark 2.11, i.e. for a pro-Z-algebraic stack (x, X),
we denote by hx the equivalence

hx:DM(z,X) — lim DM(X;),
1E€EL, Ty

we denote for any ¢ € Z by

insX : DM(X;) — DM(z, X) resp. p: Jim DM(X;) — DM(X;)

X

the canonical inclusion resp. projections and we set 'in = hx oins; .
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Proposition 2.13. Assume that Z admits an initial object 0 € Z. Let (x,X) be a classical
pro-L-algebraic stack. Then the natural map

DM(z, X) — DM(X)
1s an equivalence of DG-categories.

Proof. For the proof we will use two immediate facts. The canonical map DM(z, X') — DM(X)
is by construction monoidal and preserves colimits. Moreover, to show that DM(z, X') — DM(X)
is an equivalence, we may work with the right adjoints

DM(X li DM(X;

(X) = Jim DM(X;)
(this follows from Lemma 2.10 applied to F' = DM : Stkgt’()p — Prﬁ). By assumption Xy admits
a smooth cover by affine finite type S-schemes Uy = Spec(Ay), for some set K and k € K.
As X; — X is affine for all ¢ € Z, the pullback U; = X; xXx, U; 1 is also a smooth cover
by affines. The same holds after passage to limits, i.e. for Uy = X xx, Up; the projection
ek Ui = X is an effective epimorphism [22 01YZ]. In particular, as DM satisfies h-descent
(cf. [21, Thm. 2.2.16]), we have lima DM(Co([[;cx Ui/ X)) =~ DM(X). By construction, each
of the Uj; is equivalent to lim;c7 U; . As the U,y are affine of finite type over S, we have
DM(U;) ~ DM(hm Uik) ~ coimDM(U; ) ~ lim DM(U;g).

i€, x* IELOP 1,

This yields the equivalence

M(C’.(H Ui/ X)) ~ EhIm DM(C, H Ui 1 Xi))
keK 1L T kK

Putting all of this together, we claim that this yields

DM(X) = lim DM(C. ([T Ui/X) ~  lim lm DM(Co( [ [ Ui/ Xi))

I€EI°P .z, A
keK keK
~ lim DM(X;) ~ colim DM(X;)

as desired.
Indeed, the only thing to check is the second equivalence. For this it is enough to see that
:z:fj induces a map of simplicial objects

M(Co( [T Ujn/X5)) = DM(Co( [ ] Uin/ X))
keK keK

But this follows immediately from smooth base change, as

Co( [T Ujn/X5) = Co( ]| Ui/ Xi) xx, X;. O

keK keK

Remark 2.14. Let Y be a scheme and let (z, X) be a classical pro-algebraic stack such that each
X; is representable by a finite type Y-scheme. The proof of Proposition 2.13 can be repeated to
obtain the following more general result on schemes.

o Let F: SChﬁE’Op — CALg(Prl®) be a Zariski sheaf, then colim F o z ~ F(X).
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This includes for example motives with integral coefficients and the stable homotopy category of
Morel-Voevodsky.

By definition if (z, X) is a strict pro-algebraic stack then the transition maps z; are fully
faithful for all i — j € Z. In particular, we would expect that the pullback DM(Xy) — DM(X)
is fully faithful. At least when we work with DM(x, X) this is true, as our explicit analysis will
show. If (z, X) is classical, we see in particular that DM(Xy) — DM(X) is indeed fully faithful.

Remark 2.15 (Underling motive of strict pro-algebraic stacks). Let us show how to compute
the underlying motive in DM(SS) of a strict pro-Z-algebraic stack, when Z admits an initial object
0.

Let (x, X) be a strict pro-algebraic stack. Then by Example 2.6 (2), the projection ¢g: (z, X) —
Xp is an adjointable map of pro-algebraic stacks. Thus, by Theorem 2.9, we obtain an adjunction

co«: DM(z, X)) = DM(Xy): ¢

Moreover, we see from explicit computations in Lemma 2.10 (2) that cfj is fully faithful, since ¢
corresponds to canonical map DM(Xy) — DM(z, X) and co. to the projection.

In particular, we will see ath if f: (z,X) — S is strict, tame and fy: X9 — S denote the
structure map, we have for any M € DM(S) the equivalence fif'M ~ fo f5M.

3. (Motivic) six functor formalism on pro-algebraic stacks

In this section we will prove Theorem 2.9.

Moreover, we will not restrict us to the category of algebraic stacks but rather work in the
most general context, as we will only need formal properties, such as a geometric setup in the
sense of Mann [20]. While this is a more abstract formalism we develop, the benefit is that we
can also apply this formalism to other settings, for example ind-schemes. Such inverse limits of
ind-schemes and étale cohomology were considered by Bouthier-Kazhdan-Varshavsky [3] where
they were called placid.

3.1 Pullback formalisms. We start by analyzing filtered colimits of pullback formalisms
after Drew-Gallauer [8]. We will analyze such structures more generally in this subsection without
using pro-algebraic stacks but work with general diagrams in an oo-category £ admitting finite
limits.

