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Abstract

Let .# be a monoidal model category that is also combinatorial. If O is a monad, operad,
properad, or a PROP; following Segal’s ideas we develop a theory of Quillen-Segal O-algebras
and show that we have a Quillen equivalence between usual O-algebras and Quillen-Segal O-
algebras. We also introduce Quillen-Segal theories and we use them to obtain the stable homotopy
category by a similar method to that of Hovey.
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1. Introduction

This paper is part of a project that aims to develop a homotopy theory of weak algebraic
structures encoded by objects such as operads, properads, PROP’s or monads. We hope that
this theory can be useful to understand in some way the algebra of higher categories and its
applications. The notion of symmetric operad was introduced by May [71] as a solution to the
delooping problem in stable homotopy theory. Segal [86] gave a solution to the same problem,
which is of a simplicial nature, with the notion of I"-space. Both solutions have inspired different
directions in the development of Higher Category Theory, and we shall refer the reader to the
book of Simpson [87] for a detailed account on the subject.

We choose a general formalism that we hope will somehow be “a bridge” between the operadic
and the simplicial method for the delooping problem. Let .# be a model category and let
Arr(.#) be its category of morphisms (or arrows). For n € N, define inductively Arr" ™! (.#) =
Arr(Arr"(.#)), the category of hyper-cubes in .#; with Arr®(.#) = .# . In order to simplify the
treatment of the homotopy theory in “Segal situations” we start with the following definition.

Definition. Let C be an arbitrary category.
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1. An A -valued Quillen-Segal theory T on C is a family of functors called Segal data functors:
{T; : C — Arr(A)};icr, for some small set 1.

2. Say that an object ¢ € C satisfies the generalized Segal conditions, if for every i € [
Ti(c) € Arr(A) is a weak equivalence in .Z.

3. Inductively, an n-fold .4 -valued Quillen-Segal theory T on C is a family of functors, called
Segal n-data functors: {T; : C — Arr" (A ) }ier, for some small set I.

In the original paper of Segal [86], C is the category of I'-spaces, .# = Top and the theory
is given by the family functors {7, : C — Arr(Top)},>1, where T, (A) is the nth Segal map:
pn = A(n) — A(1) X 4(0)" * - X 4(0)A(1). The same formula defines the theory for Segal spaces as in
Rezk [79], and classical Segal categories (see [18, 77, 87, 94]). These theories have been extended
to Segal n-categories and Segal enriched . -categories (see [6, 87]). One can iterate the process a
la Simpson-Tamsamani to consider a C-valued theory on a category D: {7;’ : D — Arr(C) }jes
to get a 2-fold .#/-valued theory {Arr(7;) o7/ : D — Arr2(%)}(i7j)ejx‘] and so on.

There are many categories that are equipped with a relevant Quillen-Segal theory, and some
of them will be reviewed later. But in this paper we want to extend Segal’s formalism to the
following situations.

1. Let C = Spq(N,sSet,) be the category of Q-prespectra with the theory given by the

functors T, : C — Arr(sSet,) that take a prespectrum X to the connecting morphism
X, — Q(X,,41) which is adjoint to the map S' A X;,, — X,,11. Then a fibrant prespec-
trum satisfying the Segal conditions is simply an Q-spectrum, thus a generalized cohomol-
ogy theory.

2. Let C = (A | U) be the comma category associated to a (right Quillen) functor ¢ : & —
A . We remind the reader that an object of (# | U) is a triple [F| = [Fo, Fi,7r : Fo —
U(F)] € M x of xArr(#). The theory is given by the functor that projects the maps
T

May: (A L U) — Arr(A), with Man([F]) =7F.

If O is an operad, monad, or a PROP; a Quillen-Segal O-algebra is an object [F] € C =
(A | U), that satisfies the Segal condition for the forgetful functor U : O-Alg(.#) — .#. The
first example of Quillen-Segal algebras comes from co-Segal algebras and their generalizations to
co-Segal categories [6]. Recall that loop spaces Q.(X) are the first examples of genuine Segal
1-categories with one object (Segal algebras). It turns out that Q,(X) is also a Quillen-Segal
algebra (see Example 3.4).

Before discussing further the theory of Quillen-Segal algebras we have the following theorem
on Quillen-Segal theories in general (see Theorem 2.7).

Theorem. Let .4 be a cofibrantly generated model category and let T = (T;) be a Quillen-Segal
theory on C. Assume that one the following conditions holds.

1. C has a model structure (#,cof,fib) which is cellular and left proper such that every
T; € Hom(C, Arr(.#)
2. C has a model structure (# ,cof, fib) which is combinatorial and left proper such that every
7i € Hom(C, Arr(A);,,;)
Then there is a new model structure Cp(T) = (#B,cofp,fibg) on C which is a left Bousfield
localization, such that:
o T ={T;:C — Arr(M)j}icr defines an Quillen-Segal theory such that every T; is also
right Quillen with respect to the model structure Cp(T);

inj) is right Quillen.

is right Quillen.
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e cvery fibrant object in this new model structure satisfies the generalized Segal conditions.

Here Arr(.#),, ; 1s the injective model structure which can be found for example in Hovey [43].
There is also a projective model structure on Arr(.#) denoted by Arr(.#),,,;. We will review
them later in a more general context. We also have the following theorem if the cofibrations
in ./Z are generated by a set of maps between cofibrant objects. Tractable model categories in
the sense of Barwick [8] are examples. The following theorem is valid outside tractable model

categories (see Theorem 2.9).

Theorem. Let .4 be a tractable model category and let T = (T;) be a Quillen-Segal theory on
C. Assume that one the following conditions holds.

1. C has a model structure (#,cof,fib) which is cellular and left proper such that every
Ti € Hom(C, Arr(A ) ,,,..;) is Tight Quillen.
2. C has a model structure (# ,cof, fib) which is combinatorial and left proper such that every
7 € Hom(C, Arr(A),,,.,;) is right Quillen.
Then there is a new model structure Cg(T) = (#p,cofp,fibg) on C which is a left Bousfield
localization, such that:
o T ={T;:C— Arr(M )proj}icr defines an Quillen-Segal theory such that every T; is also
right Quillen with respect to the model structure Cg(T);
e cvery fibrant object in this new model structure satisfies the generalized Segal conditions.

These theorems require the left properness of the model structure on C. However it is possible
to have a localization of a theory without left properness using a result of Beke [12] which is
itself a consequence of a theorem of Jeff Smith. This is what we do for the comma category
Myl == (A | U) and in particular for Quillen-Segal algebras when .# is a combinatorial
model category.

First we prove that:

1. There is an injective model structure on the comma category .#[</] := (.# | U) (Theorem

5.12)

2. There is a projective model structure on .#[</| :== (A | U) (Theorem 5.19). These model
structures are classical but we include them because they play an important role and we
want to make the paper almost self contained.

3. If U = 1d we recover the injective and projective model structure on Arr(.#).

Category theory provides an embedding ¢ : & — (A | U) with «(P) = [U(P), P, 1dyp)]
(see Proposition 4.1); and this is how usual strict algebras are Q)S-algebras (Idyp) is always
a weak equivalence). We have a functor II; : (# |U) — </ that is simultaneously a left
adjoint and a retraction for ¢. The object F; is a usual O-algebra and with the weak equivalence
wr « Fo — U(F1), one may want to lift the O-algebra structure to Fp. This is a classical
problem of homotopy invariance for algebras that goes back to Boardman and Vogt [22], Dwyer,
Kan and Smith [33] and others. There are many results in this direction which can be found
for example in Berger-Moerdijk [13]|, Johnson-Yau [48] and the many references therein. We will
discuss this in a future work.

One of the central results on the homotopy theory of (.# | U) is that we can localize directly
the injective and projective model structure along the functor Il : (#Z | U) — /. We have
the following result (see Theorem 5.17 and Theorem 5.23).

Theorem. LetU : of = A : F be a Quillen adjunction between combinatorial model categories
where U is right adjoint. Then the following hold.
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1. There is a model structure on the category (M | U) = My <] such that:
(a) fibrant objects satisfy the Segal condition and
(b) we have a Quillen equivalence v : & = My : 111, where v is right Quillen and
IL ([F]) = A
2. If the Quillen pairU : & = M - F is a Quillen equivalence then the functor

Ho : %M [JZ/ ] — M
is a right Quillen equivalence and U is a composite of Quillen equivalences:
a5 iyl 2 .

If A is tractable we can show that this localization is in fact a left Bousfield localization. The
proof is just a consequence of Ken Brown’s lemma. We get the homotopy theory of Quillen-Segal
algebras as a corollary of the previous theorem as follows (see Theorem 6.1).

Theorem. Let .# be a combinatorial model category and let O be an operad enriched over A
or a monad on A . LetU : O-Alg(M) — M be the forgetful functor. Then the following hold.
1. The transferred model structure on O-Alg(M) exists if and only if the projective and the
injective model structure on My|O-Alg(M)| == (M | U) ezist.
2. In the latter case there is a model structure on My |O-Alg(#)] such that:
(a) fibrant objects are Quillen-Segal O-algebras
(b) the adjunction v : O-Alg(M) S My|O-Alg(A)] : 111, is a Quillen equivalence where
¢ is Tight Quillen.

Other interesting situations for Theorem 5.17 and Theorem 5.23 occur when U is a not simply
a forgetful functor but an arbitrary right Quillen functor O-Alg(.#) — O'-Alg(.#). Among
such functors, we have the ones that arise from a map of operads ® : O — O. Indeed, given
such map we have a functor U = ®* : O-Alg(.#) — O'-Alg(.#) and the previous theorems
apply (see Remark 6.3).

The relation with Stable Homotopy Theory comes when &/ = .# and we consider the product
[1,.cz #[#] for an endofunctor U : .#4 — .# such as the loop space functor €2 : sSet, —
sSet,. This product is in fact a functor category Hom(Zgisc, 4| #]) where Zgis. is the set of
integers regarded as a discrete category and not as posetal category. The category Spy(Z, #),
of U-prespectra, is equivalent to a category of objects in Hom(Zqgisc, #y[-#]) that are linked
in the sense of Definition 7.7. This link condition is just a 2-pullback condition, which can be
considered as a descent condition in some sense.

What is important and original here is the approach that we choose to get the stable model
structure. The result itself is well known and is about the existence of a model structure that is
Quillen equivalent to the model structure of Bousfield and Friedlander. More precisely, we put
to use the formalism of Quillen-Segal theories to get this model structure by a similar method as
Hovey [45], but still different. Our goal here was to show that spectra satisfy some generalized
Segal conditions and that the existing methods used to produce the homotopy theory of Segal
categories also work for 2-spectra.

In particular the analogue of a Segalification functor produces here an (2-spectrification. We
show that if we proceed by a dévissage then the strict projective model structure of Bousfield and
Friedlander [24], follows directly from the projective (=Reedy) model structure on (.Z | U) =
My in Theorem 5.19.
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It is worth noticing that working with Hom(Zgisc, #4[-#]) presents some advantages. Both
spectra and chain complexes can be defined as objects of Hom(Zgisc, #[-#]) that satisfies
some conditions: the link conditions for spectra and the chain conditions for chain complexes
(Definition 7.27). Moreover we can restrict to finite ordinals @ C Z and consider for future
purposes perfect complezes (see [95]). We can put model structures on finite linked sequences
such that the fibrant objects satisfy (some finite) Segal conditions; and we know by May’s
recognition theorem that these fibrant objects are in some cases E,-algebras. Applications for
such considerations included iterated weak enrichment over spectra (spectral categories) and
over the category of chain complexes (dg-categories). But for the moment we set up first the
foundations. These applications will appear in the subsequent papers.

We have a functor P : Spy(Z, #) — Hom(Zagisc, #|-#]) that forgets the links and this
functor has a left adjoint (Proposition 7.12). We use this (monadic) adjunction to get various
model structures on the category of U-prespectra. If .# is locally presentable, there are four
model structures on Spy(Z,.#) that follow from the injective and projective model structures
on Hom(Zaisc, Mu[-#;,;) and Hom(Zaisc, Au[ -4 |,
proper if .# is in addition left proper. In this paper we restrict to the case where .# is combi-

). All of them are combinatorial and left

natorial and left proper to keep the paper short. We will discuss in a different paper the case
where . is cellular. The arguments remain essentially the same.
We show in virtue of Theorem 2.9 that:

Theorem. Let C = Spq(N,sSet.) be the category of prespectra in simplicial sets with the
Quillen-Segal theory T, : C — Arr(sSet.) given by Tp(X) = [X,, — Q(Xn41)]-
1. Then there is a model structure on C such that the fibrant objects are the Q)-spectra X that
are level-wise fibrant (Kan).
2. The homotopy category is equivalent to the stable homotopy category of Bousfield-Friedlander
obtained by Hovey [45] and Schwede [8/).

Applications. There are various applications of the theory that is being developed here. We
outline for the moment some directions of interest. They will appear in the subsequent papers.

1. Our interest in comma categories comes when we consider a right Quillen U : &/ — A&
that is a Quillen equivalence. An important example is the homotopy coherent nerve of
Cordier and Porter 28] from simplicial categories to quasicategories. Joyal showed that this
right Quillen functor is in fact a Quillen equivalence (see Bergner [17, 19]). Our theorem
shows that the comma category, which lives in between, is Quillen equivalent to both sim-
plicial categories and quasicategories. On the one hand, Lurie and Joyal gave a significant
amount of work on quasicategories. And on the other hand, simplicial categories are sSet-
enriched categories, and there is a lot in the literature on the subject. A classical reference
is the book of Kelly [54]. We would like to understand how the existing constructions for
enriched categories such as weighted limits, colimits, adjunctions and Cauchy completions,
interact with the corresponding notions introduced by Joyal and Lurie.

2. Following the ideas of Goerss-Jardine [37], Jardine [46], Hirshowitz-Simpson [41], Morel-
Voevodsky [74], Toén-Vezzozi [98] and others, the study of presheaves on a Grothendieck
site with coefficients in Hom(Zgjs, -#4[-#]) has applications in motivic homotopy theory.
Indeed we can obtain presheaves of spectra this way.

3. The category . [.#] and more generally .#,[.<7]| can be endowed with different monoidal
structures if U is (lax) monoidal. When U is the identity we have the point-wise product
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an and the pushout-product that are considered in Hovey [44]. These constructions will be
transported to functor categories Hom(Zgisc, #y[-#]) and Hom(Qgisc, #14[#]) for future
applications.

4. The theory of operads, properads, PROP’s and algebras over them has applications in
several fields of mathematics (see for example Loday-Vallette [63], Markl-Shnider-Stasheff
[70]). Many of the existing constructions for usual algebras can be transported to Quillen-
Segal algebras. When we consider a general model category, the problem of homotopy
invariance for algebras does not always have a solution. It turns out that this problem is
intimately related to a conjecture of Simpson about weak units in Higher categories (see
Joyal-Kock [50]). We will address this later.

5. One of the consequences of this work is a strictification theorem for co-Segal algebras and
co-Segal categories. This is the analogue of a theorem of Bergner [16] for the strictification
of Segal categories.

Organization of the paper

e Section 2 is about Quillen-Segal theories. The main result is the “Bousfield localization of
the theory”.

e We introduce Quillen-Segal algebras in Section 3.

e Section 4 contains the category theory of comma constructions.

e In Section 5, we develop the homotopy theory on the comma category (.# | U). We follow
closely the same method as Hovey [43] to get an injective and projective model structure.
Then we localize them to get the correct model structure in which the fibrant objects satisfy
the Segal condition

e In Section 6 we apply the results of Section 5 to have the homotopy theory for Quillen-Segal
algebras (QS-algebras for short).

e In Section 7, we use the formalism of Quillen-Segal theories to get the stable model struc-
ture.

Related works. Model structures on comma categories have been discussed by Stanculescu
[88, Section 6.5], Toén [96] and others. However they consider instead the (equivalent) comma
categories (U | ), where U is a left Quillen functor. Considering other motivations, Stanculescu
focused on the dual notion of what we call a Quillen-Segal object, in that one would demand
U(Fy) — F1 to be a weak equivalence. But in the case of algebras, we will capture the
homotopy theory of free algebras. He also mentioned that it could be interesting to study the
comma category (.# | U) and consider what we call a Quillen-Segal object.

The general philosophy of this paper is also close to that of Hirschowitz-Simpson [41], Hol-
lander 42|, Jardine [46], Joyal-Tierney 51|, Stanculescu [89] and many others. By this we mean
that the theory of higher stacks is a theory of fibrant objects, and these fibrant objects satisfy
some generalized Segal conditions with respect to a certain Quillen-Segal theory.

There is a lot that is left to be done on Quillen-Segal algebras. For example we know
that operads, properads , PROPs, are themselves algebras over a specific monad & (see for
example Garner-Hirschowitz [36]). It could be interesting to study the link between Quillen-
Segal Z-algebras and the notions of co-operads, dendroidal sets and Segal operads that have
been introduced lately (see [21, 27, 65, 73]).

