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Abstract

These lecture notes were written to accompany a mini course given at the 2015 Young Topol-
ogists’ Meeting at École Polytechnique Fédérale de Lausanne, videos of which can be found
at hessbellwald-lab.epfl.ch/ytm2015. We use the terms∞-categories and∞-functors to mean
the objects and morphisms in an ∞-cosmos: a simplicially enriched category satisfying a
few axioms, reminiscent of an enriched category of “fibrant objects.” Quasi-categories, Segal
categories, complete Segal spaces, naturally marked simplicial sets, iterated complete Segal
spaces, θn-spaces, and fibered versions of each of these are all ∞-categories in this sense. We
show that the basic category theory of ∞-categories and ∞-functors can be developed from
the axioms of an ∞-cosmos; indeed, most of the work is internal to a strict 2-category of ∞-
categories, ∞-functors, and natural transformations. In the ∞-cosmos of quasi-categories, we
recapture precisely the same category theory developed by Joyal and Lurie, although in most
cases our definitions, which are 2-categorical rather than combinatorial in nature, present a
new incarnation of the standard concepts.

In the first lecture, we define an ∞-cosmos and introduce its homotopy 2-category, the
strict 2-category mentioned above. We illustrate the use of formal category theory to develop
the basic theory of equivalences of and adjunctions between ∞-categories. In the second
lecture, we study limits and colimits of diagrams taking values in an ∞-category and relate
these concepts to adjunctions between∞-categories. In the third lecture, we define comma∞-
categories, which satisfy a particular weak 2-dimensional universal property in the homotopy
2-category. We illustrate the use of comma ∞-categories to encode the universal properties
of (co)limits and adjointness. Because comma ∞-categories are preserved by all cosmological
functors and created by certain cosmological biequivalences, these characterizations form the
foundations for “model independence” results. In the fourth lecture, we introduce (co)cartesian
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fibrations, a certain class of ∞-functors, and also consider the special case with groupoidal
fibers. We then describe the calculus of modules between∞-categories — comma∞-categories
being the prototypical example — and use this framework to introduce the Yoneda lemma
and develop the theory of pointwise Kan extensions of ∞-functors.
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Lecture 1. Basic 2-category theory in an ∞-cosmos

The goal of these lectures is to give a very precise account of the foundations of ∞-category
theory, paralleling the development of ordinary category theory.

To explain what we mean by the term “∞-categories,” it is useful to distinguish between
schematic definitions of infinite-dimensional categories and models of infinite-dimensional cat-
egories. For instance, (∞, 1)-category is a schematic notion, describing a category that is
weakly enriched in ∞-groupoids, itself a schematic term for something like topological spaces.
The main source of ambiguity in this definition is meaning of “weakly enriched,” which is not
precisely defined.

Models of (∞, 1)-categories are precise mathematical objects meant to embody this schema.
These include quasi-categories (originally called weak Kan complexes), complete Segal spaces,
Segal categories, and naturally marked simplicial sets (1-trivial saturated weak complicial sets),
among others.

To develop the theory of (∞, 1)-categories in a non-schematic way, it makes sense to choose
a model. André Joyal pioneered and Jacob Lurie extended a wildly successful project to extend
basic category theory from ordinary categories to quasi-categories. A natural question is then:
does this work extend to other models of (∞, 1)-categories? And to what extent are basic
categorical notions invariant under change of models?

The general consensus is that the choice of model should not matter so much, but one
obstacle to proving results of this kind is that, to a large extent, precise versions of the
categorical definitions that have been established for quasi-categories had not been given for
the other models.

Here we will use the term ∞-category to refer to any of the models of (∞, 1)-categories
listed above: quasi-categories, complete Segal spaces, Segal categories, or naturally marked
simplicial sets.1 Note that, for us “∞-category” will not function as a schematic term: several
well-behaved models of (∞, 1)-categories will be included in the scope of its meaning, but
others are excluded. With this interpretation in mind, let us describe a few features of our
project to extend the basic theory of categories to ∞-categories.