Definition 3.1 (|8]). Let £ be an oo-category that admits finite limits and let us fix a class
of morphisms P C Fun(A!,£) that is closed under pullback, equivalences and composition. A
compactly generated pullback formalism on € with respect to P is a functor

M®: P 5 CAlg(Prl®),  fis f*  (we denote the right adjoint of f* by f)

satisfying the following conditions.
(1) If a morphism f: X — Y of £ lies in P, then there exists a left adjoint f; of f*.
(2) For each pullback square

Xx,V 24X

ol

Y ——— 7
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in £ such that f lies in P, the exchange transformation
fig™ = B f = £ fo = 9" i

is equivalence.
(3) For each morphism f: X — Y in P the exchange transformation

(M @po(x) [TN) = fitM @ pmoyvy N

is an equivalence, for any M € M®(X) and N € M®(Y).
We call the triple (M® &, P) as above a pullback formalism.

Remark 3.2. For property (2) in Definition 3.1 we may equivalently ask for the x-exchange
morphism f*g, — ¢, f"* to be an equivalence [1, Prop. 1.1.9].

Example 3.3. Recall that in the assumptions 1.1, we fixed an excellent noetherian scheme
S finite dimension. By [7, Thm. 16.1.4, Cor. 6.2.2| the oo-category DM(X, Q) is compactly
generated for any finite type S-scheme and f* preserves compact objects. In particular, DMg
induces a pullback formalism on finite type S-schemes. By descent this can be extended to
locally of finite type algebraic stacks over S [21].

We will start by extending M® to diagrams in Z, via taking colimits.

Remark 3.4. Let us remark that PrZ is presentable and thus so is Mods, (Pr2®) and CAlg(PrZ®)
[18, Lem. 5.3.2.9, Cor. 4.2.3.7, Prop. 3.2.3.5].

Notation 3.5. Consider the functor
Fun(Z, £°P) — Fun(Z, CAlg(Prl:®))

induced by postcomposition with M®. Composing this functor with the colimit functor, we
obtain

MZ: Fun(Z,£°P) — CAlg(Prl®).
If (x, X)) is a pro-algebraic stack, we see that the following notation agrees Definition 2.8.

Notation 3.6. Let M® be a pullback formalism on locally of finite type Artin S-stacks with
respect to smooth morphisms. Let (z, X) be a pro-Z-algebraic stack. Then we define

M(z, X) = M2 ().

Proposition 3.7. Let (M®, &, P) be a pullback formalism. Let Pz denote the class of morphisms
in Fun(Z, E°P) such that f € Fun(Z,E°P) belongs to Pr if and only if each f; belongs to P and
each square in Mz(f) is adjointable, i.e. for any morphism i — j € T the induced morphism
[iige = Tij«f] is an equivalence [18, Def. 4.7.4.13]. Then Mz is a pullback formalism on
Fun(Z, E°P) for the class Pr.

Proposition 3.7 is one of the crucial points in extending the motivic six functor formalism on
DM for Artin-stacks to pro-algebraic stacks. But before we can prove this proposition, we need
some additional lemmas.
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Lemma 3.8. Let F: £ — PrL be a functor. Denote by Fr the composition of Fun(Z, F) with
the colimit functor. Let X be in Fun(Z,E°). Then we have
F7(X) ~ Ind(colim F(X;)°)
€L, x*
and any M € Fr(X) is compact if and only if there exists an i € T and M; € F(X;)¢ that lifts
M.

Proof. The first assertion follows from [10, Cor. 7.2.7], where the colimit on the right is taken
in Cateo.

Note that the filtered colimit of idempotent complete co-categories is idempotent complete
[17, Cor. 4.4.5.21|. Thus, any compact object comes from an object of the colimit on the right
hand side (cf. [17, Lem. 5.4.2.4] and [19, 02LG]). O

Lemma 3.9. If f: X — Y is a morphism in Fun(Z, £°P) such that each f; admits a left adjoint
for all i € T and each square is adjointable (in the sense of Proposition 3.7), then f* = Fr(f)
admits a left adjoint.

Proof. This lemma is stated without proof in [3, Prop. 5.1.8 (c)|]. As far as we know, there is no
written proof for this result in the literature, so we provide one.

By Lemma 2.10 (1), we see that fi: limz Fix o X — limz F, oY admits a left adjoint f*,
that has to be compatible with the identification of limz F, and Fz. We claim that the following
diagram is commutative (up to homotopy)

Y

lims F, oY —2 F(Y))

I Jr
¥

(X)

limz FroX —— F

for all ¢ € Z. This claim implies that f* commutes with limits and therefore admits a left adjoint
fy

Let us show the claim. For this, note that we have the following diagram with commutative
squares (up to homotopy)

ing?
insy,

F(Y)) —X Br(Y) 5 limg Fyo Y

" Jr

F(X;) 2% pr(X) 25 limg Fl 0 X

for any j € Z. First, we show that pz/ o f* commutes with colimits. Indeed, it is enough to
see that p}/ of*ohxo insg( commutes with colimits, then is equivalent to the induced map
Fr(X) — F(Y;) in Pr®, which necessarily commutes with colimits. By Lemma 2.10 (2), we have
pXoffohyo ins{, ~pYohyo insg{ o fj =~ colim X0 X7 o ff
i—k,j—k
(recall our notations in the introduction under Section 1.1). By construction each of the func-
tors Xjp«, X ;k’ [; commutes with colimits and thus also the left hand side of the equivalence.
Analogously, one can show that fo pZY commutes with colimits. Therefore, it is enough to show
that
pX o ffohy oins{, ~ ffop! ohy oins{/.
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The left hand side is equivalent to colim;_x j sk Xk« © X;k o f;‘ by the above and analogously,
we see that the right hand side is equivalent to colim;_; j_ f;" © Yir« © Y]’jg Since each square
in F(f) is right adjointable these colimits are in fact equivalent, proving the claim and therefore
assertion. [l