When we have a Quillen-Segal theory 7 = {7;}ic; on C, depending on the context, we might
not want to impose the Segal conditions for the whole set I but only with respect to a subset
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I' C I. For example, when we consider the nerve of a classical small 1-category, it satisfies the
Segal conditions at every stage, but we do not need to require them for all n > 2 to capture the
category structure. This is due to the presence of simplicial operations together with the fact
that the Segal maps are isomorphisms of sets. Another important example is in the theory of
simplicial presheaves as in Jardine [46]. There are different Quillen-Segal theories given by Cech
nerves and hypercovers (see Example 2.4).

2. Quillen-Segal theories

The goal of this section is to provide a general framework that is commonly used to produce a
model structure on some category C such that the fibrant objects satisfy some generalized Segal
conditions.

Let .# be a general model category, which will in many cases be a monoidal model category
in the sense of Hovey [44]. We will denote by Arr(.#) its category of morphisms, also called the
arrow category. Hovey [43] provides the injective and projective model structures on Arr(.Z).
In both model structure the weak equivalences are the objective-wise weak equivalences. We
will denote them by Arr(.# )inj and Arr(.# )proj and they will be reviewed in Section 2.2.1 and
later in Section 5. The category Arr(.#) is a diagram category and these model structures are
particular case of Reedy model structures which have been widely discussed in the literature (see
[30, 38, 40, 87]).

Definition 2.1. Let C be an arbitrary category.
1. An A -valued Quillen-Segal theory T on C is a family of functors called Segal data functors:
{Ti : C — Arr(A)}icr1, for some small set 1.
2. Say that an object ¢ € C satisfies the generalized Segal conditions, if for every ¢ € [
Ti(c) € Arr(A) is a weak equivalence in ..
3. Inductively, an n-fold .# -valued Quillen-Segal theory T on C is a family of functors, called
Segal n-data functors: {T; : C — Arr" (.4 ) }ier, for some small set I.

Example 2.2. The first example comes of course from I'-spaces and Segal n-categories. We shall
outline the idea for classical Segal categories. Let sSet be the category of simplicial sets and set
I = {n € Ob(A),n > 1} and let C = Hom(A°",sSet) be the category of simplicial spaces. For
n > 1, let 7, : C — Arr(sSet) be the functor that takes a simplicial space A to the nth Segal
map: pp @ A(n) — A(1) X 40) -+ X4(0) A(1). As mentioned before, the same formulas apply
for Segal spaces [79].

Example 2.3. Leinster [60] introduced up-to-homotopy monoids as colax monoidal functors
X : (AT, +,0) — (M, ®,I) such that for every n,m € AT the colaxity map ¢n m : X (n+m) —
X(n) ® X(m) and @g : X(0) — I are weak equivalences. In this case the theory is given by
the functors Ty, ,, defined by Tpnm(X) = ¢©nm and To(X) = po. We have generalized this notion
to Segal enriched categories [4]. Moreover, the homotopy theory is difficult because the functors
Tnm are not right adjoints for general tensor products ® # x. We will discuss this in [5].

Example 2.4. Let C = SPr(Z") be the category of simplicial presheaves on a Grothendieck
site 2" as in Jardine [46]. Given an object U with a covering Y = {U; — U} , we can form the
corresponding Cech nerve Co(U) (see Artin-Mazur [3], Jardine [47]). Then we have a Quillen-
Segal theory T = {T¢, @) : C — Arr(sSet)}c, ) that maps a simplicial presheaf F to the
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map:

F(U) — (ho) lim F(Ce(U)).

An object F that satisfies the Segal conditions in the sense of Definition 2.1 is sometimes called
a higher stack. We have a similar definition for hyper-coverings.

2.1 Injective and projective theories

Definition 2.5. Let C be a model category.

1. Aninjective .#-valued Quillen-Segal theory on C is a family of right Quillen functors,
called Segal data functors:
{7; :C — Arr(///)inj}ie[

for some small set [.
2. A projective .#-valued Quillen-Segal theory on C is a family of right Quillen functors,
called Segal data functors:
{7; :C — Arr(.///)pmj}ie[

for some small set [.
3. We will say that there is an .#Z-valued Quillen-Segal theory on C if there is a projective or
an injective .Z-valued Quillen-Segal theory on C.

We remind the reader that part of being a right Quillen functor means that there is a left adjoint
Y, : Arr(.#) — C to each of the Segal data functor 7;. It also implies that T; is automatically
left Quillen, in that it preserves the cofibrations and the trivial cofibrations in Arr(.Z).

Notation 2.6. If C is a model category we will denote by #/, cof, fib, the three classes of weak
equivalences, cofibrations, and fibrations, respectively.

Theorem 2.7. Let # be a cofibrantly generated model category and let C be a category. Assume
that one the following conditions holds.

1. C has a model structure (¥, cof,fib) which is cellular and left proper.
2. C has a model structure (¥, cof,fib) which is combinatorial and left proper.

Then for any injective Quillen-Segal theory T = (T;) on C, there is a new model structure
Cp(T) = (#B,cofp,fibg) on C which is a left Bousfield localization, such that:
o T ={T;i:C— Arr(M )i }icr defines an injective Quillen-Segal theory with respect to the
model structure C(T) and;
o cvery fibrant object in this new model structure satisfies the generalized Segal conditions.

We will give the proof at the end of the section. For a projective Quillen-Segal theory, we need
to recall the definition of a tractable model category as in Barwick [§].

Definition 2.8. A cofibrantly generated model category .# is tractable if .# is locally pre-
sentable and both cofibrations and trivial cofibrations are generated by a set of morphisms
between cofibrant objects.

Theorem 2.9. Let 4 be a tractable model category and let C be a category. Assume that one
the following conditions holds.

1. C has a model structure (¥, cof, fib) which is cellular and left proper.
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2. C has a model structure (¥, cof,fib) which is combinatorial and left proper.

Then for any projective theory T = {T; : C — Arr(M )proj ticr on C with respect to the model
structure (W', cof ,fib), there is a new model structure Cg(T) = (#p,cof g, fibp) on C which is
a left Bousfield localization such that:
o 7T ={Ti : C — Arr(M)projtict defines a projective theory with respect to the model
structure Cp(T) and;
o cvery fibrant object in this new model structure satisfies the generalized Segal conditions.

The guiding principle in proving Theorem 2.7 and Theorem 2.9 is to develop some techniques
that allow one to perform two tasks: the first task is to detect when an object satisfies the Segal
conditions; and the second task is to have a functorial process that takes an object ¢ and creates
an object .#(c) that satisfies the Segal conditions. The first task amounts to knowing when a
morphism f = T;(c) € Arr(.#) is a weak equivalence in .#. There are three known techniques
to detect this when .# is cofibrantly generated and we outline them briefly hereafter.

1. f will be a weak equivalence if we can show that f has the RLP with respect to the
generating set of cofibrations I of .#. In that case f is in fact a trivial fibration (see for
example Hovey [44]).

2. If f is a map between fibrant objects, f will be a weak equivalence if we can show that it
satisfies the Homotopy Extension Lifting Property (HELP) with respect to the elements of
I (see for example Simpson [87], Vogt [102]).

3. If f: X — Y, we can use function complezes and check whether Map(C, f) : Map(C, X) —
Map(C,Y) is a weak equivalence of simplicial sets, as C' runs through the set of domains
and codomains of maps in I (see for example Hovey [45]).

With these techniques in mind, it suffices to provide a set of maps Ky and consider the left
Bousfield localization with respect to Ky such that by adjunction, being Kj-local as in [40,
Definition 3.2.4| forces our map f = 7;(c) to be a weak equivalence in .# through one of the
above techniques. A Kj-localization in the sense of |40, Definition 3.3.11] will allow by the small
object argument of Quillen to perform the second task, that is, to produce a functor . with a
natural transformation Id — . (a fibrant replacement functor) such that .#(c) satisfies the
generalized Segal conditions.

These techniques are now standard in Homotopy theory and go back to Bousfield-Friedlander
[24], Jardine [46], Joyal [49], Kan [53] and others. Simpson [87, Chapter 7.7| used the first two
techniques for Segal categories where the functor . is a Segalification functor. Hovey [45,
Proposition 3.2] used the third technique for spectra, where the functor .# is weakly equivalent
to Q-spectrification as in Bousfield-Friedlander [24].

In this paper we use the first two techniques like Simpson to prove Theorem 2.7 and Theorem
2.9. As a consequence we get, among other things, a generalized Segalification functor that
encompasses the Q-spectrification. Hovey’s method can also be used in our context and we will
explain later the connection between his approach and ours. We will produce two sets of maps
Kr;,; and Kyp,,; in Arr(.#) that will be used in the small object argument to force and to
detect, by adjunction, the RLP and the HELP against elements of I. The set Ki;,; is suitable
for an injective Quillen-Segal theory, and Kij,,,; is for a projective Quillen-Segal theory.
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2.2 Lifting properties and detection of the Segal conditions

2.2.1 Homotopy theory of the arrow category. Let us review briefly the injective and the
projective model structure on the category Arr(.#) which can be found in Hovey [43]. Let
I = [0 — 1] be a the walking morphism category. Then Arr(.#) is the functor category
Hom(I, .#) and these model structures are special cases of Reedy model structures (see [44]).
Indeed, one can consider the category I = [0 — 1] as an inverse category, and in that case the
Reedy structure is the injective model structure. We can also consider I = [0 — 1] as a direct
category and we get the projective model structure (see [43],[44] for details). It is important to
observe that .# need not be cofibrantly generated to get the Reedy model structure.

Given two objects of Arr(#Z), f: Xo — Xy and g : Yy — Y, amap o : f — g in
Arr(.#) consists of two morphisms «; : X; — Y; such that we have a commutative square

X(]*)}/O
f g

Xl%}ﬁ
in A.

Definition 2.10. Let «: f — g be a map in Arr(.#). With the previous notation we will say
that:
1. « is a injective cofibration if o and a7 are cofibrations in ..
2. « is a projective cofibration if
e « is a cofibration in .# and
e the unique induced morphism X; UX0 Yy — Y7 is a cofibration in ..
3. «ais a level-wise weak equivalence (resp. level-wise fibration) if g and oy are weak
equivalences (resp. fibrations) in .Z.
4. « is an injective fibration if oy : X7 — Y7 is a fibration and if the induced map

XO — X1 Xyl Yb
is a fibration.
The homotopy theory of Arr(.#) is given by the following theorem.

Theorem 2.11. Let .# be a model category. Then with the previous definitions, the following
hold.
1. The three classes of injective fibrations, injective cofibrations and level-wise weak equiva-
lences determine a model structure on Arr(.#) called the injective model structure.
2. The three classes of projective fibrations, projective cofibrations and level-wise weak equiv-
alences determine a model structure on Arr(.#') called the injective model structure.
3. If A is cofibrantly generated (resp combinatorial) then so are the injective and projective

model structures on Arr(A).

Proof. See Hovey [43]. O
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2.2.2  Localizing sets. We borrow here some notation from Hovey [43].

Notation 2.12. Let .# be a cofibrantly generated model category with I , and J_, the respec-
tive generating sets of cofibrations and trivial cofibrations.
1. For any morphism s : A — B of .# we will denote by oy : s — Idp the map in Arr(.#)
corresponding to the following commutative square.

S
_— s

A B
B — 4 B

2. We will denote by ag , the set of all a; for i € I 4, that is, o1 , = {i}ier ,-
3. Similarly will denote by a3 , the set of all o; for j € J 4.

Definition 2.13. Define the localizing injective set as the set ag ,.

Proposition 2.14. Let s : A — B be a morphism of # and let 1dy be the identity morphism
of the initial object of A .
1. If s : A — B is a weak equivalence in M then as : s — Idp is a level-wise weak
equivalence in Arr( ).
2. If s: A — B is a (trivial) cofibration in M then ag : s — Idp is a level-wise (trivial)
cofibration in Arr(A).
3. If A is cofibrant in A, and s is a cofibration, then the unique map Idy — s is a level-wise
cofibration in Arr(A).

Proof. Like any isomorphism of .#, the identity Idp is a simultaneously a cofibration, a trivial
cofibration, and a weak equivalence. The maps s and Idp are the components defining the map
as. Therefore oy is a level-wise weak equivalence (resp. (co)fibration) if and only if s is a weak
equivalence (resp. (co) fibration). The third assertion is clear because B is also cofibrant since
by composition the unique map ) — A 2 B is a cofibration. O

Relative cylinder object For a cofibration s : A — B the map «y is related to a relative
cylinder object for the cofibration s (see [87, Chapter 9.4]). Consider the pushout of s along
itself with the pushout data B <~ A 2 B and write B U4 B for the pushout object. From the

(S,IdB)
—F

commutative square that defines the map ay : s Idp, we get a unique map ¢ : BUAB —

B using the universal property of the pushout. In particular everything commutes below.

s

A B
s / Id
BUtB_ 4
€0
B— - —

Now use the axiom of the model category .# to factor the map ¢ as a cofibration followed by a
trivial fibration:
é
BUAB<S E, 2 B.
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This diagram determines a relative cylinder object for the cofibration s : A — B. The maps €;
and ey are cofibrations because cofibrations are closed under cobase change, and by composition,
doep and doe; are also cofibrations. Moreover by 3-for-2 with respect to the equality po[doe;] =
Idp, they are also weak equivalences. It follows that ¢ o €1 and d o €5 are trivial cofibrations.

Notation 2.15. Let s: A — B be a cofibration as previously.

1. Denote by jg the composite § o €y, and let j; = § o €;. Both are trivial cofibrations.

2. Let (5 : s LO% j1 be the map in Arr(.#) given by the commutative square:

A B
B E,
3. Let 4y : j1 ﬂ Idp be the level-wise weak equivalence in Arr(.#) given by the commu-
B B
B

Es
Definition 2.16. Define the localizing projective set as (1 , = {(i}ier ,-

)

tative square:

}

Proposition 2.17. With the previous notations the following hold.
1. For every cofibration s, (s is a cofibration in Arr(. ) pro;.
2. For every s we have ag = €50 (5.
3. If s : A — B is a cofibration such that A is cofibrant, then £s is a level-wise weak
equivalence between cofibrant objects in Arr(M )proj, and thus in Arr( M )i;.
4. Let Y = Arr(#) — C be a left Quillen functor with respect to either Arr(MA),,. or

ing

Arr(//l)pmj. If s is a cofibration between cofibrant objects, then Y ({s) is a weak equivalence
in C.

5 Let Y : Arr(#) — C be a left Quillen functor with respect to either Arr(//l)mj or
Arr(AM),,,;- Then for any cofibration s between cofibrant objects, Y () is a weak equiva-

lence if and only if Y((s) is a weak equivalence.

Proof. Assertions (1) and (2) are immediate by construction. Observe that the cofibrant objects
in the projective model structure Arr(.#),,,; are the cofibrations s : A — B whose domain is
cofibrant. Moreover any projective cofibration is also an injective cofibration, thus s is also a
cofibrant object in the injective model structure. Now clearly £, is a level-wise weak equivalence.
This gives Assertion (3).

Assertion (4) is a consequence of Ken Brown’s Lemma [44, Lemma 1.1.12 |. Indeed, s and Idp
are cofibrant and ¢, is weak equivalence between cofibrant objects, so by Ken Brown’s Lemma
any left Quillen functor must send it to a weak equivalence between cofibrant objects.

Assertion (5) is a consequence of Assertion (4) and the 3-for-2 property of weak equivalences

in the model category C applied to the equality Y(as) = YT (¢s) o T((s)- O



Quillen-Segal Algebras and Stable Homotopy Theory 69

Definition 2.18. Let s : A — B be a cofibration and let © and v be two elements in
Hom 4 (B, X). Say that u and v are homotopic relative to s if there is a map h : By — X
such that h o jo =wu and hoj; = v.

Remark 2.19. It is important to observe the following.
1. Note that the maps jg and j; restrict to the same map on A. Therefore we have an equality
ho(joos)=ho(jios).
2. Anymap h : E; —> X defines tautologically a homotopy between u := hojg and v := hojj.

Homotopy lifting problem

Definition 2.20. Let f : X9 — X; be an arbitrary morphism and let s : A — B be a
cofibration in .#. Consider a lifting problem of solid arrows defined by s and f through a map

g 20, f in Arr(.#) as follows.

A solution up-to-homotopy to this problem consists of a map r : B --+ X such that:
1. ros = 6y, that is, r “solves” strictly the upper triangle; and
2. for and 61 are homotopic relative to s, in that, there exists a map h : E; — X7 such
that h o jo = 01 and hoj; = for. In other words, r “solves” the lower triangle up to a
relative homotopy.
Say that f has the Homotopy Extension Lifting Property with respect to s if there is a solution
up-to-homotopy to any lifting problem defined by s and f.

Proposition 2.21. Let f : Xo — X1 be an object in Arr(M) and let f — * be the unique
map to the terminal object. Consider a lifting problem of solid arrows defined by (s and f — *

as follows.
(60,61)
s I f
Cs:(SJO) ('Yoiyl/) g !
. s g |
J1 *

Then we have an equivalence between the following.