• It is blind to which model of ∞-categories is being considered.
1Later, we will explain that the results we prove about ∞-categories also apply to other varieties of infinite-
dimensional categories, but let us not get into this now.
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That is, our definitions of basic categorical notions will be stated and our theorems will be
proven without reference to particular features of any model of ∞-categories and will apply,
simultaneously, to all of them.

• It is compatible with the Joyal/Lurie theory of quasi-categories.

In the special case of quasi-categories, our presentation of the basic categorical notions will nec-
essarily differ from existing one, as our formalism is unaware of the fact that quasi-categories
are simplicial sets. Nonetheless the categorical concepts so-defined are precisely equivalent
to the Joyal/Lurie theory, and so our approach can be mixed with the existing one. This is
good news because, at present, the Joyal/Lurie theory of quasi-categories is considerably more
expansive.2

• It is invariant under change of models between (∞, 1)-categories.

Independent work of Bertrand Töen and of Clark Barwick and Chris Schommer-Pries proves
that all models of (∞, 1)-categories “have the same homotopy theory,” in the sense of being
connected by a zig-zag of Quillen equivalences of model categories [T] or having equivalent
quasi-categories [BSP]. In lectures 3 and 4, we will see that the models of (∞, 1)-categories
that fall within the scope of this theory all “have the same basic category theory,” in the sense
that the answers to basic categorical questions are invariant under change of model. Finally:

• It is as simple as possible.

Our original aim in this project was to provide a streamlined, from the ground up, development
of the foundations of quasi-category theory that more closely parallels classical category theory
and is relatively easy to work with, at least for those with some affinity for abstract nonsense.
With a bit of effort, these ideas could be extended to cover a wider variety of models of
(∞, 1)-categories, but to do so would come at the cost of complicating the proofs.

The plan for the first lecture is to introduce the axiomatic framework that makes it pos-
sible to develop the basic theory of ∞-categories without knowing precisely which variety
of infinite-dimensional categories we are working with. In the second installment, we will
continue with a discussion of limits and colimits of diagrams valued inside an ∞-category,
which we relate to the adjunctions between ∞-categories that we will define now. In the
third lecture, we will introduce comma ∞-categories, which will be the essential ingredient in
our proofs that basic category theory is invariant under change of models. In the first two
lectures, we will see how basic categorical notions can be developed “model agnostically,” i.e.,
simultaneously for all models. In lecture three, we will be able to prove that this theory is
both preserved and reflected by certain change-of-model functors. Finally, in the final talk we
will introduce modules between∞-categories, which we use to develop the theory of pointwise
Kan extensions.

The work to date on this project can be found in a series of five papers:

I. The 2-category theory of quasi-categories [RV-I], arXiv:1306.5144
2But we are not finished yet.

http://arxiv.org/abs/1306.5144
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II. Homotopy coherent adjunctions and the formal theory of monads [RV-II],
arXiv:1310.8279

III. Completeness results for quasi-categories of algebras, homotopy limits, and related
general constructions [RV-III], arXiv:1401.6247

IV. Fibrations and Yoneda’s lemma in an ∞-cosmos [RV-IV], arXiv:1506.05500

V. Kan extensions and the calculus of modules for ∞-categories [RV-V],
arXiv:1507.01460

references within which will have the form, e.g., II.7.2.4.

1.1 Formal category theory in a 2-category Recall the term ∞-categories refers to
the reader’s choice of one of several listed models of infinite-dimensional categories. Each
fixed model of ∞-categories has an accompanying notion of ∞-functors between them. The
reason we are able to develop the basic theory of ∞-categories without knowing exactly what
the ∞-categories are is that the ∞-categories and ∞-functors of each type are packaged
inside an axiomatic framework that describes the surrounding category with these objects
and morphisms. We will say more about this in a moment, but first we want to illustrate how
closely our development of the theory of ∞-categories parallels the development of the theory
of ordinary categories. One thing that is provided by the axiomatization that we will describe
in a moment is a reasonable notion of ∞-natural transformations between ∞-functors.