Lemma 3.10. Let f be a morphism in Fun(Z,E°P) such that f; admits a left adjoint for all
i € Z. Let fy denote the left adjoint of f given by Lemma 3.9. Then the following square

it
1nsX

F(X;) — Fr(X)
lfi:i lfﬁ
(Y;

F(Y;) —X Fr(Y)

commutes (up to homotopy) for all i € T.
Proof. By construction of fy the square

Fr(X) %5 limr F, 0 X

|5 ifu

Fr(Y) 5 limz Loy

commutes (up to homotopy). Thus, we may check if the square in the lemma commutes after
applying hx. But the proof of Lemma 3.9 shows that the square

Y

lim; F, oY —2— F(Y))

J e if

X
lims Fy o X 2 F(X;)

commutes (up to homotopy) for all i € Z. So in particular, we conclude by passing to left

adjoints. O

Proof of Proposition 3.7. Assertion (1) follows from Lemma 3.9.

We are left to show (2) and (3). Invoking Lemma 2.10 resp. Lemma 3.10 and the fact that
each compact of Mz(X) comes from some level i € 7 (cf. Lemma 3.8). So, we can check (2)
and (3) on some k € Z (note that we use that Z is filtered) and this follows from the definition
of M. O

3.2 Six functor formalism. In this section, we want to prove Theorem 2.9. We will first
give a proof in the (1) case. Afterwards, we will give a proof in the (x) case and complete the
proof.

Before we continue, we want to show that properties (M1)-(M5) are a formal consequence of
the compact generation of DM(z, X) (see Lemma 3.8).

Lemma 3.11. In the setting of Theorem 2.9, assuming fi 4 f' exists, satisfying (F1)-(F4), the
properties (M1) and (M2) hold. If T admits an initial object 0 € Z, then also (M3) - (M5) hold.

Proof. Arguing as in the proof of Proposition 3.7 and using descent the properties (M1) - (M3)
reduce to questions of DM on schemes, which is well known [7]. The property (M4) follows from
the localization sequence.

If f is cartesian, smooth and then the relative dimension of f; and fy agree for all ¢ € 7.
From here (M5) follows similarly as before. O
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3.2.1  Proof of Theorem 77 for adjointable maps In this subsection, we will assume that we are
in the setting (1) and we simply say pro-algebraic instead of pro-Ny-algebraic.

Lemma 3.12. Let C be an oo-category. Let Spine[Nyg| be the simplicial subset of No of finite
vertices that are joined by edges (or more informally, we forget about all n > 2 simplices in Ny ).
Then the restriction Fun(Ny, C) — Fun(Spine[Ny],C) is a trivial Kan fibration.

In particular, any natural transformation of functors a:: Spine[Ng] x Al — C can be lifted to
a natural transformation in &: Nog x Al — C.

Proof. Indeed, the functor Spine[Ng] — Ny is inner anodyne [19, 03HK] proving the claim. [
Proposition 3.13. Let (z, X) be a tame pro-algebraic stack, then

DM(z, X) ~ colim DM'(X;).
i€Ng,z!
Proof. By descent, we see that for each n € Ny we have p;: DM!(Xi) ~ DM*(X;) as X; admits
a smooth covering by a scheme. We will construct equivalences

pi: DM'(X;) ~ DM*(X;)

out of p, that are compatible with the presentation as a colimit. This is easily achieved by
twisting with the Thom-motives associated to the smooth maps xg;. But let us be more precise.

Let us define p; == pp ® Th(y,,)1x,, where Th denotes the Thom-motive? associated to
V(Quy;) = Xn. Then p, is still an equivalence of DM'(X,,) and DM*(X,,). By compatibility
with the purity equivalence with composition [7, Rem. 2.4.52], the p; are compatible with the
presentation of DM(z, X) as a colimit by Lemma 3.12. O]

Remark 3.14. To generalize Proposition 3.13 to arbitrary Z it is enough to know that the
level-wise equivalences p; in the proof yield an equivalence of diagrams. While on the homotopy
categorical level this is clear, we were not able to write a map down for higher simplices.

Proof of Theorem 2.9. The property (PB) is Proposition 3.7. By Proposition 3.13, we obtain
a functor f': DM(y,Y) — DM(z, X). Applying Proposition 3.7 to f', we obtain a left adjoint
fi of f'. Note that we use that each fr'Z preserves colimits, since f,1 preserves compact objects.
In particular, (F2) follows from construction. The properties (F3) and (F4) can be checked on
compacts, which is clear by design and Lemma 3.8.

The rest follows from Lemma 3.11 O

Remark 3.15. Let (z, X) be a strict tame pro-algebraic stack and (y,Y’) a tame pro-algebraic
stack together with a morphism f: (z, X) — (y,Y). Assume that for y,: Y,4+1 — Y, and n >0
the unit id — ¥,y is an equivalence. In this setting, we can make fi more explicit.

For each n > 0, we obtain a functor f,. We want to construct a morphism of diagrams
for: Nog x AP — DGCateoni, which after taking the colimit then yields fi. Since our morphisms
are not cartesian, we have to take the Thom-twist of x,,: X,,+1 — X, and y,, into account. Set
far = (Th(Qye)1y;,) "' ® frr 0 Th(Qyy,)1x, ® — Then, we obtain

= y:(Th(QyOn)]‘}/n)_l ® yn'fn+1' © Th(QfEOn+l)1Xn+1 ® x:b
= y;ynﬁ o (Th(QyOn+l)1Yn+1)_1 ® fn-i-l! © Th(QIOn+1)1X7L+1 ® xrz = fn+1!$:;7

*Let p: V — X, be a vector bundle with zero section s, then Th(V) := pys..
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where we use compatibility of Thom twists with composition in the sense of [7, Rem. 2.4.52] and
the projection formula.