1. A solution v = (v0,71) : j1 — [f to this lifting problem.

2. An up-to-homotopy solution to the lifting problem in .# defined by s and f by the map
0:s —>(00’91) f.

Proof. Given a solution v = (y09,71) : j1 — f, we get a solution up-to-homotopy by letting
r =~ and h = ~;. Conversely given a solution up-to-homotopy r : B — Xg and h : £, — X3
we get a map v = (r, h) : j1 — f that is a solution to the lifting problem of the proposition. [
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2.2.3  Detecting the Segal conditions. With the sets of maps a1 , and a3 , we are able to detect
in Arr(.#) whether a map f : Xy — X is a trivial fibration or fibration by lifting properties
just like we do with the sets I, and J , in .#. Hovey [43, Proposition 2.2| showed that oy , is
a subset of the generating set of cofibrations in the injective model structure on Arr(.#).

Lemma 2.22. Let .# be a model category and let S be a set of maps.

1. A morphism f : Xo — X1 has the RLP in .# with respect to S, if and only if the
unique map f — * to the terminal object has the RLP in Arr(.#') with respect to the set
as = {os}ses-

2. More generally, if g : Yo — Y1, then a map B : f — g in Arr(#) has the RLP with
respect to ag = {as}ses, if and only if the induced map Xo — X1 Xy, Yo has the RLP in
M with respect to the set S.

3. In particular a morphism f : Xo — X1 is a trivial fibration if and only if f — * has the
RLP with respect to the set ag .

The last assertion is also mentioned in Rosicky [83, Proof of Proposition 3.3|.

Proof. Tt suffices to prove Assertion (2). Consider a lifting problem defined by a, and f:

(
S
(s,IdB)‘
(v0,71)

ldg ———M—

60,61)

(Bo,B1)

Qe

This commutative square corresponds to a commutative cube in .#. And if we unfold it, we
see that the maps 79 : B — Yy and 6, : B — X determine a commutative square with the
maps g and [, in that 81 o 87 = g o 79. The universal property of the pullback square gives
a unique map 0 : B — X1 Xy; Yy that makes everything compatible. In particular 6; factors
through 6. If we put this in the original cube, everything below commutes.

B

Idp
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As one can see from this last diagram, we get a commutative square that corresponds to a lifting
problem defined by the map s : A — B and the map Xy — X Xy, Yo:

A—" X

S ‘/

B———— X1 xy, Y
Now it suffices to observe that this lifting problem has a solution if and only if our original
lifting problem has a solution. Indeed if x : B — Xj is a solution to the previous lifting
problem, then the map (x,601) : Idg — f in Arr(.#) determines a solution to the original
lifting problem. Conversely, given a solution to the original lifting problem (x,6;) : Idg — f,

then the component x : B — Xj is a solution to the lifting problem defined by s and Xg —
X1 Xy; Yo. O

HELP Lemma There are various versions of the HELP Lemma and we refer the reader to
Boardman-Vogt 22|, May [72], Simpson [87], Vogt [102] and the references therein. We will use
the version used by Simpson [87, Lemma 7.5.1]. This version is for tractable model categories
but the argument remains exactly the same for a cofibrantly generated model category where
the cofibrations are generated by a set of maps between cofibrant objects.

Lemma 2.23. Let .4 be a tractable model category with a generating set of cofibrations 1 4.
Then any morphism f between fibrant objects and that satisfies the HELP with respect to every
element in 1 4 is a weak equivalence.

Equivalently we have:

Lemma 2.24. Let .# be a tractable model category with a generating set of cofibrations I 4. If
f is a morphism in M such that the unique map f — * is a level-wise fibration in Arr(.#) and

has the RLP with respect to every element in (1 ,, then f is a weak equivalence.

Proof. See |87, Lemma 7.5.1]. O

2.3 Localizing a Quillen-Segal theory. We now give the proof of Theorem 2.7 and Theorem
2.9.

Definition 2.25. Let 7 = {7; : C — Arr(#)}icr be an .#-valued Quillen-Segal theory on C
such that for every i € I we have a left adjoint Y; : Arr(.#) — C.

e Define the injective localizing set for T as:
Kiin (T) = H Ti(o,,)
i€l
e Define the projective localizing set for T as:
Kiproj (T) := H Ti(Cr,)
i€l
Proposition 2.26. With the previous notation we have the following.

1. If T is an injective theory then every element in Ky,,; is a cofibration in C.
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2. If T is a projective theory then every element in Ky, is a cofibration in C.

Proof. Indeed, every element in oy , (resp. (1 ,) is a injective (reps. projective) cofibration in
Arr(A); therefore its image by the left Quillen functor Y; is a cofibration in C. O

Proof of Theorem 2.7. The hypotheses of the theorem allow us to consider the left Bousfield
localization with respect to the set Kr;,; (see Barwick [8] and Hirschhorn [40]). Then thanks
to Proposition 2.26 every element in Ky;,; is a cofibration and a weak equivalence, thus a new
trivial cofibration. It follows that for any fibrant object ¢ in this new model structure the unique
map ¢ — * in C must be Y;(ag , )-injective for every ¢ € I. And by adjunction we find that the
map T;(c) — * in Arr(.#) is ag ,-injective and T;(c) is a trivial fibration by Lemma 2.22. In
particular for every i € I, T;(c) is a weak equivalence (between fibrant objects), thus ¢ satisfies
the generalized Segal conditions. O

Proof of Theorem 2.9. The proof is the same as in the injective case. Consider the left Bousfield
localization with respect to the set Kiy,,,;. Then thanks to Proposition 2.26 every element in
Ki,,,; is a cofibration and a weak equivalence, thus a new trivial cofibration. It follows that for
any fibrant object ¢ in this new model structure the unique map ¢ — * in C is a fibration and
must be Y;((1 , )-injective for every i € I. By adjunction we find that the map 7;(c) — * in
Arr(A) is (1 ,-injective, and it is a level-wise fibration because 7; is right Quillen (it preserves
the fibrations). Then 7;(c) is a weak equivalence by the HELP Lemma 2.24. In particular for
every i € I, T;(c) is a weak equivalence (between fibrant objects), thus c satisfies the generalized
Segal conditions. O

3. Quillen-Segal algebras

3.1 Comma categories. We recall here some definitions and properties on comma categories.
These results are well known in Category Theory (see for example [23, 68, 88]). We include some
of them for completeness.

Definition 3.1. Let U : &/ — .# be a functor. The comma category (A | U) is the category
described as follows.
1. Objects are triples [F| = [Fo, F1,7r : Fo — U(F1)] € A X of xArr(A)
2. Given two objects [F| = [Fo, Fi,7r| and [G] = [Go, G1, g, a map o : [F] — [G] is a pair
o = [og,01] € Hom 4 (Fo,Go) x Hom (F1,G1) such that we have a commutative square in

M
Fo—2 G
‘ﬂ-}— l«wg
U(o
uF) —2 L yG)
That is:

Hom(///w)([}"], [g]) = {[0’0,0’1] c Hom,///(]-"o,gg)xHom,Q{(}"l,gl) ‘ TGoop = U(O'l)oﬂ']:}

We have three obvious functors:
o Ily: (A | U) — A, with II§([F]) = Fo;
o Iy : (A | U) — o, with II;([F]) = Fu;
o lpy: (A LU) — Arr( M), with TTp,([F]) = 7r.
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3.2 Quillen-Segal algebras and objects. We are now able to formulate the definition of
Quillen-Segal algebras and Quillen-Segal objects.

Definition 3.2. Let .# be a model category and let U : &/ — .# be a functor. An object
[F] = [Fo, F1,7r] € (A L U) is a Quillen-Segal U-object if [F] satisfies the Segal condition, that
is, if mF : Fo — U(F1) is a weak equivalence in .7 .

Definition 3.3. Let .# be a model category and let O be a monad on .# or an operad enriched
over ./ . Denote by & = O-Alg(#) and by U : of — . the forgetful functor. A Quillen-Segal
O-algebra is a Quillen-Segal U-object [F| = [Fo, Fi,7r] € (A | U).

In the previous definition, O is not restricted to be a monad or an operad. Indeed, O can be
a PROP, properad, cyclic operad etc. These objects can be viewed themselves as algebras over
some monad O’ defined on another category .#' (see [69, 100, 104]). Moreover if we fix such an
“operator-object” O, its category of algebras with coefficient in .#, is equivalent to the category
of algebras of a monad defined on another category .#’, where .#’ is in many cases a product
of copies of .# (see for example [39]) or more generally a diagram category Hom(C, .Z).

3.3 Examples of Quillen-Segal algebras

Example 3.4. Let (X, %) be a pointed space. Denote by Q. (X) its loop space and by QM (X) its
Moore loop space. As shown in Carlsson-Milgram [25, Proposition 5.1], £,(X) is a deformation
retract of QM (X). In particular the inclusion Q,(X) < QM (X) is a homotopy equivalence, thus
a weak equivalence. The Moore loop space is a topological monoid, thus an O-algebra for the
associative topological operad Ass. So if we equip Q. (X) with the map Q. (X) — QM (X) we get
a Quillen-Segal Ass-algebra. Finally we know from Stasheff [90] that Q. (X) is an A .-algebra.

Example 3.5. Let A be a dg-algebra over a ring R and let H*(A) bet its cohomology R-module.
If H*(A) is a free R-module, for example if R is a field; then we can define a cycle representative
map H*(A) — A, and this map becomes a quasi-isomorphism of complexes, if we endow H*®(A)
with zero differentials. In this case H*(A) equipped with the previous map defines a Quillen-Segal
dg-algebra. Just like in the previous example for loop spaces, it has been shown by Kadeishvili
[52] that H®(A) carries an A -structure if A is graded by the non negative integers.

The clear analogy between the linear and non linear case suggests that there is a more general
picture when we consider a general operad O other than the associative operad Ass. Moreover,
there should be an operad Oy, playing the role of A .

Remark 3.6. The definition of Quillen-Segal algebras makes sense in any category equipped
with a class of morphisms called weak equivalences.

4. Properties of comma constructions

We give here the required definitions and properties on comma categories that are necessary to
deploy the homotopy theory on (.Z | U). Most of the material is classical in category theory
and many results are straightforward.
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Notation and Hypotheses

1. U : o/ — M is a functor that will be in general a right adjoint.

2. Myl) = (A | U) and both notations will be used when some clarity is needed. Espe-
cially when we want to outline the presence of the category <.

3. F: . # — & will denote a left adjoint to U when it exists.

4. The notation [F] (with square bracket) denotes an object of (.# | U). We will freely use
it from now on and in particular throughout Section 5.

5. The categories o7 and .# will be in general complete and cocomplete and sometimes locally
presentable but we will mention these hypotheses explicitly.

4.1 Embedding. A direct consequence of the definition is the following:

Proposition 4.1. We have a functor v : &f — My /] defined as follows.
1. For P € o, (P) = [U(P), P, Idyp)]-
2. The functor v takes a map 0 : P — Q of </ to the map (0) = [U(0),0].
3. The composite I1j ov is the identity. In other words of is a retract of My 7] in the category
Cat of small categories.
4. The functor v is injective on objects and we have an isomorphism of hom-sets

Hom,, (P, Q) = Hom, 4, ) (¢(P), (Q))
In particular the functor v : o — My ] exhibits 7 as a full subcategory of My |<].

Proof. The fact that ¢ is injective on objects is clear since P appears alone in [U(P), P, Idu(']))].
On morphisms we have L<91) = L(92) <~ [U(Go),eo] = [Z/[(@l),gl] =4 91 = 92 and U(eo) = Z/[(Ql),
which means that ¢ is also injective on morphisms (= ¢ is faithful). Let us now show that ¢ is
also surjective on morphisms (= ¢ is full). If o = [0, 01] is a map in #[<7] from (P) to ¢(Q),

we have

Idy(g) o0 = U(01) o Idy(p) < 00 =U(01) & 0 = [U(01),01] = t(01)
with o1 : P — O. O
4.2 Arrow-category as comma category. Recall that I = [0 — 1] is the walking-

morphism category and therefore Arr(.#) is the functor category Hom(I, .#). If we put together
this fact and the previous definition of comma category we get the following obvious results.

Proposition 4.2. LetU : 4 — M be the identity functor. Then the following hold.

1. The category of morphisms Arr(.#) is isomorphic to the comma category Myl H] =
(A L U). And the functor Uap : (M L U) — Arr(A) is an isomorphism.

2. The category of morphisms Arr(#) is isomorphic to the functor category Hom(I, #).

3. The functor Iy : My M) — M is the source-functor and corresponds to the evaluation
functor Evy : Hom(l, #) — A .

4. The functor 11y : My H#) — A is the target-functor and corresponds to the evaluation
functor Ev; : Hom(I, #) — A . O

If we apply Proposition 4.1 for the functor U = Id_, then .#[.#] is the category of Arr(.#).
In particular one gets the following results that can also be found in Hovey [43, Lemma 1.1].

Proposition 4.3. Let .# be any category. Then the following hold.
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1. We have an embedding 4 : M — Arr(#) which takes an object X € M to the identity
Idx, and a morphism f : X — X' to the map Idx — Idxs whose components are both
equal to f.

2. The functor v 4 is left adjoint to the functor Evy : Arr(M) — M. We will denote by
Lo=1y.

3. If there is an initial object ) € A, then the functor Evy : Arr(.#) — M has also a left
adjoint Ly : M — Arr(#). We have L1(X) =0 — X.

4.3 Adjunctions, limits and colimits

4.8.1 Adjunctions. We give here the adjunctions that will be needed to get the various model
structures on our comma category. The constructions and the results that will follow are also
classical in category theory. We include the proof for completeness. Recall that we have an
embedding ¢ : &/ — M|/ and a functor I, : 4 [o/] — </. Our goal in this section is to
establish the following theorem.

Theorem 4.4. LetU : &/ —> A be a functor. With the previous notation the following hold.

1. The functor 11y : My|] — < is left adjoint to the embedding v : o/ — My[</]. In
particular of is equivalent to a full reflective subcategory of My [<].
2. The functor 11y : My /] — < has also a left adjoint Ly : o — My|<f] with L1(P) =
0,P,0 — U(P)], where ) — U(P) is the unique map.
3. If furthermore U has a left adjoint ¥ : . # — <f , then
(a) The functor M apy : My | — Arr(A) has a left adjoint

U Arr( M) — My ]

(b) The functor Uy : My|o) — M has a left adjoint ¥ : M — My [o] such that the
composite II; o FT is the functor F.
We have FT™ =T o Ly.

Proof. Assertion (1) is the content of Proposition 4.5. Assertion (2) can be easily verified.
Assertion (3) is given by Proposition 4.7 and Proposition 4.8. O

Proposition 4.5. LetU : o/ — M be a functor. Then the functor v : of — Myl is right
adjoint to the functor 11y : My|/] — <. In particular &7 is equivalent to a full reflective
subcategory of My|].

Proof. Let [F] be an object of .#4[</] and P be an object of .&7. We wish to show that we have
a functorial isomorphism of hom-sets :

Hom,, (IT; ([F]), P) = Hom 4, () ([F], «(P))

Recall that II; ([F]) = F1 and that by definition a map o = [09,01] : [F] — ¢(P) consists of
two maps o9 € Hom 4 (Fo,U(P)) and o1 € Hom/ (Fi, P) such that :

Idypyooo =U(01) o TF <= 09 =U(01) o T <= 0 = [U(01) o T, 01].
It follows from the above equivalence that the function

¢ : Hom (F,P) — Hom/ﬂu[ﬂ]([]—"], t(P)),
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defined by ¢(01) = [U(01) o mr,01] is surjective. The presence of o1 alone in the pair [U(oq) o
7r,o01] implies that ¢ is also injective. Therefore ¢ is an isomorphism as required. The functo-
riality in both variables [F] and P is clear. O

Proposition 4.6. With the previous notation the following hold.
1. For any [F| € My|<], the unit ni([F]) : [F] — (L1 ([F])) of the previous adjunction is
given by the pair [tr,1d £ ].
2. For any P € o the counit e1(P) : II1(«(P)) — P of the adjunction is the identity.

Proof. Clear. O

Proposition 4.7. Let U : of — # be a functor that possesses a left adjoint ¥ : . # — o .
Let n:1d_y — UF be the unit of this adjunction. Then we have a functor

U Arr( M) — My|]

defined as follows.

1. If f: Xo — Xq, then T'(f) = [Xo, F(X1),nx, o f] with nx, : X1 — UF(X})

2. Ifg: Yo — Y1 and a = (o, 1) : f — g is a map in Arr(A), then T'(a) = [ag, F(aq)].
In particular

o IIH(T'(f)) = Xo, Hp(T'(a)) = ap

o IL(T'(f)) = F(X1), IL(T(a)) = F(a)

o 114 (D(f)) =nx,0f: Xo — X1 — UF(Xy)

Proof. For the second assertion it suffices to show that we have an equality
Ny, © goag=UF(a1)onx, o f.

We get this equality by observing that the naturality of n : Id_y — UF and part of o being a
map in Arr(.#) imply that all three squares below are commutative.

Xo— L x, X, —M Ly Xo— 1 x,
J{’V]X 0 ‘/UX 1 ‘/WX 1 ‘/UYl lao ‘/a 1
UF UF (a
Ur(xo) Y urxy) ur(x) LE yR(v) Yo—2 vy
Thus we get
Ny, ©g oy =Ny, ©(goap)
=1y, © (ar0 f)
= (v, 0can)o f
= (UF(a1) onx,)o f O

We are now able to establish the following adjunction.