Categories, functors, and natural transformations naturally assemble into a 2-category
hCat, a structure which records the various ways in which functors and natural transformations
can be composed. Similarly, we will see that the ∞-categories of each fixed model, the ∞-
functors between them, and the∞-natural transformations between∞-functors also assemble
into a 2-category, which we call the homotopy 2-category. Each variety of ∞-categories will
have their own homotopy 2-category — one example being hCat. A homotopy 2-category is a
strict 2-category whose:

• objects A, B, and C are ∞-categories;

• 1-cells f : A→ B, g : B → C, are (∞-)functors;

• 2-cells A

f
''

g
77

⇓α B, written in line as α : f ⇒ g : A→ B, are (∞-)natural transformations.

1.1.1 Recall (pasting diagrams in 2-categories). The objects and 1-cells in a 2-category define
its underlying 1-category. In particular, the 1-cells have the familiar associative and unital
composition law. The 2-cells can be composed in two ways:

• The vertical composite of

A

f
&&

g

99
⇓α B

A

g
&&

h

99
⇓β B

defines a 2-cell A

f
&&

h

99
⇓β·α B .

http://arxiv.org/abs/1310.8279
http://arxiv.org/abs/1401.6247
http://arxiv.org/abs/1506.05500
http://arxiv.org/abs/1507.01460
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• The horizontal composite of A

f
&&

g

99
⇓α B

h
%%

k

99
⇓γ C defines a 2-cell A

hf
%%

kg

99
⇓γα C .

A degenerate special case of horizontal composition, in which all but one of the 2-cells is an
identity idf on its boundary 1-cell f , is called whiskering :

A

f
&&

f

99
⇓idf B

h
%%

k

99
⇓γ C

ℓ
&&

ℓ

88
⇓idℓ D = A

f
// B

h
%%

k

99
⇓γ C

ℓ // D = A

ℓhf
%%

ℓkf

99
⇓ℓγf D

Vertical composition is associative and unital with respect to identity 2-cells: there is a
category of 1-cells and 2-cells between each fixed pair of objects. Horizontal composition is
associative and unital with respect to those identity 2-cells ididA on identity 1-cells. More-
over, the vertical and horizontal composition operations commute by the law of middle four
interchange which says that any pasting diagram, examples of which are displayed below, has
a unique composite 2-cell.

A

f

⇓α ��

g //

h

⇓β
CCB

j

⇓γ ��

k //

ℓ

⇓δ
CCC

B
g

//

⇓α p
  
⇓β

C

⇓γ

h
  

A

f >>

ℓ   

m //

⇓δ
G

r

>>

s
  

D

F
k

// E
j

>>

Now let us explore how such a framework can be used to develop the basic category
theory of the ∞-categories that define the objects of the homotopy 2-category. For instance,
the homotopy 2-category provides a convenient framework in which to define the notion of
adjunction between ∞-categories.

1.1.2 Definition. An adjunction between ∞-categories consists of:

• a pair of ∞-categories A and B;

• a pair of functors f : B → A and u : A→ B; and

• a pair of natural transformations η : idB ⇒ uf and ϵ : fu⇒ idA

so that the triangle identities hold:

B

f
  ⇓ϵ
⇓η

B

=

B B

f   

⇓η
B

f

##
⇓ϵ =

B

f
��

f
��

idf⇐
A

u
>>

A
u

;;

A

u

CC

u

[[

⇒idu

A

u

>>

A A

The left-hand equality of pasting diagrams asserts that uϵ · ηu = idu, while the right-hand
equality asserts that ϵf · fη = idf .