In particular, we obtain the desired diagram fe1: Ng x AP — DGCatcon; that after taking
colimits induces a functor fi: DM(x, X) — DM(y,Y). This is a colimit preserving functor and
therefore admits a right adjoint. By construction of the comparison morphism in Proposition
3.13, this agrees with the construction of f; in the proof of Theorem 2.9.

This construction also shows why (F1) fails in this setting. Even when f is proper, the
resulting fy is an infinite twist of f,. Note however, if f is cartesian, then by design the twists
appearing in f cancel each other out, so this caveat appears only in the non-cartesian setting.

3.2.2  Proof of Theorem 2.9 for cartesian maps. We now proceed to prove Theorem 2.9 in the
(x) case. Throughout, we use the term pro-algebraic in place of pro-Z-algebraic.

To that end, we need to extend the six-functor formalism to pro-algebraic stacks. We will
freely use the frameworks developed by Gaitsgory—Rozenblyum, Liu-Zheng, and Mann (cf. [10],
[16], [20]). Our arguments rely on results from the latter, and for details we refer the reader to
[20, §A.5]. We will not recall the main definitions here, and instead use the language of geometric
setups and correspondences as developed in loc. cit.

Let (C, E) be a geometric setup, meaning an oo-category C admitting finite limits, together
with a class of morphisms E C Mor(C) that is stable under pullbacks, compositions, and equiv-
alences. Let

D: Corr(C)rg — Catoo

be a six-functor formalism in the sense of |20, §A.5], where Corr(C)g denotes the co-category of
correspondences as defined in [16].
We denote by
Dec: C°P? — CAlg(Catyo)
the restriction of D along the canonical inclusion C°? < Corr(C)g. We assume that D¢ factors
through CAlg(PrL:®). We will use notation analogous to that of Section 3.1.
We denote by Dz the composition

Dr: Fun(Z,C%) 25 Fun(Z, CAlg(Prh®)) <M CAlg(Prl®).

We define E7 to be the class of those morphisms f: X — Y in Fun(Z,C°P) such that f; is in
FE for all i € 7 and for all i — j € T the square

Xj E— X@
lfj lfi
Yi;
Y, —
is cartesian.

Proposition 3.16. Assume that Z admits an initial object 0 and E admits a suitable decompo-
sition J, F' that satisfies the assumptions of [20, Prop. A.5.10]. Then Dz can be upgraded to a
6-functor formalism

Dz: Corr(Fun(Z,C°P)) g, — CAlg(Prl®).

Further, if f € E is a morphism such that for all i € T we have f; € F resp. f(i) € J, then
fi =~ f« resp. fi is left adjoint to f*.
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Proof. We define Jz resp. F7 to be the class of those morphisms f in E7 such that f(i) is in J
resp. F for all ¢ € Z. Then we claim that Jz, F7 is a suitable decomposition of E.

Indeed, since for a map f in E all squares of the associated diagram are pullback squares.
Thus, all of the properties follow immediately (note that we need that Z admits an initial object
for the decomposition property).

We will use Proposition 3.7 and the criterion in [20, Proposition. A.5.10] to prove this
proposition.

By Proposition 3.7 the functor Dz defines a pullback formalism on Fun(Z,C) with respect
to Jz.

By construction, the pullback f* along any morphism f € Fun(Z,C°P) admits a right adjoint.
We need to check that for morphisms in F7 we have base change and projection formula. But
similar to the proof of Proposition 3.7, we can use that any compact object comes from some
compact on the i-th level, for some i € Z (by mutas mutandis of Lemma 3.8). This argument
shows that for any pullback square

WLX

!

g g

y 1,7

with g € Jz and f € Fr we have gy f, ~ f*gﬁ completing the proof. Ul

The above proposition a priori only applies if the geometric setup has a suitable decompo-
sition. For schemes this is usually not a problem as in practice we can decompose separated
morphisms via compactifications into open immersions and proper maps. For algebraic stacks
this only holds locally. Nevertheless, the existence of the !-adjunction extends to cartesian mor-
phisms of pro-Z-algebraic stacks by the base change formula, as seen below.

Proposition 3.17. Let f: X — Y be a morphism inside Fr C Fun(Z°P,C)°P. Then there exists
an adjunction

fii D(X) — Dz(Y): f'

satisfying base change and projection formula with respect to f* = Dz (f).

Proof. First, let us note that the morphism f corresponds to a diagram Z°P x AL°P — C. The
idea of the proof is to take fi := colimz fi,. However, as Z is arbitrary, we do not immediately
obtain a a diagram fie: Z x AP — DGCateont as in the proof of the () case. Instead, we will
make use of the fact that f is cartesian and we will construct a diagram Z x AP — Corr(C)g.
Taking the colimit of this diagram will then yield fi. To make this process homotopy coherent,
we will use the description® of Corr(C)g in terms of bisimplicial sets.