Proposition 4.8. The functor T' : Arr(#) — My is left adjoint to the functor M. :
My — Arr(MA).
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Proof. The proof is tedious but straightforward so we shall give an outline of it. Let f: Xg —
X1 be an object of Arr(.#) and let [G] = [Go,G1,7g| be an object of .#[</]. We wish to
establish that we have a functorial isomorphism of hom-sets:
Hom 4,1 (L'(f), [9]) = Homaw(z)(f, 7g)
We define a function ¢ : Homa,( ) (f, 7g) — Hom, 4,1 (L(f), [G]) as follows.
o Let a: f — mg a map in Arr(.#) displayed by the commutative square:

Xg ————Go
Pl
X1 = U(G1)
From the adjunction F 4 U there is a functorial isomorphism of hom-sets:
o0 : Hom_,(X1,U(G1)) =N Hom, (FX1,G1)

e Consider p(aq) : F(X1) — G, the adjoint transpose of o : X1 — U(Gy).

o We define ¢(ar) = [ap, o(av1)] € Hom 4 (Xo,Go) x Homy (FX1,G).
Let us check that the pair ¢(a) = [ap, o(v1)] defines indeed a morphism in .#[<7], that is, we
must prove that we have an equality: U(o(cv1)) o anI'(f) = 7g oau.
By definition, I1z,,I'(f) = nx, o f and from the adjunction F 4 U, we have:

a1 = U(e(n)) o nx, -
Putting all together we have a diagram in which everything commutes:

«Q

Xo Go

YFU)
f g

F(X
yu ( 1) U(o(at))
X, - UGr)

The inner commutative square gives a map Ila.I'(f) — mg in Arr(.#). This means that
¢(@) = [ao, o(a1)] is a map in .|/ ].

This function is clearly an injection since g is an isomorphism, and we have an inverse function
¢! that takes a map o = [0g,01] : I'(f) — G to the map

¢~ (o) = [o0. 07 (o1)] : f — 7g. O
Let us now put together the various adjunctions and see how they interact.

Proposition 4.9. LetU : of — M be a functor. Then the following hold.

1. We have a commutative diagram.
of ————— My ]

I
‘u 0 lﬂ A

M pEL Arr(A)
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2. If moreover U has a left adjoint ¥ : M — < then we have a commutative diagram of left
adjoints functors.

o |
/I\F Ft )lkr

M G RN Arr(A)

With F+ =To Lo.

4.8.2  Limits and colimits. Given a diagram D : J — .#[</]| we have three induced diagrams:
e Dy=1y(D): J — A
° D1:H1(D):j—>@7
o mp =lan(D): T — Arr(A).
For every j € J we have D(j) = [Dy(j), Do(j), 7p(j)]. Our goal here is to see how we compute
limits and colimits in the comma category .#y[</| .= (A | U).

Proposition 4.10. Let U : &/ S # : F be an adjunction between complete and cocomplete
categories. Then with the previous notation the following hold.

1. There is an induced map
Teolim : colim Dy — U (colim D)

in A, and the triple [colim Dy, colim D1, Teolim| equipped with the obuvious maps is the
colimit of the diagram D : J — My|<].
2. As the functor U preserves limits, there is also an induced map

Tlim - lim D() — Z/{(hm Dl)

in M, and the triple [lim Dy, lim Dy, ] equipped with the obvious maps is the limit of
the diagram D : J — My|].
The category My [<f] is also complete and cocomplete.

An immediate consequence is that:

Corollary 4.11. 1. The functors Iy : My|/| — A and 11y : My|o/] — <o preserve
limits and colimits. In particular they preserve pushouts.
2. The functor I gpy : My (| — Arr( M) preserves limits.

In other words the functor (Ilp,I1y) : Ay [o/] — A x </ creates limits and colimits (see [64]).

Proof. For every j € J denote by €1(j) : D1(j) — colim D; the canonical map in &/ going to
the colimit and consider its image U(e1(7)) : U(D1(j)) — U(colim Dy). Then the maps

{U(e1(4)) omp(4) : Do(j) — U(colim D1)} ez

determine a natural transformation from Dj to the constant diagram of value U(colim Dy).
Indeed, for every structure map [ : j — 7' in J we can apply the functor U to the equality

€1(j) = e1(j") o D1 (1) and get:

U(er(j)) = U(ex(§") oU(D1(1)).
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Moreover, we also have a commutative diagram in .4:

N0 .
Dy (j) ——— Do(j")

lm () le (")
u u

u(D1 () L2 0oy (1)

Using the universal property of the colimit of Dg, we find a unique map

U U(colim Dy)

Teolim : colim Dy — U (colim D)

that makes everything compatible. If we write () : Do(j) — colimD; for the canonical map
in ./ going to the colimit, then the pair [eg(j), €1(j)] determines a map in .#[</|:

[Do(j), Do(j), WD(])] — [COlil’n DQ, colim Dl, Wcolim]'

It is tedious but straightforward to check that [colim Dy, colim D1, Teolm] equipped with these
maps satisfies the universal property of the colimit of the diagram D. This proves Assertion (1).

For Assertion (2) we proceed in a dual manner using the fact that & preserves limits like any
right adjoint functor. Using this, we know that ¢(lim D;) equipped with the obvious maps is
the limit of the diagram U(Dy). Let po(j) : lim Dy — Dy(j) be the canonical projection so that
for every structure map [ : j — j' we have po(j') = Do(l) o po(j). Applying U to this equality
yields:

U(po(3") = U(Do(1)) o U(po(j))-

Then the maps: {mp(j) o po(j) : im Dy — U(D1(j))}jes, determine a natural transformation
from the constant diagram of value lim Dy, to the diagram U(D;).
By the universal property of the limit /(lim D) we find a unique map

Tlim - lim DO — Z/{(hm Dl)

that makes everything compatible. In particular for every structure map [ : 5 — 5’ we have a
commutative diagram:

po(j) Do(l)

lim Dy » Do(4) Do(j")
Tlim ‘WD(j) ‘/ﬂ'D (4"
M U(p1(j U(D:L (1
U(tim Dy) U () B UDI ()

It is not hard to check that the object [lim Dy, lim Dy, 7y, equipped with the maps defined by
the maps

[po(5), p1(5)] + [lim Do, lim Dy, mim| — D(j)
satisfies the universal property of the limit for the diagram D. O

4.8.8  Accessibility of comma categories

Note. We list below some technical results on locally presentable categories. Good references
on the subject include |1, 26, 64].
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Proposition 4.12. Let U : of — # be an accessible functor between accessible categories.
Then the category Ay = (M | U) is also accessible.

Proof. This is a special case of Theorem 2.43 in the book of Adamek and Rosicky [1] for the
comma category Id , | U = A< ]. O

Corollary 4.13. Let U : of = A : F be an adjunction between locally presentable categories.
Then the category #[</] is also locally presentable.

Proof. With the previous result we know that .#,[</] is an accessible category. So it remains
to show that .#][<7] is also cocomplete. But this is given by Proposition 4.10. O

5. Injective and projective model structures

We are now able to set up the material that is needed to develop a homotopy theory on our
comma category (.# | U). We will work under the following the hypotheses.

Hypotheses
1. & and .# are two general model categories.
2. U: o — A is a right Quillen whose adjoint left Quillen functor is F : . #4 — &/
3. We will mention explicitly when &7 and .# are cofibrantly generated (resp. combinatorial)
model categories. We assume this in Section 5.5.2 and Section 5.5.4.
4. We will also require .# to be tractable as in [8], when we will localize the projective model
structure; but this will be mentioned explicitly as well.

5.1 Detecting the Segal conditions for comma categories. Consider the adjunction
Oay ¢ My = Arr(A) : T given in Proposition 4.7.

Definition 5.1. Define the injective localizing set Ky , = {I'(o)}ic1, = I'(a1 ,) as the
image of ag , under the left adjoint I'".

An immediate consequence of Lemma 2.22 is:

Proposition 5.2. In the category My |<f| the following hold.

1. An object [F| = [Fo, F1,7r] is Kr-injective, that is [F] — * has the RLP with respect to
Ky, if and only if, the map mr : Fo —> U(F1) is a trivial fibration in A . In particular
[F] satisfies the Segal condition.

2. For any P € o, (P) = [U(P), P, 1dy(p)] is Ki-injective.

Proof. We proceed by adjunction. [F] — * has the RLP with respect to K, if and only if, the
map 7r : Fo — U(F1) has the RLP with respect to ag, if and only if 7r is a trivial fibration,
thanks to Lemma 2.22. This gives the first assertion. The second assertion is clear since every
identity morphism is a trivial fibration. O

Definition 5.3. Let .# be a tractable model category. Define the projective localizing set
Krpr0; = {I'(¢) Vier, = T'(¢1,) as the image of (1 , under the left adjoint T'.

The following proposition will be used for the projective model structure.
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Proposition 5.4. Let .# be a tractable model category. Let [F| = [Fo, F1,7x] be an object in
the category My|</] and assume that:

1. [F] is Kippoj-injective, that is [F] — * has the RLP with respect to Kippe;;

2. wF is a map between fibrant objects i.e, the unique map [F|] — * is a level-wise fibration.

Then [F] satisfies the Segal conditions, that is, mr is a weak equivalence.

Proof. Just proceed by adjunction with Lemma 2.24. O

5.2 Injective and projective model structures on .#,[<7]. Let us consider a right Quillen
functor U : of — A that possesses a left adjoint F : .# — /. We are going to mimic
Hovey’s result and have an injective model structure on .#y[</| := (# | U), such that
when U = 1d_,, we recover Hovey’s theorem. Stanculescu [88] and Toén [96] considered similar
model structures on the (equivalent) category (F | <7).

Recall that from the adjunction F 4 U there is a functorial isomorphism of hom-sets

o : Hom,_ (Fo, U(F1)) = Hom,y (F(Fo), F1).

Then if o = [09,01] : [F] — [G] is a map in .#[<7] we have two commutative squares that are
mutually adjoint:

F(o0)

Fo—2 Gy F(Fo) F(Go)
‘wf lrrg < Jg(w) l@(vrg)
uF) —2" L uGy) F— 7 g

Definition 5.5. Let o : [F] — [G] be a map in .#y[</]. With the previous notation we will
say that:
1. 0 is a injective (trivial) cofibration if o( is a (trivial) cofibration in .# and o is a
(trivial) cofibration in 7.
2. o is a level-wise weak equivalence (resp. level-wise fibration) if:
e 0y is a weak equivalence (resp. fibration) in .Z and
e 0 is a weak equivalence (resp. fibration) in 7.
3. o is an injective (trivial) fibration if:
e 01 : F1 — Gy is a (trivial) fibration in 7 and
e the induced map Fo — U(F1) Xy (g,) Go is a (trivial) fibration in .Z.
4. o is a projective (trivial) cofibration if:
e 0o :Fyp — Gp is a (trivial) cofibration in .# and
e the induced map F; UFF0) F(Gy) — Gy is a (trivial) cofibration in 7.

We need the following result to establish the Reedy model structure. The proof is straightforward
but we include it for completeness.

Lemma 5.6. Let U : of — M be a right Quillen functor. Then a map o : [F] — [G] is an
jective trivial fibration if and only if it is an injective fibration and a level-wise weak equivalence.

Proof. To prove the only if part, it suffices to show that o is a level-wise weak equivalence. If
o = [0p,01] is an injective trivial fibration, then o is a trivial fibration in 7 by definition, and



82 Bacard, Higher Structures 4(1):57-114, 2020.

therefore U(oy) is also trivial fibration in ./, since U preserves trivial fibrations. Now in any
model category, trivial fibrations are closed under pullback, and we see that the canonical map
p:U(F1) X UGL) Go — Go is also a trivial fibration. The other part of being an injective trivial
fibration means that the map Fo — U(F1) xyg,) Go is a trivial fibration. The map oy is the
composite the previous map followed by the map p, and both are trivial fibrations, thus oy is
a trivial fibration as well. In the end o; and oy are trivial fibrations in the respective model
categories, in particular each of them is a weak equivalence.

For the if part, we simply need to show that the map Fo — U(F1) Xyg,) Go is a weak
equivalence since it is already a fibration. The argument is based on the 3-for-2 property of weak
equivalences in .. Indeed, assume that o = [0, 01| is an injective fibration and a level-wise
weak equivalence. Then o1 is a trivial fibration in </ by definition, and therefore U(o1) and then
its pullback p are also a trivial fibrations. As mentioned above, we have a factorization o as the
map Fo — U(F1) Xyg,) Go followed by the map p : U(F1) Xy(g,) Go — Go- Since o¢ and p are
weak equivalences, then by 3-for-2, the map Fo — U(F1) Xy(g) Yo is also a weak equivalence
as desired. O

The dual statement is:

Lemma 5.7. A map o : [F| — [G] is a projective trivial cofibration if and only if it is a
level-wise weak equivalence and a projective cofibration.

The proof is dual to the previous one so we just need to adapt it.

Proof. To prove the only if part, it suffices to show that o is a level-wise weak equivalence. If
o = |og,01] is a projective trivial cofibration, then oq is a trivial cofibration in .# by definition,
and therefore F (o) is also trivial cofibration in 7, since F preserves trivial cofibrations. Now
in any model category, trivial cofibrations are closed under cobase change. It follows that the
canonical map ¢ : F; — F UF(F0) F(Go) is a trivial cofibration in 7. The other part of being a
projective trivial cofibration means that the map F; UF(0) F(Gy) — Gy is a trivial cofibration.
The map o1 is the composite of the map ¢ followed by the previous map, and both are trivial
cofibrations. Then o is a trivial cofibrations as well. In the end oy and o7 are trivial cofibrations
in the respective model category, in particular each of them is a weak equivalence.

For the if part, we simply need to show that the map F; UF(0) F(Gy) — G is a weak
equivalence since it is already a cofibration. The argument is also based on the 3-for-2 property
of weak equivalences in 7. Indeed, assume that o = [0g,01] is a projective cofibration and a
level-wise weak equivalence. Then oy is a trivial cofibration in .# by definition, therefore F(og)
and its cobase change ¢ are also a trivial cofibrations in /. As mentioned above, we have a
factorization o7 as the map ¢ followed by the map F; UF (o) F(Gy) — Gi. Since o7 and ¢ are
weak equivalences, then by 3-for-2, the map

FLUFF) R (G)) — G

is also a weak equivalence as desired. O

5.3 Factorizations. We generalize here to comma categories the necessary factorizations that
are required to get the Reedy model structure. We simply follow the classical method.
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5.8.1 Injective factorizations

Proposition 5.8. LetU : o/ — A be a right Quillen functor. Then with the previous definition
the following hold.
1. Any map o : [F] — [G] can be factored as an injective cofibration followed by an injective
trivial fibration.
2. Any map o : [F] — [G] can be factored as an injective trivial cofibration followed by an
injective fibration.

If we decide to prove each assertion separately, this will be very long. So we will use a
generic language of (weak) factorization systems (see for example [81]). In any model category
we have two weak factorizations systems (cof,fib %) and (cof N#,fib), where cof, fib and
W are respectively the classes of cofibrations, fibrations and weak equivalences. Then we have
two different factorization systems (£, %) on & and (£ 4, % ) on A that determine the
model structure on each model category. The functor U is such that U(%Z.,) C Z. 4 for each of
the corresponding factorization systems.

Proof of Proposition 5.8. Let 0 = [0¢,01] : [F] — [G] be a map in .#y[</]. Use the axiom
of the model category & with respect to the factorization system (£, Z.s) to write o1 as
o1 =r(o1)ol(oy):

o l(o r(o
.7:1—1>91=.7:1'(1) By (01)

gl)

with r(01) € Z and l(01) € L. The image under U of this factorization, gives a factorization
U(o1) =U(r(o1)) cU(l(o1)), with U(r(01)) € Z.y since U(Zoy) C Xy -
Form the pullback square in .# defined by the pullback data:

U(r(a1))

U(Ey) UG < Go,

and let p1 : U(E1) Xu(gy) 9o — Go and pa : U(EL) Xu(g,) 90 — U(&1) be the canonical maps.
Then py € Z 4 because Z 4 is closed under pullbacks. The universal property of the pullback
square gives a unique map 0 : Fo — U(E1) Xy(g,) o, such that everything below commutes.

g0

\ /go

U(E1) Xy(g,) Go

Now we use the factorization system (£ 4, %.4) to factor the map J:

1(6) r(6
§ : Fo — U(E1) Xy(gy) Go = Fo — mq O s u(ey) Xu(g1) 90

with 7(0) € Z.4 and 1(0) € L 4. Let [E] = [&o, £1, me] be the object of 4« defined by
& =mo, & =E1, me=pror(d).

We have a map (o) : [F] — [€] given by the pair [I(6),l(01)] € Ly X Ly, and a map
r(o) : [€] — [G] given by the pair [py o r(d),7(01)], with [r(d),r(0o1)] € Z 4 X #. such that
o =r(o)ol(c). This gives the assertions. O
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5.8.2  Projective factorizations

Proposition 5.9. LetU : of — M be a right Quillen functor. Then with the previous definition
the following hold.
1. Any map o : [F] — [G] can be factored as a projective cofibration followed by a projective
trivial fibration.
2. Any map o : [F] — [G] can be factored as a projective trivial cofibration followed by a
projective fibration.