We write f ⊣ u to assert that the functor f : B → A is left adjoint to the functor u : A→ B,
its right adjoint. From the standpoint of this definition, we can easily prove some basic
properties of adjunctions. Note that in the special case of the homotopy 2-category hCat,
these proofs are exactly the familiar ones.
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1.1.3 Proposition. Adjunctions compose: given adjoint functors

C
f ′
//

⊥ B
f
//

u′
oo ⊥ A

u
oo ⇝ C

ff ′
//

⊥ A
u′u
oo

the composite functors are adjoint.

Proof. Writing η : idB ⇒ uf , ϵ : fu ⇒ idA, η′ : idC ⇒ u′f ′, and ϵ′ : fu ⇒ idB for the
respective units and counits, the pasting diagrams

C

f ′   
⇓η′

C C

⇓ϵ′
f ′

  

B

f   

⇓η
B

u′

>>

B

u′
>>

⇓ϵ

B
f

  

A
u

>>

A

u
>>

A

define the unit and counit of ff ′ ⊣ u′u so that the triangle identities

C

f ′
  ⇓η′

C
⇓ϵ′

f ′

  

C
ff ′

��

ff ′

��

idff ′
⇐

C
⇓ϵ′ f ′   ⇓η′

C C

B

f
  
⇓η

B
u′
>>

⇓ϵ
B f
  

= B

u′ >>

⇓ϵ
B

f   ⇓η
B u′

>>

=

A
u
>>

A A A

u >>

A
u

>>

A
u′u

??

u′u

__

idu′u
⇒

hold.

It is also straightforward to show that the existence of adjoint functors is equivalence-
invariant, in the sense of the standard 2-categorical notion of equivalence.

1.1.4 Definition. An equivalence between ∞-categories consists of:

• a pair of ∞-categories A and B;

• a pair of functors f : B → A and g : A→ B; and

• a pair of natural isomorphisms η : idB ∼= gf and ϵ : fg ∼= idA.

An (∞-)natural isomorphism is a 2-cell in the homotopy 2-category that admits a vertical
inverse 2-cell.

We write A ≃ B and say that A and B are equivalent if there exists an equivalence between
A and B. The direction for the natural isomorphisms comprising an equivalence is immaterial.
Our notation is chosen to suggest the connection with adjunctions conveyed by the following
exercise.

1.1.5 Exercise. Show that an equivalence, defined in any 2-category, can always be promoted
to an adjoint equivalence by modifying one of the 2-cell isomorphisms. That is, show that the
2-cell isomorphisms in an equivalence can be chosen so as to satisfy the triangle identities.

Combining Exercise 1.1.5 with the symmetry in the definition of an equivalence, we have:
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1.1.6 Corollary. Any functor f : A→ B that defines an equivalence of ∞-categories admits
both a left and a right adjoint.

1.1.7 Proposition. If B
f
//

⊥ A
u
oo is an adjunction and A ≃ A′ and B ≃ B′ are any equiva-

lences, then the equivalent functors B′
f ′
//

⊥ A′

u′
oo are again adjoints.

Proof. Promoting the equivalences to adjoint equivalences we have the composite adjunction

B′
∼ //
⊥ B

f
//

∼
oo ⊥ A

∼ //
⊥

u
oo A′,

∼
oo

defining f ′ ⊣ u′.

An analogous result to Proposition 1.1.7 holds for other notions of equivalent functors:

1.1.8 Exercise. In any 2-category show that:

(i) If f ′ ∼= f and f ⊣ u then f ′ ⊣ u.

(ii) If f ⊣ u and f ′ ⊣ u then f ∼= f ′.

(iii) If f ′ ∼= f and f is an equivalence then so is f ′.

1.2 ∞-cosmoi The results in the previous section illustrate some of the basic formal cate-
gory theory that can be developed internally to any 2-category. As our terminology suggests,
Definitions 1.1.2 and 1.1.4 indeed define appropriate notions of adjunction and equivalence
for many varieties of (∞, 1)-categories in such a way that 1.1.3, 1.1.5, 1.1.6, 1.1.7, and 1.1.8
all hold. To understand this, we will now explain how to define homotopy 2-categories whose
objects are, respectively, quasi-categories, complete Segal spaces, Segal categories, or natu-
rally marked simplicial sets, among other examples. Each homotopy 2-category arises as a
quotient of an∞-cosmos, which records the properties of the model category — typically used
to encode the “homotopy theory” of each type of (∞, 1)-category — that will be required to
develop their basic category theory.