Let us consider the marked simplicial set (C, E, ALL), where E is as before and ALL denotes
the class of all edges in C. By the assignment ([n1], [n2]) — Homget, (A™ x A™,C) we obtain a
bisimplicial set §,C. We denote by C%' the bisimplicial subset such that the vertical edges are
contained in E and each square is cartesian (for a rigorous construction see [6]). By a similar
construction, we obtain a bisimplicial set (Z°P x ALOP)Q% associated to the marked simplicial
set (Z°P x Ab°P ALL, ALL). This process is functorial in marked simplicial sets with marked
squares, so we obtain a map «a: (Z°P x Al")p)ﬁ]ﬂ]ﬂ — C$t. We take opposites of the horizontal
arrows, which we see as a functor op? and apply this to a. Finally, we let Kpt™ denote the

3We were made aware of this alternative description by Chirantan Chowdhury.
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bisimplicial subset of A(™™ spanned by edges (k,1) for 0 < k < I < n. Then we define the
simplicial set by
6;V Op2 C%art N Homsetm ([{pt”7 Op2 CcEart)‘

By functoriality of the construction, we obtain a diagram
G: B3 0D x AL - 530 op? CE™

It is not hard to see from the construction that d5y op? C&"* = Corr(C) g as simplicial sets. The
simplicial set 65¢ op?(Z°P x Al"’p)ﬁ]ﬂ]ﬂ is very explicit and we can construct a map of simplicial
sets Z x AP — 5 op?(Z°P x Al"’p)ﬁlﬂlﬂ in the following way.

Note that we have a map

Homge , (A" x A™P TP 5 ALOP) 5 (55 op?(Z°P x ALOP)RLLY

Let A™ — T x AL°P be a map of simplicial sets. This map is uniquely determined by projections
to Z and AP, Let us denote these maps by p;: A" — T and py: A™ — ALP. From these two
maps, we get a map A" x A™°P — TP x ALOP of simplicial sets via

op
Q10 A" x AP 22 Anop PL Top,
i A" x AmP T An 22, AL
where pr; denotes the i-th projection. In particular, we thus obtain a morphism of simplicial sets
J
¢: T x AVP 5 §5g 0p?(T°P x AVPAEL s Corr(C) .

Let D denote the composition

(Do—)°

Fun(Z, Corr(C)g)°? Do), Fun(Z, CAlg(Prk®))op colim, CAlg(PrL®).

By design, we have D(X) ~ Dz(X), where we view X as an objet of the left hand side via the
map Fun(Z,C°P)°? — Fun(Z, Corr(C)g)°P. In particular, by applying D to ¢, which we view
as an edge in Fun(Z, Corr(C)g)°P, we obtain a colimit preserving map that preserves compact
objects

fi =D(¢): Dz(X) = Dz (Y).

The remaining assertions follow by Lemma 3.8 similar to the proof in the () case. OJ

Remark 3.18. In the proof of Proposition 3.17, we can apply the same method to obtain a
diagram Z x A' — Corr(C)g by working with the projection A™ x A™°P — A™°P_The colimit
along this map then yields the pullback functor f*.

Remark 3.19. Asis evident from the proof of Proposition 3.17, if DI!CE commutes with colimits,
then so does

fH=Dx(f)
for all f € FEr. This follows from the fact that Dz(X) is compactly generated for all X €
Fun(Z,C), by Lemma 3.8.

Proof of Theorem 2.9. This is now just a consequence of Proposition 3.16, Proposition 3.17 and
Lemma 3.11. Note that if f is a proper cartesian morphism of pro-Z-algebraic stacks, then the
construction of f in Proposition 3.16 shows that f; ~ f,, using that on compacts they agree by
Lemma 3.8. O
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Remark 3.20. Let f: (z,X) — (y,Y) be a smooth morphism pro-Z-algebraic stacks. For
M € DM(y,Y), we can compute the "motivic global sections with values in M" directly. To be
more precise, let us note that since f,f* is colimit preserving, its values are determined by its
restriction to compacts. As any compact in DM(y,Y) comes from a compact in some DM(Y;)
(cf. Lemma 3.8), we see that

fof "M ~ colim colimkinsz/fi*fi*yik*y;‘jMi,

ins; M; — M ’L—>k,j—>

where the colimit is over all 4 € Z and all compacts M; € DM(Y;)¢. A similar formula can also
!

be given for fif
In particular, if for example (y,Y) = S, and (x, X) is strict, we have

f*f*ls = fO*fE)le
as expected (cf. Remark 2.15).

Remark 3.21 (Non-finite type base change). Let f: (z,X) — (y,Y) be a smooth adjointable
morphism pro-algebraic stacks. Assume that f is either Z ~ Ny or that f is cartesian and Z has
an initial object 0.

Our computations have shown that we have f*insg)( o~ inS%/ fox, where insg)( denotes the natural
functor DM(Xp) — DM(z, X) (similarly for V). This can be seen as a form of non-finite type
base change equivalence of the square

(1:7X) — XO

L]

(y,Y) —— Yo,

which is cartesian if f is cartesian. However, note that as longs as (z, X) — Xp and (y,Y) — Yo
are not adjointable, we cannot use the base change of Theorem 2.9.

4. Motivic cohomology of pro-algebraic stacks

In this section, we want to define and highlight some properties of motivic cohomology in our
setting.

In the following, we fix a morphism f: (z, X) — (y,Y) of pro-Z-algebraic stacks over S. Let
h: (x,X) — S and g: (y,Y) — S be the morphism induced by the structure morphisms. We
further assume that either f is cartesian or that Z ~ N and f is adjointable.