Proof. Consider a factorization system (£, Z.s) on & and a factorization system (£ 4, % z)
on . such that U( %) C Zy and ¥F( L 4) C ZLy. Let 0 = [00,01] : [F] — [G] be a map
in #[</]. Use the axiom of the model category </ with respect to the factorization system
(Lo, Zoy) to write og as og = r(og) o l(op):

o l(o0) r(o
Fo 2% Go = Fi — myg (70) Go,

with r(og) € Z. 4 and l(0g) € £ 4. The image under F of this factorization, gives a factorization
F(oo) = F(r(og))oF(l(00)), with F(l(00)) € L since F(Z 4) C £. Form the pushout square
in o7 defined by the pushout data

71 &) pry) EEO B,

and let iy : F; — Fy UF(Z0) F(Go) and i1 : F(mg) — Fi UF(F0) F(Gy) be the canonical maps.
Then iy € £,y because Z,, is closed under pushouts. The universal property of the pushout
square gives a unique map

¢:F UF(]:O) F(mo) — 01,

such that everything below commutes.

F(l(00)) F(r(o0))

F () F(mo) F(G)
(51
o(rr) o(rg)
Fi UF(Fo) F(mg)

Fi / = \ Gi

Now we use the factorization system (%, Z.s) to factor the map (:

! r
0 ]:1 UF(]:O) F(mo) — gl = ]:1 UF(‘FO) F(mo) < “) E1 ©

g1,
with 1(¢) € 2.y and #(¢) € Zuy. Let [€] = [En, &1, 7¢] be the object of .#y[</] defined by
& =mo, & =E1, me=0 '(I(Q)oi1) € Hom 4 (mo,U(EL)).
We have a map 1(o) : [F] — [€] given by the pair [I(50), 1(C) oia], with [[(c0), ()] € Ly X Loy,

and a map r(0) : [£] — [G] given by the pair [r(0g),7(()] € Z. 4 X Xy ; such that o = r(0)ol(0).
This gives the assertions. O
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5.4 Lifting properties. On the model category o/ we will use here again the generic notation
(Lo, %) for both factorization systems. Similarly we will denote by (£ 4, Z.4) both factor-
ization systems on .#. In both cases we have U(Z) C Z. 4 and F(L 4) C L. Recall that
o = [00,01] : [F] — [G] is an injective (trivial) cofibration in .#[/] if [00,01] € Ly X L.
Moreover, 8 = [Bo, 1] : [P] — [Q] is an injective (trivial) fibration if [J, 51] € £ 4 X £y, where
§:Po — U(P1) Xy(g,) Qo is the induced map.

5.4.1 Injective lifting properties

Proposition 5.10. Let U : &/ — A be a right Quillen functor. Then with the previous
definitions the following hold.

1. Any lifting problem defined by an injective cofibration and an injective trivial fibration has
a solution.

2. Any lifting problem defined by an injective trivial cofibration and an injective fibration has
a solution.

Proof. The proof is the same for both assertions by considering the appropriate factorization

[00,01]

system on o/ and .#. Consider a lifting problem in .#[</]| defined by ¢ : [F] —— [G] and

B [P] LI [Q] as follows.

7] [P]
(00701)‘/ ‘/(50751)
t (vo,m) Q]

The image of this lifting problem under II; : .#[</] — </ is a lifting problem defined by o
and B1. Therefore if [o1,81] € Ly X Z.y, then there is a solution s; : G — Py of this lifting
problem in /. Then by functoriality of U, the map U(s1) is a solution to the induced lifting
problem defined by U(c1) and U(S1) in 4. Part of U(s;) being a solution gives an equality
U(y1) =U(B1) oU(s1). Moreover, [y] = [y0,71] being a morphism in .#[<7] gives the equality
To oY = U(71) o Tg.

Now consider the map U(s1) o m1g € Hom 4 (Go,U(P1)) and the map v9 € Hom (G, Qo).
Then by the above, it is not hard to see that these maps complete the pullback data

UPy) MU(QO <29

into a commutative square (mg oy = U(S1) oU(s1) o mg). Therefore, by the universal property
of the pullback square there is a unique map: ¢ : Go — U(P1) xy0,) Qo, making everything
compatible. In particular vy and U(s;) o mg factor through (.

Our original lifting problem in .#,][.<7] defined by [o] and [5] is represented by a commutative
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cube in .. If we unfold it, we find that everything commutes in the diagram hereafter:

/U(Ql)

U(G)

Thus we get a commutative square which corresponds to a lifting problem defined by the map
oo : Fo — Go and the map & : Py — U(P1) Xy(0,) Qo

Fo L'P@

Go ——UPL) xuiar) Qo

Now it suffices to observe that this lifting problem has a solution if and only if our original lifting
problem has a solution. Indeed, if sy : Gy — Py is a solution to the previous lifting problem,
then we have map [s] = [so, s1] : [G] — [P] that is a solution to the original problem. Conversely
given a solution [s| = [so, s1] : [G] — [P] to the original lifting problem , then the component
S0 : Go — Py is a solution to the lifting problem defined by oy and § : Py — U(P1) Xu(Qr) Q.
Finally, it is clear that the lifting problem defined by oy and ¢ has a solution sg € Hom_,(Go, Po),
since [00,0] € Ly X B 4. O]

5.4.2  Projective lifting properties

Proposition 5.11. Let U : &/ — A be a right Quillen functor. Then with the previous
definitions the following hold.
1. Any lifting problem defined by a projective cofibration and a projective trivial fibration has
a solution.
2. Any lifting problem defined by a projective trivial cofibration and projective fibration has a
solution.

Proof. We proceed in a dual manner to the proof of Proposition 5.10 with the same notation
for both factorizations systems on &/ and .#. Consider a lifting problem in .#[</| defined by
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o [F] Lo, [G] and 3 : [P] 1ol [Q] as follows.

(60791)

7] [P]
(00701)l ‘/(50751)

The image of this lifting problem under Ily : .#[</| — .# is a lifting problem defined by
oo and fy. Therefore if [0g,So] € Luw X% 4, then there is a solution sy : Gg — Py of
this lifting problem in .#. Then by functoriality of F, the map F(sp) is a solution to the
induced lifting problem defined by F(o() and F(fy) in «/. Part of F(s¢) being a solution gives
an equality F(6p) = F(sg) o F(og). And [0] = [0y, 01] being a morphism in .#[</] gives by

F 0
adjunction a morphism o(mr) Floo)ul, o(mg) in Arr(«7). In particular we have an the equality

o(mp) o F(bp) = 61 0 o(7x).
Now consider the map F(sg) o mp € Hom(F(Gp),P1) and the map 61 € Homy (Fi,P1).
Then using the previous equalities, it is not hard to see that these maps complete the pushout

data

F(o0)

F(Go) F(F) 272 7

into a commutative square (61 o o(mr) = o(mp) o F(sg) o F(0p)). Therefore, by the universal
property of the pushout square, there is a unique map: ¢ : F; UF(Z0) F(Gy) — P1, making
everything compatible. In particular o(mg) o F(s¢) and 6, factor through &.

The original lifting problem in .#,[</]| defined by [o] and [5] is represented by adjunction
by a commutative cube in &7. If we unfold it, we find that everything commutes in the diagram
hereafter:

F(Po)

F(6o)

F(Fo)

F(so0)

o(mg)

B
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Thus we get a commutative square that corresponds to a lifting problem defined by the maps
§: Fy UFPO) F(Gy) — Gy and By : Py — QO

F1 UF(Fo) F(Gy) _ & P,

\ Fl

G ———Q
As in the injective case, it suffices to observe that this lifting problem has a solution if and only
if our original lifting problem has a solution. Indeed, if s; : G — P; is a solution to the
previous lifting problem, then we have map [s] = [sq, s1] : [G] — [P] that is a solution to the
original problem. Conversely given a solution [s] = [so, s1] : [G] — [P] to the original lifting
problem , then the component s; : Gi — P; is a solution to the lifting problem defined by
§ : F1 UFFO) F(Gy) — Gy and $;. Finally, it is clear that the lifting problem defined by & and
f1 has a solution s; € Hom,/(G1, P1), since [00,0] € Ly X Ry O

5.5 The model structures. We are able to state our theorems.

5.5.1 Injective model structure

Theorem 5.12. LetU : of — M be a right Quillen functor. Then with the previous definitions,
the following hold. There is a model structure on the category (M | U) = My <] which may be
described as follows.
o A mapo: [F] — [G] is a weak equivalence if and only if it is a level-wise weak equivalence.
o A map o: [F] — [G] is cofibration if it is an injective cofibration.
o A map o: [F] — [G] is fibration if it is an injective fibration.
We will denote this model category by My Jin;.

Proof. The class of level-wise weak equivalences clearly satisfies the 2-out-of-3 property. The
three classes of cofibrations, fibrations and weak equivalences are closed under composition and
retracts. With Proposition 5.10, Proposition 5.8 and Lemma 5.6, one can easily verify that the
axioms of a model structure hold (see for example [44, Definition 1.1.3]). O

Corollary 5.13. Let U : &/ — M be a right Quillen functor.
1. We have a Quillen adjunction I1; : My |inj = o/ < 1, where Iy is left Quillen.
2. We have a Quillen adjunction Ly : o = My |inj : 111, where Ly is left Quillen.
3. We have a Quillen adjunction I" : Arr( M )iny & My Jinj : Hary, where I is left Quillen.
4. We also have a Quillen adjunction Iy : My )i = A : T, where Ft =T o Ly is left
Quillen.
5. The functors 111 and Iy preserve the weak equivalences.

Proof. The functor Iy : #y[o/]inj — &7 preserves (trivial) cofibrations and (trivial) fibrations.
So clearly it is simultaneously a left Quillen functor and a right Quillen functor. This gives the
first two assertions.

For Assertion (3), it suffices to observe that if ¢ = [0g,01] is an injective trivial fibration
then Iz (0) = [00,U(01)] is an injective (trivial) fibration in Arr(.# )iy by definition (U being
a right Quillen functor). Therefore Iz, is right Quillen which means automatically that T' is
left Quillen.
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Assertion (4) is clear because any injective (trivial) fibration is also projective (trivial) fibra-
tion; that is a level-wise (trivial) fibration. Therefore the functor ITy preserves the fibrations and
the trivial fibrations; which means that Il is a right Quillen functor. The last assertion follows
from the definition of a level-wise weak equivalence. O

Cofibrantly generated. Let us now assume that .# and & are cofibrantly generated in the
sense of [44, Definition 2.1.17]. We will denote by I , and J 4 the respective generating sets of
cofibrations and trivial cofibrations for .#. Similarly let I, and J ., be the respective generating

sets of cofibrations and trivial cofibrations of &/. Given s : A — B € Arr(.#), we have
(

Id
introduced in Notation 2.12 a map as : s LN Idp in Arr(4).
Theorem 5.14. If o/ and .4 are cofibrantly generated (resp. combinatorial), then My |inj is
cofibrantly generated (resp. combinatorial). Moreover,
1. The set I g o); = L1(Ler) [1 (01, ) is a generating set of cofibrations in My[< Jin;-
2. The setJ g (or)i; = L1(Jr) [T (g, ) is a generating set of trivial cofibrations in My[< Jin;-

Proof. Corollary 4.13 says that the category .#4[</] is locally presentable. So we just need
to prove that it is cofibrantly generated if we want to prove that it is a combinatorial model
category.

A map o = [09, 01] has the RLP with respect to all maps in L (I,) [[I'(a1 ,) if and only if it
is simultaneously L1 (I )-injective and I'(ag_, )-injective. One the one hand, using the adjunction
Ly 411y, 0 = [00,01] is L1(Iy)-injective if and only if o is I -injective, if and only if, o is a
trivial fibration.

On the other hand, using the adjunction I' 4 Iy, o : [P]
and only if Iz, (0) = [00,U(01)] is a1 ,-injective. By Lemma 2.22, IIz(0) = [00,U(01)] is

[00,01]

[Q] is (a1, )-injective if

a1, -injective if and only if § : Py — U(P1) Xy4(0,) Qo is Lz-injective, if and only if 0 is a trivial
fibration. This gives Assertion (1). The second assertion is proved the same way. O

5.5.2  Localizing the injective model structure. Recall that the functor Il; : #y|o/] — o
preserves the weak equivalences. Let # 4 [ be the class of level-wise weak equivalences and let
W, be the class of weak equivalences in 7. Denote by #7, = II; 1 (#,,). Clearly Y i) € YL

Definition 5.15. Elements of #7, will be called new weak equivalences.

Proposition 5.16. For anyi € I 4, I'(oy) is an injective cofibration and a new weak equivalence.

Proof. If 1 : U — V, then «a; : ¢ M Idy is an injective cofibration in Arr(.#) whose

components are ¢ and Idy. Then I'(«a;) : T'(4) )], I'(Idy) is an injective cofibration in
My |27 ] whose components are i and F(Idy ), by definition of I" (see Proposition 4.7). II1 (I'(a;)) =

F(Idy) is an isomorphism, thus a weak equivalence, and
Iy (T(ay)) € #y = () € Iy Y Hy) = W1 O

We are now in the situation of Smith’s theorem to localize the injective model structure to
get a model structure on .#,[</], with the class of new weak equivalences #7 and the same
generating set of cofibrations I 4 [c),,.- We will use Smith’s theorem and its consequences that
can be found in Beke [12, Theorem 4.1, Proposition 4.2, Proposition 4.4].



90 Bacard, Higher Structures 4(1):57-114, 2020.

Theorem 5.17. Let U : of — A be a right Quillen functor between combinatorial model
categories.
1. The data (I g (o),;0 #1) define a combinatorial model structure on My|</] that will be
denoted by My ;T and which may be described as follows.
e A map 0 = [0g,01] is a weak equivalence if it is in #, that is if o1 is a weak
equivalence in < .
e The cofibrations are the injective cofibrations.
o The fibrations are the maps satisfying the RLP with respect to every map that is
simultaneously a cofibration and a weak equivalence.
2. We have a Quillen equivalence I1y : .4y [Jz/hnf = o 1, where 11y is left Quillen.
3. Any fibrant object [F] = [Fo, F1,7F] in .///u[%]infr satisfies the Segal condition, that is
7w Fo — U(F1) is a weak equivalence.

Proof. Assertion (1) is a direct consequence of a result of Beke [12, Proposition 4.2|, which is itself
a consequence of Smith recognition theorem. The Quillen equivalence is given by Proposition 4.4
in Beke [12] since ¢ : & — #14]|.97] exhibits o as a full reflective subcategory and the functor
IT; preserves the weak equivalences. This gives Assertion (2).

For Assertion (3) we proceed by adjunction. If [F] is fibrant in .#[</]inj" , then the unique
map [F] — * has the RLP with respect to all trivial cofibrations. And by Proposition 5.16, all
elements of T'(ag ,) are trivial cofibrations in .#[#]i;", therefore [F] — * has the RLP with
respect to every element in I'(ag , ) i.e, [F] is I'(oq , )-injective. Now by Proposition 5.2, we know
that [F] satisfies the Segal condition (7£ is a trivial fibration) and the assertion follows. O

The following gives an explicit description of the fibrations.

Theorem 5.18. With the previous definitions we have the following.
1. The set J;/u[d]inj = J [ )img [[T(a1,) is a generating set of trivial cofibrations.

2. A map 0 : [P] loo.ol, [Q] is fibration in My |in;”", if it is an injective fibration such that
the induced map & : Po — U(P1) Xy(0,) Qo s a trivial fibration in A .

Proof. The second assertion is a consequence of the first considering the fact that a map 6 is
I'(oq , )-injective if and only if the map ¢ is I 4-injective, thus a trivial fibration in .Z ( see
Lemma 2.22).

To get the first assertion, we shall prove that cof (I s, (+),,;) N #1 € cof (Jj/lu L Of]inj)'

inj

Let o : [F] looal, [G] be an element in cof(I 4, [x),,;) N #L. Apply the small object argument to
factor o as a relative J j—/fu d]inj-cell complex followed by a J j//u [ M]inj—injective map, o = r(o)ol(o),
where r(0) = [r(0)o, 7(0)1] and I(0) = [[(0)0,(c)1]. If we look at this factorization in o7 it gives
a factorization of o1 = r(0)1 o l(0)1 with I(0); € cell(J/) and r(o); is J-injective map, thus
a fibration. By assumption o € #7, which means that o1 is a weak equivalence in & and so
is {(0)1; therefore by 3-for-2, r(o); is also a weak equivalence in 7. So we find that r(0); is a
trivial fibration i.e, 7(o) is L1 (I )-injective.