It is not necessary to know anything about model categories in order to understand the
definition of an ∞-cosmos, but for those who are familiar with them, we briefly say a few
words to motivate this axiomatization. If our aim was to establish the basic homotopy theory
of some type of objects, experience suggests that a good setting in which to work is a simplicial
model category, that is in a simplicially enriched category equipped with a model structure
that is enriched over the Kan/Quillen model structure on simplicial sets. In a simplicial model
category, there is a formula for the homotopy limit or colimit of a diagram of any shape. In
the subcategory of fibrant-cofibrant objects, the model-theoretic notion of “weak equivalence”
coincides with a more symmetrically defined notion of “homotopy equivalence.” Also, mapping-
spaces between objects that are fibrant and cofibrant have the “correct homotopy type” and
are invariant under these notions of equivalence.
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By analogy, we posit that a good setting in which to establish the basic category theory
of some type of objects (the “∞-categories”) is in a simplicially enriched category equipped
with a model structure that is enriched over the Quasi/Joyal model structure on simplicial
sets. Each of the models of (∞, 1)-categories listed above arise as precisely the fibrant objects
(which are also cofibrant) in a model structure of this kind. In fact, to do our work, we need
only a portion of the axioms defining a Quasi/Joyal-enriched model structure, which define
what we call an ∞-cosmos.

1.2.1 Definition (∞-cosmos). An ∞-cosmos is a simplicially enriched category K whose

• objects we refer to as the ∞-categories in the ∞-cosmos, whose

• hom simplicial sets Fun(A,B) are all quasi-categories3,

and that is equipped with a specified subcategory of isofibrations, denoted by “↠”, satisfying
the following axioms:

(a) (completeness) As a simplicially enriched category, K possesses a terminal object 1,
cotensors AU of objects A by all4 simplicial sets U , and pullbacks of isofibrations
along any functor.5

(b) (isofibrations) The class of isofibrations contains the isomorphisms and all of the
functors ! : A ↠ 1 with codomain 1; is stable under pullback along all functors; and
if p : E ↠ B is an isofibration in K and i : U ↪→ V is an inclusion of simplicial sets
then the Leibniz cotensor i ⋔̂ p : EV ↠ EU ×BU BV is an isofibration. Moreover, for
any object X and isofibration p : E ↠ B, Fun(X, p) : Fun(X,E) ↠ Fun(X,B) is an
isofibration of quasi-categories.

The underlying category of an ∞-cosmos K has a canonical subcategory of (representably-
defined) equivalences, denoted by “ ∼−−→”, satisfying the 2-of-6 property. A functor f : A→ B

is an equivalence just when the induced functor Fun(X, f) : Fun(X,A) → Fun(X,B) is an
equivalence of quasi-categories for all objects X ∈ K. The trivial fibrations, denoted by “ ∼−↠”,
are those functors that are both equivalences and isofibrations.

It follows from 1.2.1(a)-(b) that:

(c) (cofibrancy) All objects are cofibrant, in the sense that they enjoy the left lifting
property with respect to all trivial fibrations in K.

E

∼

����

A //

∃
??