By Theorem 2.9, we have adjunctions f* 4 f, and fy 4 f' between DM(z, X) and DM(y,Y)
satisfying all the properties stated in the theorem. Note that even though (z, X) and (y,Y) are
not assumed to be strict, we still have adjunctions h* 4 h, and ¢* 4 g, by Lemma 3.9.

Definition 4.1. Let f: (z,X) — (y,Y) and g: (y,Y) — S be as above. Then we define the
relative motivic cohomology of (x, X) with coefficients in M € DM(y,Y) as

RT(X, M) := Homp gy (f1.f' 1(,y), M) € DGCateont.

Further, we define for n,m € Z the absolute motivic cohomology of (y,Y) in degree (n,m) as
the Q-vector space

H™"™(Y,Q) = mo Hompnigy,v) (L, v), L,y (n)[m]).
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Remark 4.2. Let us remark that the absolute motivic cohomology of (y,Y) can also be com-
puted relative to S in the following sense

H™"™(Y,Q) = Hompp(s)(1s, 9«9 1s(n)[m]).
Further, if (y,Y) is strict and (y,Y) — S is a smooth, then
H™"™(Y,Q) = 7y, Hompyy(s) (939" 1s, 15(n)).
Assumption 4.3. From now on let us assume that Z admits an initial object 0 € Z

Lemma 4.4. Under the notation above, we have
9ely) = colim g;.ly;.
Proof. By construction, we have g* ~ ins())/ gp- Using adjunctions this shows that

Gx = goxDy hy.

By construction, we have insg ly, ~ 1 y). Thus,
9+1(y ) 2 90sPp Vo Lvp = colim go.yo;«5; 1vo
~ coli wly. O
colim g1y,
Remark 4.5. Lemma 4.4 immediately shows that for S regular and (y,Y) — S smooth, we

have
H™(Y,Q) £ colim A" (¥;, 20 — m)g.
1€

We will see below, that if (y,Y) is classical and Y — S is locally of finite type, then this
colimit presentation of the absolute motivic cohomology of Y agrees with the classical motivic
cohomology of Y. In this setting, we can also look at the functor induced by the usual *-
pushforward on Artin-stacks DM(y,Y) ~ DM(Y) — DM(S). This agrees by construction with
g«: DM(y,Y) — DM(S).

Proposition 4.6. Assume (y,Y) is classical such that g: Y — S is locally of finite type. Then
H™™(Y,Q) =~ Homy,pny) (ly, 1y (n)[m]).

Proof. Let Yy — Yy be a smooth cover of Y by a scheme locally of finite type over S. Let Y;
denote the base change to Y; and Y its limit. Then Y is representable by a scheme and yields a
smooth cover of Y. As Y is locally of finite type, so is Y. For every i € Z, we can compute

girly, 2= colim ey vy o v,

by descent, where ge v /v, C(Y;/Y;)e — S denotes the projection. In particular, we can write

Filyy) = c(])éi:%ngj*l;/j ~ ColAim C?éizmgc’(ﬁ/ﬁ).*lé(ﬁ/n).
(cf. Lemma 4.4). Therefore, by continuity of DM [7, Thm. 14.3.1] and descent, we have
H™™(Y,Q) = colAim c?éizm HothM(C(};i/Yi).)(10(%/1/1_)., 1(3‘(5’1/3&).(71)[”1])
= colim Homyp v v),) Qe vyer 1o vy, (M)Im))

~ Homypyrqry(1y, 1y (n)[m)). -



Motives on pro-algebraic stacks 119

Example 4.7. Let us consider the situation of Example 2.7. So let L/K be an algebraic
extension of fields and consider a smooth scheme Z — Spec(K). We denote by F& the set of
finite field extensions E/K contained in L. We denote by (¢, Spec(L)) the associated classical
pro-F [L(—algebraic stack over K and by (z, Z1) the induced classical pro-F [L(—algebraic stack over
K. Using Remark 4.2, we have
H"™(Z1,,Q) = colim A"(Zg,2n —m)g = A™(Z1,2n — m)q,
EeFL

where the second isomorphism follows from direct computations on the level of cycles
[4, Lem. 1.4.6 (i)].

Example 4.8. Assume that S is regular. Let Z — S be a smooth integral S-scheme with
function field K. Let us consider the family (U)yey, of all affine open subschemes of Z. If
we denote the respective inclusions by (s : U’ < U, then this family assembles to a classical
pro-Ug-algebraic stack (¢, Spec(K)). Let T — Z be a flat morphism of S-schemes. Then base
change of T along the system (¢, Spec(K)) induces a classical pro-Ug-algebraic stack (17, Tk).
Using Remark 4.2, we have

H""™(Tk,Q) = co(ljimA”(TU, 2n —m)g = A" (Tk,2n —m)q,

where the second isomorphism follows from direct computations on the level of cycles
[4, Lem. 1.4.6 (ii)].

4.1 Motives on Disp. Let us fix a prime p > 0 and assume from now on that S = Spec(IF,).
We will denote the Frobenius with o. In the following section, we want to define the pro-algebraic
stack of (truncated) Displays over S, after the construction of Lau (cf. [14]) and show that its
underlying motive in DM(S) is Tate. We do not want to go into the detail of the construction
of (truncated) Displays and its relation to the stack of Barsotti-Tate groups, but rather give an
equivalent definition following [5].