On the other hand, part of (o) being Jj@[ﬂ]mj—injective implies that (o) is in particular
I'(ar , )-injective since I'(ag ) C Jj//u [ Jing” Soin the end r(0) is I 4, (), -injective, which means
that (o) is an injective trivial fibration. The map o is an injective cofibration so it possesses
the LLP with respect to (o). Putting this together with the factorization o = r(o) o l(0), the
retract argument as in [44, Lemme 1.1.9] implies that o is a retract of I(o) € cell(Jj/{u[ Mhnj)’

thus o € COf(Jj//u[ﬂ/} ). O

/ |inj
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5.5.8  Projective model structure

Theorem 5.19. LetU : &/ — M be a right Quillen functor. Then with the previous definitions,
the following hold. There is a model structure on the category (M | U) = My |</] which may be
described as follows.
o A mapo: [F] — [G] is a weak equivalence if and only if it is a level-wise weak equivalence.
o A map o : [F] — [G] is cofibration if it is a projective cofibration.
o A map o : [F] — [G] is fibration if it is a projective (= level) fibration.
We will denote this model category by Myl |pro;-

Proof. The class of level-wise weak equivalences clearly satisfies the 2-out-of-3 property. The
three classes of cofibrations, fibrations and weak equivalences are closed under composition and
retracts. With Proposition 5.11, Proposition 5.9 and Lemma 5.7, one can easily verify that the
axioms of a model structure hold. O

Corollary 5.20. Let U : of — A be a right Quillen functor.
1. We have a Quillen adjunction Iy @ Ay |proj = & =, where 11y is left Quillen.
2. We have a Quillen adjunction Ly : & = My |proj - 11, where Ly is left Quillen.
3. We have a Quillen adjunction T' : Arr(. )proj = My |proj : Warr, where T is left Quillen.
4. We also have a Quillen adjunction Iy : My |pro;j =: FT, where BT = T o Lg is left
Quillen.

5. The functors I1y and Il preserve the weak equivalences.

Proof. The functor IT; : 4|9/ |proj — </ preserves (trivial) cofibrations and (trivial) fibrations.
So clearly it is simultaneously a left Quillen functor and a right Quillen functor. This gives the
first two assertions.

For Assertion (3), it suffices to observe that if o = [0¢,01] is a projective trivial fibration
then Iz, (o) = [00,U(01)] is a projective (trivial) fibration in Arr(.#)pre; by definition (U being
a right Quillen functor). Therefore I, is right Quillen which means automatically that T" is
left Quillen.

Assertion (4) is straightforward because by definition the projective (trivial) fibrations are
the level-wise (trivial) fibrations so clearly Il is right Quillen. The last assertion follows from
the definition of a level-wise weak equivalences. O

Cofibrantly generated. Let us now assume that .# and & are cofibrantly generated as
before. We have a similar theorem as in the injective model structure.

Theorem 5.21. If &/ and 4 are cofibrantly generated (resp. combinatorial), then My |proj
is cofibrantly generated (resp. combinatorial).
1. The set Ty (a); = L1(Xr) 11T (Lo(Le)) = LX) [IFT(I1y) is a generating set of
cofibrations in My |proj-
2. The set I g1t],0; = L1(Jer) 1T (Lo(T.ir)) = L1(Jr) [IFT(J.ir) is a generating set of
trivial cofibrations in My |pro;.-

Proof. As with the injective case, Corollary 4.13 says that the category .#,[</] is locally pre-
sentable. So it remains to prove that it is cofibrantly generated to prove that it is a combinatorial
model category.
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A map o = [0, 01] has the RLP with respect to all maps in L1 (1) [[T'(Lo(I4)) if and only
if it is simultaneously L; (I, )-injective and T'(Lo(I_4))-injective. One the one hand, using the
adjunction Ly 411y, 0 = |09, 01] is L1 (I )-injective if and only if o1 is I,-injective, if and only
if, o1 is a trivial fibration.

On the other hand, using the adjunction F* - (EvgoIlay), 0 = [00, 01] is FT(I_4)-injective
if and only if EvgIIa. (o) = 09 is I y-injective, if and only if o¢ is a trivial fibration. This gives
Assertion (1). The second assertion is proved the same way. O

5.5.4  Localizing the projective model structure. Given s : A — B € Arr(.#'), we have intro-

duced in Notation 2.15 a map (s : s N Idp in Arr(.#) and we have defined the universal

projective localizing set (1. Let Ki,,0; = I'(C1,) = {I'(G) el -
As with the injective model structure, we consider the same class #7, = II; = Y(#,) of new
weak equivalences.

Proposition 5.22. For anyi € I 4, T'((;) is a projective cofibration and a new weak equivalence.

Proof. If i : U — V', then (; : 4 M) J1 is an projective cofibration in Arr(.#) by construction
(see Proposition 2.17). The components of (; are i and jo. With the notation introduced in
Notation 2.15, T'(¢;) = T(i) X0

components are i and F(jy), since T' is left Quillen (see Proposition 4.7). II1(T'(¢;)) = F(jo)

I'(j1) is therefore a projective cofibration in .#4[</] whose

is a trivial cofibration because jg is trivial cofibration and F is left Quillen. In particular,
F(j1) =11 (T'(&)) is a weak equivalence, that is

I(T($)) € Wy < T(G) € I (W) = Wi O

As with the injective case, we are in the situation of Smith’s theorem to localize the projective
model structure, to obtain a model structure on .#,[<7] with the class of new weak equivalences
W1, and the same generating set of cofibrations I 4 o .-

Theorem 5.23. Let .# be a tractable model category and let U : of — M be a right Quillen
functor between combinatorial model categories.
1. The data (I z,(c),00;: #1) define a combinatorial model structure on .My [/] that will be
denoted by My proj” and which may be described as follows.
o A map o = [00,01] is a weak equivalence if it is in WL, that is if o1 is a weak
equivalence in < .
o The cofibrations are the projective cofibrations.
o The fibrations are the maps satisfying the RLP with respect to every map that is
simultaneously a cofibration and o weak equivalence.
2. We have a Quillen equivalence 11y : 4y [%}proj+ = o 11, where 111 is left Quillen.
3. Any fibrant object [F| = [Fo, F1,7F] in Myl |pmo;” satisfies the Segal condition, that is
7w Fo — U(F1) is a weak equivalence.

Proof. Assertion (1) is a direct consequence of Proposition 4.2 in Beke [12], which is itself a
consequence of Smith recognition theorem. The Quillen equivalence is given by Proposition 4.4
in Beke [12] since ¢ : & — #14]|.97] exhibits o as a full reflective subcategory and the functor
I1; preserves the weak equivalences. This gives Assertion (2).

For Assertion (3) we proceed by adjunction. If [F] is fibrant in .#[%]pr; " , then the unique
map [F] — * has the RLP with respect to all trivial cofibrations. And by Proposition 5.22,
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all elements of I'((1 ,) are trivial cofibrations in .#[/|po; ", therefore [F] — * has the RLP
with respect to every element in I'(¢t ) i.e, [F] is I'(¢1, )-injective. Now by Proposition 5.4, we
know that [F] satisfies the Segal condition (7 is a weak equivalence between fibrant objects)
and the assertion follows. O

Corollary 5.24. The identity functor 1d : My [ |pro;” — M| |im; " is a left Quillen functor
which is a Quillen equivalence.

Proof. It is the identity functor and we have the same class of new weak equivalences. Moreover
any projective cofibration is an injective cofibration. O

Unlike the injective model structure, it is difficult to give an explicit description of the
fibrations in general without any assumption of (left) properness on .#. We will deal with this
in a subsequent paper.

Remark 5.25. We will close this section with some observations.

1. If .# is tractable, we can show that .#[</]im;" is the left Bousfield localization with
respect I'(ag , ). Indeed, elements in I'(ag ,)) are maps between cofibrant objects so there
is no need to take a cofibrant approximation of these maps to define their image under a
left derived functor.

2. There are other model structures on (# | U) that one can get from the injective and
the projective model structures on Arr(.#) with the adjunction T' 4 II5,,. They will be
considered later.

6. Homotopy of Quillen-Segal algebras

In this section .# is a combinatorial (monoidal) model category and &7 = O-Alg(.#'). We apply
the previous material to the forgetful functor U : O-Alg(.#) — . for an operad or monad O.
If O is a properad or PROP, then we have to consider another model category .#’ and a monad
O'. For example .#' is a category of C-colored objects in .#, where C' is a set of colors (see
[39]).-

Theorem 6.1. Let .4 be a combinatorial model category and let O be an operad enriched over
A or a monad on M. Let U : O-Alg(M) — M be the forgetful functor. Then the following
hold.
1. The transferred model structure on O-Alg(M) exists if and only if the projective and the
injective model structure on My |O-Alg(A )| = (M | U) exist.
2. In the latter case there is a model structure on My |O-Alg(A)] such that:
(a) fibrant objects are Quillen-Segal O-algebras
(b) the adjunction v : O-Alg(A) S My|O-Alg(A)| : 111, is a Quillen equivalence where
¢ 1s right Quillen.

The model structure in Assertion (2) is the localization of injective model structure that does
not require .# to be tractable to impose the Segal conditions on the fibrant objects.

Proof. 1t suffices to prove Assertion (1) because the second assertion is a direct application of
Theorem 5.17 above. For this assertion, the if part is given by Theorem 5.12 and Theorem
5.19. So it remains to prove the only if part, namely that if the projective (or injective) model
structure exists on .#[O-Alg(.# )], then the transferred model structure on O-Alg(.#) exists.
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This is easy but we include the proof for the reader’s convenience. In fact, in this case, these
model structures are directly right-induced from the injective and projective model structures
on Arr(.#) through the adjunction I' : Arr(#) = Ay |O-Alg(A)] : T ayy.

By the classical argument of right-induced model structures, it suffices to show that if f :
Xo — X is an element of J 4 then any cobase of F(f) in O-Alg(.#) is a weak equivalence of
O-algebras. Consider the left adjoint Ly : O-Alg(.A4) — M1|O-Alg(.#)]. One can easily check
that L1 (F(f)) is a projective trivial cofibration (it has the LLP with respect to every projective
fibrations). Given a pushout diagram in O-Alg(.#), its image under L; is also a pushout
diagram in #[O-Alg(.#')] because L, preserves colimits (like any left adjoint). Moreover,
colimits in .#,[O-Alg(.#)] are computed level-wise, and indeed we have Iy oL1 = Ido_a1g(.)-
Since Ly (F(f)) is a trivial cofibration in .#4,[O-Alg(.# )], then any cobase change of it is a level-
wise weak equivalence, therefore any cobase change of F(f) in O-Alg(.#) is a weak equivalence
as desired. O

For the projective case we have the following result.

Theorem 6.2. Let .# be a tractable model category and let O be an operad enriched over A
or a monad on M. LetU : O-Alg(.H#) — M be the forgetful functor. Then there is a model
structure on AMy|O-Alg( A )] such that:
1. Fibrant objects are Quillen-Segal O-algebras.
2. The adjunction v : O-Alg(M) S My|O-Alg(A)) : 111, is a Quillen equivalence where v is
right Quillen.

Remark 6.3. Let ® : @' — O be a map of .#-operads. Then there is a functor ®* :
O-Alg(M) — O'-Alg(.#) that “restricts the action”. Therefore if the transfer model structures
on O-Alg(A) and O'-Alg(.#) exist, then ®* is right Quillen and according to Theorem 5.17
and Theorem 5.23 we have that:

1. The inclusion ¢ : O-Alg(.#) — (O'-Alg(A) | ®*) is a Quillen equivalence.

2. The inclusion ¢ : O-Alg(A) — (A | U) is a Quillen equivalence.

3. By 3-for-2 of Quillen-equivalences, the functor (O0’-Alg(.#) | ®*) — (A L U) is also a

Quillen equivalence.

6.1 Future applications Let us take a moment to outline some possible directions for future
applications of the theory of Quillen-Segal algebras and of Quillen-Segal structures in general.

As mentioned before, the theory of operads has its roots in stable homotopy theory with
the work of May [71| and Stasheff [90]; but nowadays it has found significant applications in
several fields of mathematics. For example commutative Frobenius algebras appear in Topolog-
ical Quantum Field Theory (see Kock [56]). In Symplectic Topology, the Fukaya category of
symplectic manifold carries an Aso-structure (see [35]). Batanin [9] and Trimble (see [61]) used
(higher) operads to define higher categories. We shall refer the reader to Loday-Vallette [63],
Markl-Shnider-Stasheff [70], Vallette [101] and the many references therein for a detailed account
on the subject.

Quillen-Segal algebras generalize usual algebras, so we can obviously adapt the above appli-
cations. But our motivation was not to simply generalize these existing algebraic structures; but
rather it is the theory of co-Segal categories initiated in [6] and the related applications that
motivated their definition. Before going further, it is important to observe that in general, given
an object A € ., it is hard to determine that an operad O acts directly on it. The most natural
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thing that happens is that “A has the homotopy type of an O-algebra B”, in the sense that A is
isomorphic to the underlying object U(B) of B in the homotopy category ho(.#) of .#. This
means that either we have a weak equivalence 7 : A — U(B) in ., or that there is a zig-zag of
weak equivalences in .# that connects A and U(B). In the latter case under suitable hypotheses,
a version of Whitehead’s theorem applies (see [44]) and we can reduce to the first case, that is,
we have a weak equivalence 7 : A — U(B), and thus a Quillen-Segal algebra structure on
A. Trying to lift the algebra structure to A is the Homotopy Transfer Problem and this is a
hard problem in general. So we hope that when we consider it as Quillen-Segal algebra, we can
simplify some constructions in Homotopical Algebra, Rational Homotopy Theory, Formality, etc.

o We are particularly interested in the Quillen-Segal algebras arising from Geometry as in
the paper of Deligne, Griffiths, Morgan and Sullivan [29].

o We also want to understand the concept of infinity morphism between O-algebras consid-
ered by Vallette in [99].

Quillen-Segal algebras and higher linear categories. A particular case of interest that
leads to an example of co-Segal category goes as follows. Recall that given the symmetric
monoidal model category # = (M, ®,I) and a set X, there is a multisorted (or colored) operad
Ox such that the category of Ox-algebras with coefficients in .#, Ox-Alg(.#), is equivalent
to the category .#- Cat(X) of enriched .#-categories with X as the set of objects (see Berger-
Moerdijk [14], [15]). If we denote by .#-Graph(X) := [[y,x # the category of enriched
M -graphs over X then there is a forgetful functor

U: H-Cat(X) — #-Graph(X).

Then a Quillen-Segal Ox-algebra gives rise to a co-Segal category. More precisely if C is an
M -category and we are given weak equivalences eqp : C(a,b) — C(a,b) for every (a,b) € X2
(perhaps obtained via projective resolution), one would like to define a new category where the
hom-object is C (a,b). If we put these maps together we get the following zig-zag which is the

main feature of a co-Segal category as in [6]:

Cla,b) ® C(b, ¢) S2e2Ca®rel, Gy g o) & G, e).

Here C(a,b,c) := C(a,c) and the map cqpe : C(a,b) ® C(b,c¢) — C(a,c) is the composition in C.
The co-Segal category Cisa weakly enriched .#-category.

¢ The main motivation to develop such theory is to get good notion of higher linear categories;
that is when .# is the category of chain complexes over a commutative ring. Higher
linear categories play an important role in Modern Algebraic Geometry e.g., Higher Tanaka
duality, non commutative motives (see [58, 67, 97, 103]).

¢ Another important application of the theory of higher linear categories was to give another
proof of Deligne’s conjecture based on the previous work of Kock-Toén [57].

o In [93], Tamarkin showed that the collection of dg-categories form a homotopy 2-category
in a very specific sense. We would like to understand his constructions through Quillen-
Segal algebras. Theses ideas suggest to further study Quillen-Segal algebras when . is
the category of dg-categories with the Tabuada model structure [92].

Obstruction to left properness for algebras The model structure on O-Alg(.#) is created
along the adjunction U : O-Alg(.#) = # : F by a classical argument of Quillen [78]. In many
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cases, the key ingredient is a careful analysis of the cobase change (pushout) of F(j) for any
element j of the generating set of trivial cofibrations in .# (see for example Schwede-Shipley
[85]). Obviously such a model structure does not always exist and it is important to figure out
why precisely. When the model structure exists, there is a growing interest in the preservation of
left properness or relative left properness from .# to O-Alg(.#'). There are many contributions
in the literature on the subject (see [10, 32, 39, 75, 76, 80]).

But it now appears that it is important to analyze these pushouts in the comma category

My |O-Alg(A )] of pre-Quillen-Segal algebras through the embedding:
L: O-Alg( M) — My|O-Alg(A))] .

The reason is that we keep track of everything about the algebras and their respective underlying
objects when we work in this comma category. We will study in a future work the obstruction
of O-Alg(.#) to be left proper in the same spirit as Batanin and Berger [10]. But for now we
outline the fact the existence of the model structure boils down to a structure of Quillen-Segal
algebra on some specific objects. The result is about the pushouts that are needed to get the
right-induced model structure.

Proposition 6.4. Let j : a — b be a trivial cofibration in A, and let £ be an O-algebra.
Consider pushout data in O-Alg(.#): F(b) F9
data in M : RPN &).
o Let G := F(b) UF@ & be the colimit of the pushout data F(b) EO F(a) Iy & and let
5(j) : € —> G be the canonical map.

F(a) ERN &, with its adjoint transpose pushout

o Let V := bU*U(E) be the colimit of the pushout data b ERPLLER UE) and let £(j) -

U(E) — V the canonical map going to the colimit.

1. Then there is a universal map in A : w:V — U(G) and we have an object [V, G, 7] €
My|O-Alg(A)].

2. The algebra map 6(j) : € — G is weak equivalence if and only if the map © : V — U(G)
is weak equivalence, that is, if and only if [V,G,n| € Myu|O-Alg(A)] is a Quillen-Segal
algebra.