B
3A quasi-category is a particular type of simplicial set. See 1.2.2.
4It suffices to require only cotensors with finitely presented simplicial sets (those with only finitely many
non-degenerate simplices).
5For the theory of homotopy coherent adjunctions and monads developed in [RV-II], retracts and limits of
towers of isofibrations are also required, with the accompanying stability properties of (b). These limits are
present in all of the ∞-cosmoi we are aware of, but will not be required for any results discussed here.
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(d) (trivial fibrations) The trivial fibrations define a subcategory containing the iso-
morphisms; are stable under pullback along all functors; and the Leibniz cotensor
i ⋔̂ p : EV ∼−↠ EU ×BU BV of an isofibration p : E ↠ B in K and a monomorphism
i : U ↪→ V between simplicial sets is a trivial fibration when p is a trivial fibration in
K or i is trivial cofibration in the Joyal model structure on sSet (see V.2.1.3). More-
over, for any object X and trivial fibration p : E ∼−↠ B, Fun(X, p) : Fun(X,E) ∼−↠
Fun(X,B) is a trivial fibration of quasi-categories.6

(e) (factorization) Any functor f : A→ B may be factored as f = pj

Nf

p

    

q

∼


A
f

//

∼
j

>>

B

where p : Nf ↠ B is an isofibration and j : A ∼−−→ Nf is right inverse to a trivial
fibration q : Nf

∼−↠ A (see IV.2.1.6).

Every ∞-cosmos has products by (a). An ∞-cosmos is cartesian closed if it satisfies the
extra axiom:

(f) (cartesian closure) The product bifunctor −×− : K×K → K extends to a simplicially
enriched two-variable adjunction

Fun(A×B,C) ∼= Fun(A,CB) ∼= Fun(B,CA).

1.2.2 Recall (quasi-categories). A quasi-category is a simplicial set satisfying the weak Kan
condition, i.e., in which every inner horn Λn,k ↪→ ∆n, 0 < k < n, has a filler. The quasi-
categories define the fibrant objects in a model structure on simplicial sets due to Joyal in
which the cofibrations are the monomorphisms and the fibrations between fibrant objects are
maps we call isofibrations. An isofibration is a map that has the right lifting property against
the inner horn inclusions and also against the inclusion ∆0 → I of either endpoint into the
“interval” I, defined to be the nerve of the free category • ∼= • containing an isomorphism.7

The weak equivalences between quasi-categories are precisely the equivalences between
quasi-categories, which can be understood as a type of “simplicial homotopy equivalence” with
respect to the interval I. That is, a map f : A→ B of quasi-categories is an equivalence just
when there exists a map g : B → A together with maps A → AI and B → BI that restrict
along the vertices of I to the maps idA, gf , fg, and idB respectively:

f : A ∼−−→ B iff ∃g : B ∼−−→ A and

A

A //

idA

>>

gf
  

AI

p0

OOOO

p1
����

A

and

B

B //

fg
>>

idB   

BI

p0

OOOO

p1
����

B
6The surjectivity on vertices of such maps proves (c).
7Joyal refers to these maps as quasi-fibrations [J] and Lurie calls them categorical fibrations [L]. We prefer
isofibrations because this term indicates the corresponding 2-categorical property; see IV.3.1.4.
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The subcategory of fibrant objects in a model category that is enriched over the Joyal
model structure on simplicial sets defines an ∞-cosmos — assuming all fibrant objects are
cofibrant.8 In such examples, the convention will be to define the isofibrations to be the
fibrations between fibrant objects. It follows that the equivalences are precisely the weak
equivalences between fibrant objects in the model category. This is the source of each of the
following examples of ∞-cosmoi.

1.2.3 Example. There exist ∞-cosmoi:

• Cat, whose objects are ordinary categories, with isofibrations and equivalences the usual
categorical isofibrations and equivalences (IV.2.2.4);

• qCat, whose objects are quasi-categories (IV.2.1.4), with isofibration and equivalences as
in 1.2.2;

• CSS, whose objects are complete Segal spaces (IV.2.2.5);

• Segal, whose objects are Segal categories (IV.2.2.7);

• sSet+, whose objects are naturally marked simplicial sets (IV.2.2.8);

all of which are cartesian closed. Thus each of these varieties of (∞, 1)-categories are examples
of ∞-categories, in our sense; the associated ∞-functors are just the usual functors, maps of
simplicial sets, maps of bisimplicial sets, and maps of marked simplicial sets, respectively.
For ordinary categories, the isofibrations and equivalences coincide with the usual categorical
notions bearing these names. For the quasi-categories, complete Segal spaces, Segal categories,
and marked simplicial sets, the equivalences of∞-categories are exactly the weak equivalences
between fibrant-cofibrant objects in the model structure that is used to present the basic
homotopy theory of each variety of (∞, 1)-category.