Let us consider the functor Spec(R) — GLj (W, (R)) for any affine S-scheme Spec(R), where
W, denotes the ring of n-truncated Witt-vectors. This functor is represented by an open sub-
scheme of A”hz, which we denote by X". Let Gﬁ’d(R) denote the group of invertible h x h

matricies
A B
C D

with A € GLj,_g(Wy,(R)), B € End(W,(R)¢, W,(R)"~%), C € End(W,,(R)"¢, I,.1(R)?), where
I,+1(R) denotes the image of the Verschiebung W;,11 — W, and D € GLy4(W,,(R)). Let us
denote by Gﬁ’d the group scheme representing this functor. Then GZ’d acts on Xf; via M - x =

Maxo'(M)~!, where
A poB
"My =7 .
o (M) (O’C UD)

Definition 4.9. For 0 < d < h and n € N, we define the stack of n-truncated displays of

dimension d and height n to be
Disp/d .= {Xﬁ/Gﬁ’d} .

Further, we define the stack of n-truncated displays as

Disp,, := H Dispﬁ’d.
0<d<h



120 Can Yaylali, Higher Structures 10(1):99-125, 2026.

Notation 4.10. For each n € N, there exists a truncation map 7,: Disp,,,; — Disp,,. We
denote by (7, Disp) the pro-algebraic stack induced by the 7,,.

Lemma 4.11 ([5, Lem. 2.2.2]). Let Kﬁjﬁln denote the kernel of the projection Gt 5 ghd for
m < n and Kg’d the kernel of the projection Gﬁ’d — GLj_g x GLg4. Then Kﬁj% and K,}{’d are
split unipotent.

Remark 4.12. As seen in the proof of [5, Thm. 2.3.3| the group Glf’d is even a split extension of
GLj,_g x GL4 by a split unipotent group U;. The splitting is induced by the canonical inclusion
GLj,_g x GLg — G,

Proposition 4.13. The pro-algebraic stack (7, Disp) is strict and tame.

Proof. As DM preserves finite products, it is enough to prove that for any 0 < d < h and any
n > m the truncation T,]fjﬁln: Disp/? — Disp™? is strict. By definition 7, ,, factors through

xXpjcne] & [xh /e B [xhcl]

The map b*: DM([X%/GZ{d]) — DM([X,};/GZJ’d}) is an equivalence of categories by Lemma
4.11 (cf. [21, Prop. 2.2.11]).

We now claim that a* is fully faithful (the idea is the same as in [5, Thm 2.3.1]). By definition
the map X;;” — Xﬁl is a Kﬁj?n—torsor. By étale descent we may replace the morphism a by the
projection Kﬁj?n — 5. By Lemma 4.11 this group is split unipotent, so it admits a normal
series with successive quotients given by a vector bundle. Thus, applying again étale descent and
induction, we may assume that K;f:% is a vector bundle over S, showing that a* is fully faithful.

The factorization also shows that 7 is tame. O

Lemma 4.14 ([15]). The functors X2 = lim, X/** and G == lim, GI** are representable by
affine IFp-group schemes. Moreover, Gﬁ.‘gd acts on X&d and we have an equivalence of algebraic
stacks [X&;d/G&)d} = Disp.

Proposition 4.15. The natural morphism DM(7, Disp) — DM(Disp) induces an equivalence of
DG-categories.

Proof. Recall that Disp/d = [Xff’d / Gﬁ’d}. Let us consider the notation of Lemma 4.14. The

pro-algebraic group scheme G&d acts on each Xff’d via restriction for each n € N.
Note that we have for any 1 < n < m < oo a cartesian diagram

xhd __ , xhd

| | )

[xhalet] s [t
[23, Cor. A.13]. In particular, the induced map
lim X1 2 X[t [ Xt /Gl|
n

is an effective epimorphism of étale stacks and the associated Cech nerve is given by base change
of the Cech nerve of X?’d — {X{l’d/G&d].
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Each transition map [XZfl / G&d] — [X,}f’d/ ch’,d} is an affine bundle as explained in the

proof of Proposition 4.13. We also note that GL? is an affine faithfully flat group scheme.
We have

DM([Xr? /GRS ~ lim,, (DM(X7%) = DM(X? <, GRT) =5 ...),

for all 1 < n < oo [21, Thm. 2.2.16]. Having the cartesian diagram (2) in mind, we can now
repeat the proof of Proposition 2.13 and obtain

DM( [ngd /ng;d} ) == colim DM( [Xfl“d /G’;gl} ).
Finally, by [21, Prop. 2.2.11], we have
DM([X4/Gl]) = DM X0/ Gt
concluding the proof. O

Theorem 4.16. The pullback along the truncation map Disp — Disp; induces a fully faithful
embedding.
DM(Disp;) < DM(Disp)

In particular, we have an equivalence of motives
M (Disp) ~ M (Disp,)

inside DM(F),) and moreover it is contained in the full stable cocomplete subcategory of DM(F),)

generated by Tate motives.

Proof. By Proposition 4.13 the natural map DM(Disp;) — DM(r, Disp) is fully faithful. By
Proposition 4.15 the natural map DM(7, Disp) — DM(Disp) is an equivalence. This proves that
DM(Disp;) — DM(Disp) is fully faithful and M (Disp) ~ M (Disp;). The fact, that this motive
is Tate follows? from [24]. O

Remark 4.17. Brokemper computes the Chow groups of Disp’f’d explicitly in [5, Thm. 2.3.3].
Thus, Theorem 4.16 and Remark 2.15 tell us that the motivic cohomology of Disp can be com-
puted by the Chow groups of Disp?’d. To be more precise, we can compute

P 2" (Disp, Q) = @) Qlta, - IS4 (er,. . en),

ne”L 0<d<h
where ¢; denotes the i-th elementary symmetric polynomial in variables q,...,t;.