We will give a similar statement about left properness later in a future work. This can be
helpful to understand why the category O-Alg(.#) fails to be left proper and in particular to
understand some examples such as the one recently given by Dwyer as explained in [39].

Proof. The idea is to observe that the two pushouts are related in .#[O-Alg(.#)] when we

project everything in .#. With the embedding ¢ : O-Alg(#) — My [O-Alg(.#)] and the

adjunction F* - IIy of Proposition 4.9, the pushout data b <i a ﬁ) U(E) is uniquely equivalent

to the following pushout data in .#,[O-Alg(.#)):

iy
FT() ¥(f)

F*(b) F*(a) L(E).

Let [H] = [Ho, H1, 7] be the colimit of this pushout in .#,[O-Alg(.#)]. If we look at the way
we compute colimits in the comma category .#,[O-Alg(.# )], one gets the following:

o Ho=V in 4,

o Hy =G in O-Alg( M),

e the map my : Ho — U(H1) gives our map 7 : V — U(G).
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e More importantly, the image under U of the algebra map 6(j) : & — G factors through
() UE) — V as:
Ub(j)) =mo &)

The map £(j) is a trivial cofibration as the cobase change in .# of the trivial cofibration j; in
particular it is a weak equivalence in .#. Therefore by 3-for-2, U(6(j)) is a weak equivalence in
A if and only if 7 is a weak equivalence in .. O

The previous result might seem obvious but we can use it to understand and to produce many
examples where we do not have a model structure, especially in equivariant settings. We shall
refer the reader to Bergner [20]|, Stephan [91| and the many references therein for more details
on the subject.

Finally let us remind the reader that given a right Quillen functor U : &/ — .# between
combinatorial model categories, even before knowing that U is a Quillen equivalence, our theo-
rems say that the comma category .#,[<7] is already Quillen-equivalent to o/. And this category
My <] is partially controlled by the target category . .

7. Quillen-Segal theories and Stable homotopy

In this section we assume that & = .# and that U : .# — .# is an endofunctor which is
right Quillen. The example that we shall keep in mind is & = 2 : sSet, — sSet,. The left
adjoint F : .# — 4 is to be thought of as the suspension functor ¥ = S* A —. We will write
U™ for the composite of U with itself n times and similarly we have F™; with the convention
F'=1d, =U".

There are many references in the literature on stable homotopy theory. Classical ones include
Adams [2], Bousfield-Friedlander [24]|, Goerss-Jardine [37], Lima [62]. Modern foundations are to
be found in Elmendorf-Kriz-Mandell-May [34], Hovey [45], Schwede [84] and the many references
therein. In the world of co-categories we shall refer the reader to Lurie [66].

Definition 7.1. A spectrum X is a sequence of pointed simplicial sets (X, )nen together with
basepoint preserving maps v : S' A X,, — X,,41. A map f: X — Y of spectra is a sequence
(fn) of maps f, : X;, — Y,, in sSet, such that the following commutes for every n > 0.

1 Id Afn 1
S'AX,———S'AY,

f n+1

Xpp1 ——— Yo

If we take a general left adjoint T that generalizes the suspension functor, we find the defi-
nition of spectrum given by Hovey [45, Definition 1.1]. With the adjunction (S' A —) 4 €, the
previous definition is equivalent to the one below that we shall work with (see Adams [2, Part

I11]).

Definition 7.2. A spectrum X is a sequence of pointed simplicial sets (X, )nen together with
basepoint preserving maps € : X, — Q(X,41). A map f: X — Y of spectrum is a sequence
(fn) of maps f, : X;, — Y}, in sSet, such that the following commutes for every n > 0.
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)

fn
QU Xpi1) =L, (V)

The category of (pre)spectra will be denoted by Spg (N, sSet,).

Remark 7.3. For every n we have an object [X],, € (sSet, | 2) given by [X], = [Xn, Xn+1,¢].
This gives a sequence of objects in (sSet, | ). In virtue of this, we will study spectra through
sequences of objects in sSet,q[sSet.] := (sSet, | Q).

From the definition, we have the following observations.

1. There is a functor P : Spo(N,sSet,) — ],y sSet.q[sSet,] that maps X to ([X],)nen.

2. Projecting the nth factor yields a functor 7, : Spq(N, sSet,) — Arr(sSet,) that maps
X = éep.

3. As n runs through N, we have a Quillen-Segal theory on the category Spg (N, sSet,) given
by the family of functor (7;,)nen.

Our goal here is to show that we can transfer the model structure from [ ], .y sSet.q[sSet,] to
the category Spq (N, sSet,) with the classical argument of right-induced model structures (see for
example [12, 38, 78]). On sSet.q[sSet.] we have the injective model structure sSet.q[sSet.];,,;
proj (Theorem 5.19). Each
model structure will induce a model structure on Spq (N, sSet,) called the projective and injective

(Theorem 5.12) and the projective model structure sSet.q[sSet.,]

model structures, just as for (unbounded) chain complexes (see [44]). We do this in the general
setting of a model category .#. But first we need to set up some definitions and properties.

7.1 Z-sequences and spectra in general model categories. As pointed out by Adams,
the indexing set for spectra can be either Z or N. We will index our sequences over Z and mention
explicitly when we index over N. Many of the constructions that will follow hold for any subset
O C Z which is an integer interval in the sense that: if m € O and if n € O with m < n, then
for any p € Z such that m < p < n we have p € Q. In particular O can be isomorphic as an
ordered set to an ordinal, possibly finite. Recall that an ordinal is a set A such that if z € y and
y € A then x € A; and such that A is well ordered by the strict relation: z < y <= x € y for
x,y € A. The reader may refer to Krivine [59] for the theory of ordinals and cardinals.

Definition 7.4. Let O be a subset of Z.

1. Say that O is an indezing set if O is an integer interval.

2. Denote by Zgisc, Naise and Qgise the respective discrete categories associated to Z, N and
0.

Unless otherwise specified the letter Q@ will always refer to an indexing set. Let us now generalize
Definition 7.2 for a general model category ./Z .

Definition 7.5. Let U : .#4 — .# be a right Quillen functor.
1. A U-prespectrum indexed by Z is a sequence of objects of .#, X = (X, )nez together with
maps € : X;, — U(Xp41). A map f: X — Y of U-prespectra is a sequence of maps
fn : X5, — Y, such that the obvious diagrams commute as in Definition 7.2.
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2. More generally for Q C Z, a U-prespectrum indexed by O is a sequence of objects of .,
X = (Xpn)neo together with maps € : X,, — U(X,,4+1). Maps are defined the same way as
for the case O = Z.

Warning. 1. So far if [X] is an object of (.# | U), we have written [X] = [X), X1, mx]. But
when we consider sequences ([X},]),, there will be multiple indices, so we will write instead
[X] = [XY 2t e X% — U(XY)] to put the indexing integer as X . We have changed the
letter m to € because the letter 7 refers to homotopy groups.
2. In the upcoming definitions we will be talking about Z-sequences but this simply means
Z-indexed sequences and not a A-sequence as in [44, Definition 2.1.1].

Definition 7.6. Let U : . #4 — .# be a right Quillen functor.

1. A Z-sequence with coefficient in .#[.#] is an object [X.] = ([Xn])nez € [1,,cp Aul-#], in
that for every n € Z,
[Xa] = [0, X e 0 XD — U]

Equivalently [X,] determines a functor [X.] : Zg;sc —> Ay [ #], that maps n — [A,,].
2. Say that a Z-sequence [X,] is linked if for every n there is an isomorphism:

.yl E 40
Tn Xy — Xy

We will denote by [X,, 7] the linked sequence.

3. Say that a morphism o : [X,, 7] Ln), [V.,7'] is a linked morphism, if for every n, we
have 7, 00}, = 00, | 0T, or equivalently 0 | =7, 0o}, o7, !. In other words the following

commutes.

1 o Pl
Xn yn

o
0 n+l 0
_—

Xn—‘rl yn—i—l

4. Say that a linked sequence [X,,7] is strictly linked if for every n, 7, is the identity
morphism.

5. Similarly for O C Z, an @-sequence [X,] is a functor [X,] : Ogise —> Ay [ A ].

6. An O-sequence [X,] is linked if for every n € O such that n+1 € O, there is an isomorphism:

.yl =20
Tnt Xy — Xpiq-

Strictly linked @-sequences and linked morphisms are defined the same way as for the case
0==z.

Pictorially, we can represent an unlinked Z-sequence by a ‘stair diagram’:
1
~—
?

En+41

X,SH 4>U(Xﬁ+1)



100 Bacard, Higher Structures 4(1):57-114, 2020.

When the sequence is linked we can move up the lower stair and get a map U(7,) o, : X0 —
U(XY, ). Each of these maps has an adjoint F(X)) — X0, ,. If .# = sSet, and if F is the
suspension functor given by F = S* A — then the previous map takes the form ST AX) —s X0 1
and we see that we have a spectrum as in Definition 7.1 above, when the sequence is indexed by
N. If we write X,, := &2, then the sequence (X},),en with the map U(7,) o &, defines an object
of Spo (N, sSet,) as in Definition 7.2.

Proposition-Definition 7.7. With the previous notation we have:

1. The category of Z-sequences is equivalent to the functor category
Hom (Zaise, Ay H)) = (My[A])" .

2. The category of O-sequences is equivalent to the functor category
Hom (Ouisc, [ M) = (My[#]) .

3. Linked Z-sequences (resp. Q-sequences) and linked morphisms form a category.
4. Strictly linked Z-sequences (resp. Q-sequences) form a subcategory of the category of linked
Z-sequences (resp. O-sequences).

Notation 7.8. Let us take a moment to set up some notation that will simplify our discussion.
Let O C Z be an indexing set that will be in general N or Z.

[X.],[V.], ..., are sequences objects of [ #].

[X., 7], [V., 7], ..., are linked sequences of objects of 4 [.#].

[X., 1], [V., 1], ..., are strictly linked sequences of objects of .#[.#.

Spy(Z, #) = the category of U-prespectra indexed by Z (Definition 7.5).

Spy (0, A) = the category of U-prespectra indexed by O.

ESJ (O, #) = the category of linked sequences indexed by O as in Definition 7.6.
LSy (0, .#) = the category of strictly linked sequences indexed by O.

P: LSy(O, . #) — (My|.#])P4s is the forgetful functor (it forgets the links).

P, : LSy(O, #) — My[#] is the composite of P followed by the nth projection:

© XN W

Pn([X-v 1]) = [Xn] :

Proposition-Definition 7.9. Let [X., 7] be an object of LS}, (Z, 4 ).

1. Define the associated U-prespectrum as the sequence (Xyp)nez with the maps fn + X, —

U(Xnt1) given by:
X, =& fuo=Um)oe,.

This construction defines a functor Q : LS} (Z, M) — Spy(Z, M)

2. For any indexing set QO C Z, the functor Q restricts to an isomorphism of categories:
LSy (0, #) = Spy (O, )

3. In particular if we take O = N and # = sSet,, we get an isomorphism of categories:
Spa(N,sSet,) = LSq(N, sSet,).

Proof. Clear. O

With the following result we also deduce that the functor Q : LS} (Z, #) — Spy(Z, #) is an
equivalence of categories.
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Proposition 7.10. For any indexing set O C Z, the inclusion LSy(O, #) — LS, (O, #) is
an equivalence of categories. A quasi-inverse is the functor © : ESJ(@,.///) — LSy (0, %)
defined as follows.

1. © maps [X.,7] to the strictly linked sequence [X.,1] where [X.] = ([Xn])neo is given by

[;?n] = [é’(}?, Xo—s—lau(Tn) o &p].

n
2. © maps o = (o) to g = (0,,) given by:

~ ~O~1):(O

— . / 1 —1
On = (0n70n . n?Tn © an oTn )

Proof. We give the proof for the case O = Z, the general case is treated the same way. Clearly
for every n we have X! = X0 1 by construction. This means that ©([X,, 7]) is strictly linked. By
the same reasoning O(o) is a linked morphism if o is. These constructions are clearly functorial
and O is well defined.
The proposition will be proved as soon as we establish that ¢ +— ¢ is an isomorphism of
hom-sets:
O: HomLSJ(Q’,///)([X-vT]’ [wa,]) — HOH]E&,{(@,///)([X-? 1]a [y-v 1])

1
n

0Gy,0m) = (00,7, o

0 r—1
n T

And this is clear since we have an inverse that takes (52,7 .

)= (o
52_,_1 0 Th). O

With the previous proposition we will focus on the strictly linked sequences to simplify the
constructions.

Remark 7.11. In the standard situation of spectra, .Z is a category of pointed objects, and
therefore the initial object () and the terminal object * are uniquely isomorphic to form a zero
object in .# . In the upcoming results we will only use this property when really needed. So we
shall write distinctly () for the initial object and * for the terminal object.

Note. From now on our results and our constructions will be given for Z-sequences but they
also hold also for any indexing set @ C Z. We do this to simplify the constructions and to avoid
long proofs that involve cases such as “for every n € O such that n+1 € Q”.

Proposition 7.12. The category LSy (Z, #) is complete and cocomplete and the following hold.

1. The functor P : LSy(Z, M) — (My[#]) 4 creates limits and colimits which are com-
puted level-wise.
2. The functor P has a left adjoint and this adjunction is monadic.

We defer the proof for the moment because we need the following intermediate result that will
simplify the proof of the proposition.

Lemma 7.13. The projection functor P, has a left adjoint Xy, : My M| — LSy(Z, #) defined
as follows.
1. For [A] = [A°, A ¢] € .aty[ 4] we define To([A]) = (Akez € Tlyey Aul#], by the
formulas:
o [An]=Li(0)=1[0,0,0 5 uU®) ifk<n—1
o [Ar) = Li(A%) = [0, A°,0 5 UA")] if k=n—1
o [Ay = [A] = [A° AL, A° S UAY] ifk=n
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o [Ay] = FHEHD(AY) = [FE 0D (AL, PR 0D (AY), iy an) i & >
n+1; where n is the unit of the adjunction F 4 U. Equivalently we have the inductive

formula:
[Ar] = FF(A_y) = [Allc—hF('Allc—l)vnj{i_l]) k=n+1.

2. If 0 = [00;01] € Hom 4,11 ([A], [B]) we define Ty (0) = (0k)rez by the formulas:

or = [Idg,Idg] if k <n—1

5]@ = [Id@,O’()] ifk =n-—1

o =0 =log,01] ifk=n

o, = FH(FF-0D () = [FF-0D (0 ), F(FF=HD(0)] if k > n+ 1. In a short

form we have the inductive formula:

5’6 = F+(611671) = [5]16717F(5]1€71)]7 k >n+ 1

Before we give the proof, let us take a moment to see what T, really does. If we are given
an object [A] = [A%, A!, A 5 UU(A")], by adjunction the map e corresponds to a unique map

F(A% LGN Al. Then T, ([A]) is the prespectrum given by the sequence:

(Z)a”' 7®)F(~’40)7 Al )F(A1)7F2("41)7”' )Fki(n+1)(‘A1)'” )
N e — ——
nth  (n+Dth (4 9yth k>(n+3)

with the connecting morphisms:
Idg 0y 2@, 41 1y Id 1y w20 41 M, @20 41
0 —=0,FA") — A FA') - FA),F*(A") = F*(A ),---IdFk_(nH)(Al),--- .

In our formalism, we consider the adjoint definition of the spectrum given by the following

sequence and its connecting morphisms:

0,0, A%, Al F(AY),F2(AY),... FF0FD4ly.
N~~~ N—— D e
nth (n+1)th (4 9)h k>(n+3)

gy 05 UF(A°), A 5 U(AY), AL P25 UR(AY), F(AY) 2 UF2(AY), i i an)

Proof of Lemma 7.13. 1t is clear that Y, ([A]) is a linked sequence and that Y, (o) is a linked
morphism. The constructions are clearly functorial so the previous data define a functor. The
lemma will follow as soon as we show that for every [A] € #y[.#] and for every [X,,1] €
LSy(Z, #), there is a functorial isomorphism of hom-sets:

o - Hom 1.4 ([A], [Xn]) = Homs, (z,.a0) (Ta([A]), [X., 1]).

This is straightforward but we give the proof for the reader’s convenience. If ¢ is an element
of Hom 4,4 ([A], [X,]) we define ¢(0) = (0x) € Homgs,,z.2)(Tn([A]), [X.,1]) as the linked
morphism given by the formulas:
o if k <n—1,0k: L1(0) — [X] is the adjoint map to the unique morphism () N X!, in
the adjunction L; — II; of Theorem 4.4. The components of ¢ are 52 =0 N X,? and
o, =10 4 X! the unique morphisms from the initial object.
o if k=n—1, 5, = [Idy, 0] : L1(A°) — [X,,_1] is the adjoint map to op : A® — A .