Remark 4.18. Let BT be the stack of Barsotti-Tate groups (short, BT-groups) over S. For
any n € N, we denote by BT, the stack of level-n BT-groups. For any n > 0 there exists
a truncation map 7,: BT,41 — BT, and lim, BT, ~ BT. The maps 7, are smooth (cf.
[11, Thm. 4.4]). Note that every level-n BT-group admits the notion of a height and dimension,
which are locally constant functions over S. In particular, we can write BT,, ~ [[,- ;<5 BT,
where BT},‘L’d denotes the substack of BT generated by BT-groups of dimension d and Height h.

We want to remark, that there is a morphism ¢: BT — Disp compatible with truncations
(cf. [14]). Moreover, each of the maps ¢,, is smooth and an equivalence on geometric points (cf.

“Note that Disp, is isomorphic to the stack of F-zips, considered in [24].
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[14, Thm. A]). In particular, ¢, is a universal homeomorphism. Note however, that this is not
enough to see that DM(7, Disp) ~ DM(7, BT) as the morphisms ¢,, are not representable. We,
conjecture that ¢*: DM(Disp) — DM(BT) restricts to Tate-motives proving that the underlying
motive of BT and Disp are equivalent. However, as pro-algebraic stacks the motivic cohomology
groups of BT and Disp are isomorphic.

Corollary 4.19. We have an isomorphism of motivic cohomology groups
H**(BT,Q) =2 H**(Disp, Q) = H**(Disp;, Q).

Proof. This follows form the definition of the motivic cohomology for the pro-algebraic stack
(1,BT), Theorem 4.16 and [5, Thm. 2.5.4]. O

4.2 Action of the absolute Galois group on the motivic homology spectrum. Let
us come back to the setting of Example 2.7 and fix the setting for this subsection. So as in the
example, let L/K be a Galois extension of fields. Let X be a smooth K-scheme. We denote by
F IL{ the filtered category of all finite extensions of K contained in L. The inclusion along finite
extensions E < F of K yield pro-F%-algebraic stacks (z,Xy) and (g, L). The base change of
the structure map f: X — Spec(K) to F € fIL{ yields a map of diagrams

for (2, X1) = (¢, L)

Let g[L( denote the filtered subcategory of all finite Galois extensions of K. Then QIL( C F Ifg
is cofinal. In particular, we see that

DM(z, X1) ~ colim DM(z, Xg).
EEQIL(,QE*
Thus, to understand the action of Gal(L/K) on fr.1(, x,), we may restrict (z, X1) and (g, L)
to QII; and work with their underlying pro—gIL(—algebraic stacks. By abuse of notation, we will
keep the notation of (z, X1) and (¢, L).
We naturally get a map g: (¢, Spec(L)) — Spec(K), where we view Spec(K) as a constant
diagram. We denote the composition g o fe by he.

Remark 4.20. Note that Proposition 2.13 shows that
DM(z, X1) ~ DM(X1) and DM(q, L) ~ DM(L)

We will see in the next lemma that our formalism enables us to compute the motive fr.1; x,)
by "pulling back" f.1x along the natural map DM(K) — DM(q, L).

Assume that L/K is a finite extension. Then the smooth base change immediately yields

frodex,) = foeal elx =~ qf felx.

If L/ K is not finite this does not hold as there is no base change formalism that shows this result.
In our formalism we have an analog of a smooth base change in this case as in Remark 3.21.

Next, we claim that Gal(L/K) acts on hilg x,). To see this, it is enough to construct
actions of Gal(E/K) on hl(, x,) for any finite Galois extension £/K that is compatible with
the presentation of Gal(L/K) as a limit of such.
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Remark 4.21. Let E/K be a finite Galois extension and ¢ € Autg (E). And M € DM(q, Spec(L)).
Then ¢ induces an automorphism
geM — g. M

via the following.

Let gé - QIL( denote the subcategory of finite Galois extensions over E. Then we can
restrict ¢ along this (filtered) subcategory and we denote the induced pro—gé—algebraic stack
by (g, Spec(L)). The K-automorphism ¢ induces via base change a cartesian automorphism
¢: (qg,Spec(L)) — (qg, Spec(L)). The *-pushforward along ¢ yields a functor

s« DM(q, Spec(L)) — DM(q, Spec(L)).

By construction g.p. >~ g, yielding the desired endomorphism above.
This endomorphism by construction induces an action of Gal(L/K) on g.M, i.e. a map
B Gal(L/K) — DM(K).

Remark 4.22. Combining the above, we have

colim h l)G(al(E/K) ~ colim colim qF/K*fF*lg;(?(E/K) ~ f.lx,

Eegh Ee€Gl Fegk
where we use [1, Lem. 2.1.166] in the first equivalence. In particular, for a X smooth K-scheme,

we have
A™M(X,m)g = A™(Xp,m)g )

by Example 4.7. This recovers the computation on the level of cycles [5, Lem. 1.3.6].

There exists a notion of continuous homotopy fixed points on so-called discrete G-spectra
[2]. The object colimEegIL( h*lszal(E/ ) can be seen as an analog of continuous homotopy fixed
points under the action of the absolute Galois group. By construction the action of Gal(L/K) is

stabilized on an open and closed normal subgroup after passage to a large enough field extension.
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