N~~~
=x!

n—1

Thus this morphism is uniquely determined by oy.
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o ifk=mn,0,=0:[A — [X,]
e Inductively for k > n+ 1, o : [Ax] = FT(AL_;) — [X}] is the adjoint map to

Uk 1- Ak 1—>Xk
v
=xp

The function ¢ is clearly 1-1 because the nth component is ¢. And we have an inverse
function ¢~ : Homgs,, z,.2)(Tn([A]), [X.,1]) — Hom 4,1 4([A],[X,]) that projects the nth
component. And the lemma follows. O

Proposition-Definition 7.14. For n € Z, define the nth Dirac mass functor
O+ My M) — (MM )"

as the left adjoint to the nth evaluation Evy, : (My[#)) 23 —s My #) defined by Ev,([X,,1]) =
[Xn). For an object [A] € Ay #], 0n([A]) = (0n([A])k)kez is given by:

o Sn([ADk = [Al if k =n.

o Sn([ADk = La(0) = [0,0,0 = UD)] if k #n.

1. We have a functorial isomorphism of hom-sets:

Hom, g, .2 ([A, [Xa]) = Hom( 4, 1 s1)7aiec (9n([A)), [X.]).

2. For every [X.) = ([Xu])nez € (Muldt]) - we have [X] = Y, 5,([Xa]) = T, u([X0]).

Proof of Proposition 7.12 We can give the proof of Proposition 7.12 as follows.

Proof. That P : LSy(Z, #) — (My|.#])%4s creates limits and colimits is obvious and we
leave it as an exercise for the reader. So Assertion (1) is clear. Since LSy (Z,.#') is complete,

coproducts exist and by a classical argument we can find a left adjoint to P as follows. For
[A.] = ([An)nez € (Myl )P0, let Y 2 (Myl]) P95 — LSy (Z, #) be the functor defined

by

For every [X,,1] € LSy (Z, #) we have the following isomorphism of hom-sets:

Hom ., (2,4 (Y([A.]), [X., 1)) = Homg, 2, ) ([ [ T ([Aa]). [X., 1))
=TT om0 (FAn], Pu(.,1]))
= HHom///u[/m H Hom, ;.4 (An, Bvn ([, 1]))
o T Hom e (). P 1))
= gom(j,u L) (];[ on([Anl), P([X., 1]))

= HOHl(///u[///])Zdisc ([.A,}, P([X_, 1]))
=[X.]
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Finally this adjunction is monadic by Beck monadicity theorem (see [7]). Indeed, P reflects
isomorphisms because if o = (0}) is a linked morphism such that each o) has an inverse 0,;1 in
My | A, then the sequence (alzl) is a linked morphism which is the inverse of o. Moreover as
mentioned before the functor P creates colimits in particular it creates coequalizers of P-split
pairs. And with the left adjoint T we are in the hypotheses of Beck’s theorem. This ends the
proof of the Proposition. O

7.2 Homotopy of Z-sequences. The category of Z-sequences is the diagram category:
(M [A]) "% = Hom (Zajsc, Myl A]) -

With Theorem 5.12 and Theorem 5.19, there is an injective and projective model structure on
My #]. We will consider the homotopy theory of the diagram categories Hom(Zqgisc, -#y[-# ]
and Hom(Z, Ay [ A],,,;)
and they are well known in the literature (see for example [31, 40, 87]). But in our case things

inj
. Model structures on diagram categories have been studied for decades

are even simpler because this is just a product of model categories.

Hypotheses and Notation

1. In this section we assume that .# is combinatorial for simplicity. The general case of a
cofibrantly generated model category will be studied in a different paper.

2. We will also assume that . is left proper (see [40]) and we will mention when we use this
hypothesis.

3. We will use the generic notation .#[.#],,, with ms € {inj, proj} to represent both model
categories My M ;,; and My[.#],,,;. The subscript ms refers to “model structure”.

4. Similarly Arr(.#),,, represents both Arr(.#)inj and Arr( 4 )pro;-

5. The functor Uy : Ay A],,, — Arr(A),,, is right Quillen for ms € {inyj, proj}

Note. If O C Z we have a restriction Hom(Zgisc, #[#]) — Hom(Qgisc, A [#]) and the
constructions that will follow hold for the diagram category Hom(Qqisc, 4[4 ]).

Definition 7.15. Let o : [X,] — [V.] be a morphism in Hom(Zgisc, A #)

e Say that o is a level-wise weak equivalence if for every n, o, : [X,] — [Vn] is a weak

ms)'

equivalence in .#y[A#,,.
e Say that o is a level-wise (trivial) cofibration if for every n, o, : [X,] — [Vx] is a (trivial)
cofibration in #y[.#],,,.

e Say that o is a level-wise (trivial) fibration if for every n, o, : [X,] — [Vn] is a (trivial)

fibration in 4y [#],,,.

Theorem 7.16. Let .# be a combinatorial model category and let U : M — M be a right
Quillen functor. With the previous definitions the following hold.

1. There is an injective model structure on the category Hom(Zgisc, #u|.#),,,) where the
cofibrations and the weak equivalences are level-wise.
2. There is a projective model structure on the category Hom(Zgise, M| ),,,) where the

cofibrations and the weak equivalences are level-wise.
These model categories are combinatorial. They are left proper if A is in addition left proper.
Proof. The existence of these model structures can be found for example in [87|. The left proper-
ness follows from the fact that .#[.#],, ; and Ay [A ] proj are left proper since pushouts are com-
puted object wise. We have seen that .#[.#] is locally presentable, therefore Hom(Zagisc, -#[#])

is also locally presentable. Finally both .#[.#|,, . and #y[.#],,. are combinatorial. O

mnj nj
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7.2.1 Strict model structures for prespectra. We wish to transfer the model structure from
Hom(Zgisc, Au[#),,,) to LSu(Z,.#). Since the identity functor Id : Arr(.# )proj — Arr( A )in
is a left Quillen functor i.e, any projective (trivial) cofibration is an injective (trivial) cofibration,

it suffices to have a transfer from the model category Hom(Zgisc, #1y|-#] The ingredient

injg
that is needed is the following lemma.

[00,01]

Lemma 7.17. Let o : [A] [B] be a map in My #). Then the following hold.
1. For every n, P(Y,(0)) : P(Th([A])) — P(Y.([B])) is a level-wise (trivial) cofibration in
Hom(Zgisc, A ) if o is a (trivial) cofibration in My[H,,; -
2. For every n and for any pushout square in LSy (Z, #) as follows

inj)

Tn([A]) ————— [X., 1]

J{Tn(a) ‘(U

T ([B]) — Y ([B]) UL (4D (&, 1]

the map P(u) : P([X,,1]) — P(T,([B]) Ut [x.,1]) is a level-wise trivial cofibration
in Hom (Zgisc, My | ] if o is trivial cofibration in My M|
level-wise weak equivalence in both Hom(Zgisc, M| A ]

ing- In particular P(u) is a

and Hom (Zgisc, Ay [ ]

inj)

zn]) proj)'

Proof. By definition given o : [A] loo.0l, [B], T,(0) = (0k)ken is given by the formulas:

or = [Idg,Idg] if k <n—1

or = [Idg,00] if k=n—1

5k =0 = [00,0'1] ifk=n

or = FH(FF0t0(g1)) = [FE-0F) (g, F(FF- 04D (00))] if & > n + 1.

Since F is a left Quillen functor, it preserves the cofibrations and the trivial cofibrations. There-
fore for every k > n + 1, F¥=(t(5) and F(F¥~ (1 (g})) are (trivial) cofibrations if oy is a
(trivial) cofibration. This means that o, is a level-wise (trivial) cofibration if oy is for & > n+ 1.

For k < n, the components of o are one of the maps Idy, o¢ or 1. So clearly o is a
level-wise (trivial) cofibration if og and oy are (trivial) cofibrations. This gives Assertion (1).

Assertion (2) is clear because colimits and in particular pushouts in £LSy(Z, .#') are computed
in Hom(Zaisc, #u[-#]). Finally since Ay [4,,;
trivial cofibration is again a trivial cofibration. O

is a model category, the cobase change of any

Projective model structures Recall that for simplicity we have assumed that .# is combi-
natorial. But the following theorem holds word-for-word if .# is a cofibrantly generated model
category.

Theorem 7.18. Let .# be a combinatorial model category and consider the projective model
structure on Hom(Zgise, Myl #,,,). Then there is a right-induced model structure on the cate-
gory LSy(Z, #) = Spy(Z, A) which is combinatorial and which may be described as follows.
1. A map o is a weak equivalence if P(o) is a weak equivalence in Hom(Zgisc, [ ])
2. A map o is a fibration if P(o) is a fibration in Hom(ZdiSC,///u[///])pmj.
3. A map o is a cofibration if it possesses the LLP with respect to any map that is simultane-

proj’

ously a fibration and a weak equivalence.
The adjunction P : LSy(Z, #) = Hom(Zaisc, M| M), )proj = T is a Quillen adjunction and

for every n, Ty, = Upp0Bv, o Py : LSy(Z, M) — Arr( M), . is right Quillen.

ms
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Proof. This is a classical argument of Quillen [78], see Beke [11, 12]. The main ingredient is
precisely Lemma 7.17 above. Indeed, any projective trivial cofibration is an injective cofibration.

To prove that LSy(Z, #) is combinatorial boils down to show that it is locally presentable.
This can be proved directly but we can take a shortcut with a well known method that appears
for example in Kelly-Lack [55]. One uses the fact that the adjunction T 4 P is monadic and the

induced monad is clearly finitary, that is, it preserves filtered colimits. O
Corollary 7.19. If in addition A 1is left proper then LSy (Z, #) is left proper.

Proof. Left properness follows from the fact that pushouts in LSy(Z,.#') are computed object

wise in [ A], and clearly Ay #),, . and My[#],,,; are left proper if A is. O

ng proj
Remark 7.20. We have a similar statement when we consider the injective model structure on
Hom(Zgisc, Au[#),,,). The previous theorem holds for any indexing set O C Z, in particular it

holds for N-indexed sequences that we study in the next subsection.

7.3 Bousfield-Friedlander strict model structure. In Bousfield-Friedlander [24]|, Hovey

[45], spectra are indexed over N so in this section we will focus on the category LSy(N, .#) =

Spy (N, ) of strictly linked N-sequences. All previous results hold, including Theorem 7.18.
What is important here is that we can be more specific when we consider the “projective-

projective” model category Hom(Ngigc, 4[] proj- We do not require .# to be combinato-

)
proj
rial (or cofibrantly generated). And the argument also holds for a bounded below indexing set

0O cCZ.

Theorem 7.21. Let U : .M — M be a right Quillen functor and let My[#],.,; be the
projective model structure on My[#)] as in Theorem 5.19. Then there is a model structure on
LSy(N, #) = Spy (N, ) called the projective strict model structure which may be described
as follows.

o A map o : X, 1] — [V.,1] is a weak equivalence if for every n, o, : [X,] — [Vn] is a

weak equivalence in My ] that is a level-wise weak equivalence.

proj’
o A mapo:[X,, 1] — [V.,1] is a fibration if for every n, oy, : [Xy] — [Vl is a fibration

in My| M)
0'0 0'1
o A map o : [X,1] — [V.,1] is a cofibration if for every n, o, : [X,] I ol [(Vn] nis a
cofibration in My [//l]pmj, that is for every n , 0¥ is a cofibration and the canonical map
§: XL, UF (%) F()0) — YV}, is a cofibration in A .
o [f A is combinatorial (resp. left proper) then LSy (N, #) is also combinatorial (resp. left
proper).
We will denote this model category by LSy (N, #)

projs that is a level-wise fibration.

proj-

Proof. One gets the factorization axioms and the lifting properties inductively because N is
bounded below and is a direct Reedy category. The main reason is that given a map o, :

[An] M (Vn] in Ay [#), when we factor it in the projective model structure we always
start with a factorization of ¢0. We also do the same thing when we construct a solution for
lifting properties. Proceeding this way we can factor any linked morphism o being careful to
take the factorization of ¢, and apply them to 0 ; = ol to build in .#[.#] a factorization of
Ontl = [02 115 O‘,}l +1)- One gets inductively the required factorizations (resp liftings) at each step
by linked morphisms. The same argument is used by Rosicky [82].
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If # is combinatorial (resp left proper) then this model structure coincides with the right-
induced model structure obtained with the analogue of Theorem 7.18. This model structure is
transferred from Hom(Ngjsc, #[ 4] proj
weak equivalences. O

)proj- Indeed we have the same fibrations and the same

Once again the previous result holds when . is cofibrantly generated.

Corollary 7.22. If . # = sSet, with the standard Kan-Quillen model structure, then the
“projective-projective” model structure on Spg(N,sSet,) = LSo (N, sSet,) of Theorem 7.18 and
Theorem 7.21 coincides with the strict model structure of Bousfield-Friedlander that is also ob-
tained by Hovey [45], Schwede [84].

Proof. Clear. Ul

7.83.1 Stable homotopy category. We have a projective Quillen-Segal theory T = (7p)nen on
LSu(N, A),,,; where Ty, : LSy(N, &), ,; — Arr(A),,,; is given by T, ([X.,1]) = [e: X0 —
U(X!, ,)]. Each 7, is right Quillen and its the left adjoint is Y,,I'. In virtue of Theorem 2.9 we
can localize the theory. We assume that .# is a tractable and left proper model category such
as sSet,. We remind the reader that the categories Spy/(N, .#) and LSy(N,.#') are isomorphic
so we will freely identify them.

Theorem 7.23. Let U : M — M be a right Quillen functor for a tractable and left proper
model category # . Then the following hold.
1. There is a left proper model structure on the category Spy (N, #) = LSy (N, #) such that
every fibrant object [X,, 1] is a U-spectrum.
2. If # = sSet, then the homotopy category is equivalent to the stable homotopy category of
Bousfield and Friedlander.

To prove the last assertion of the theorem we need to outline a result. Let I, be the
generating set of cofibrations of .#. For every i € I , we have introduced in Notation 2.12 and
Notation 2.15 two maps «; and ¢; in Arr(.#). The map (; is a projective cofibration whereas «;
is an injective cofibration.

Lemma 7.24. For every n, consider the functor Y,I' € Hom(Arr(. )proj, LSu(N, A )
Then for every ¢ € 1 4 the following hold.

proj)-

1. The map YpI'(a;) = (ok) is such that for every k > n+1, oy is an isomorphism in My | H)

2. The map Y,I'((;) = (o) is such that for every k > n + 1, o is a level-wise trivial
cofibration My M.

3. Taking # = sSet, we find that for every n and for every i € I 4 the maps Y, T'(a),
Y,I(¢;) are stable equivalence. In particular since Y, I'((;) is already a cofibration, then it
is a trivial stable cofibration in Spo (N, sSet.).

Proof. The first two assertions follow directly from the construction of I' (Proposition 4.8) and
Y, (Lemma 7.13). The third assertion follows from the definition of the stable homotopy groups
(see [2], [84]). These groups are defined as direct colimit; so what matters is the stabilization for

greater k. The last assertion is clear. O

We are now able to prove Theorem 7.23.
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Proof of Theorem 7.23. The existence of the model structure and the fact that every fibrant
object is a U-spectrum is simply given by Theorem 2.9.

To prove that the homotopy category is the usual stable homotopy category we will show
that we have the same fibrant objects in the model structure in Hovey [45, Theorem 3.4] which
is also a left Bousfield localization of the same strict model structure.

If [X.,1] € Spo(N,sSet,) is fibrant in our new model category, then [X,,1] is level-wise
fibrant and satisfies the Segal conditions so it is a U-spectrum, whence it is a fibrant object
in the model structure of Hovey. Conversely assume that [X,,1] € Spq(N, sSet,) is fibrant in
Hovey’s model structure. Then in a tautological way [X,, 1] is o-local for any stable equivalence
o. Thanks to Lemma 7.24, we know that for every i and for every n, Y, I'((;) is a stable weak
equivalence and indeed a trivial cofibration. This means [X,, 1] is T, I'(¢;)-local for every ¢ and
for every n, therefore [X,, 1] is fibrant in the model structure obtained from Theorem 2.9. O

Corollary 7.25. If .# is the category of pointed simplicial sets, our model structure on the
category Spa (N, sSet.) coincides with the stable model structure of Bousfield-Friedlander [24],
Hovey [45], Schwede [84].

Proof. Indeed we are localizing the same original model structure and we have the same fibrant
objects as Hovey. It turns out that the new weak equivalences are also the same since we have
the same original model structure, thus the same function complexes. O

Remark 7.26. It remains to compare the previous theorems when we consider the various
model structure on Hom(Ngisc, #4[.#]) and more generally Hom(Qgisc, -#[.#]). We also need
to extend these results when .# is cellular and left proper. This will be done later. There is
much that is left to be done on the subject as well as for the symmetric case.

U-chain complexes We close this paper with the definition of ¢/-chain complexes. They will
be studied in the subsequent papers. We assume that .# has a zero object and let U : 4 — H
be a right adjoint which is not necessarily a Quillen functor.

Definition 7.27. Let LSy (Z, #) be the category of linked Z-sequences as before. Say that
(X, 1] € LSy(Z, #) is a U-chain complex if for every n the following composite is the zero map:

X0 5 u(x0, ) L 2x0,,).

Denote by Chy(Z, #) the full subcategory of LSy (Z,.#) spanned by U-chain complexes. We
have a forgetful functor P : Chy(Z, #) — Hom(Zgisc, My #])

Obviously if . is an abelian category and U = Id we find here the classical definition of chain
complexes. We will develop the homotopy theory of them following the classical case. Moreover,
note that these constructions can be made for any O C Z.
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