So, each model of (∞, 1)-categories mentioned in the introduction has an∞-cosmos. These
are not the only examples, however:

1.2.4 Example. There exist ∞-cosmoi:

• θn-Sp, whose objects are θn-spaces, a model of (∞, n)-categories as simplicial presheaves
(IV.2.2.10)

• RezkM, whose objects are Rezk objects in a sufficiently nice model category M.9 Rezk
objects are used to define iterated complete Segal spaces, another simplicial presheaf model
of (∞, n)-categories (IV.2.2.9).

Moreover, if K is any ∞-cosmos and B ∈ K, then there is a sliced ∞-cosmos K/B, whose
objects are isofibrations with codomain B. Sliced ∞-cosmoi will play a big role in Lecture 4.
8This hypothesis is not essential; see IV.2.1.1.
9Here, “sufficiently nice” means permitting left Bousfield localization. With the definition of ∞-cosmos pre-
sented in 1.2.1 we also need to require that the resulting fibrant objects are all cofibrant.
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In summary, ∞-categories, for us, are the objects in a universe called an ∞-cosmos that
is suitable for the development of their basic category theory — much like a simplicial model
category is a suitable environment in which to develop the basic homotopy theory of its objects.
In our definition of an ∞-cosmos, we are not seeking to axiomatize the universe surrounding
any particular variety of infinite-dimensional category, in contrast to [T] or [BSP]. Rather, the
axioms outline what is needed to prove our theorems. The axiomatization presented here could
also be made more general — indeed, [RV-IV] uses a weaker definition of∞-cosmos than will be
considered here and further weakenings are also possible. Our aim is to optimize for simplicity
of presentation, while applying sufficiently broadly. A perpetual challenge in category theory,
or in many areas of abstract mathematics, is to find the right level of generality, which is often
not the maximal level of generality.

1.3 The homotopy 2-category of an∞-cosmos In fact most of our work to develop the
basic theory of∞-categories takes place not in their ambient∞-cosmos, but in a quotient of the
∞-cosmos that we call the homotopy 2-category. Each∞-cosmos has an underlying 1-category
whose objects are the ∞-categories of that ∞-cosmos and whose morphisms, which we call
∞-functors or more often simply functors, are the vertices of the mapping quasi-categories.

1.3.1 Definition (the homotopy 2-category of ∞-cosmos). The homotopy 2-category of an
∞-cosmos K is a strict 2-category hK so that

• the objects of hK are the objects of K, i.e., the ∞-categories;

• the 1-cells f : A→ B of hK are the vertices f ∈ Fun(A,B) in the mapping quasi-categories
of K, i.e., the ∞-functors;

• a 2-cell A

f
&&

g

99
⇓α B in hK is represented by a 1-simplex α : f → g ∈ Fun(A,B), where a

parallel pair of 1-simplices in Fun(A,B) represent the same 2-cell if and only if they bound
a 2-simplex whose remaining outer face is degenerate.

Put concisely, the homotopy 2-category is the 2-category hK := ho∗K defined by applying the
homotopy category functor ho: qCat→ Cat to the mapping quasi-categories of the∞-cosmos;
the hom-categories in hK are defined by the formula

hom(A,B) := ho(Fun(A,B))

to be the homotopy categories of the mapping quasi-categories in K.

The homotopy 2-category hqCat of the ∞-cosmos of quasi-categories was first introduced
by Joyal in his work on the foundations of quasi-category theory.

1.3.2 Observation (functors representing (isomorphic) 2-cells). We write 2 for the simplicial

set ∆1, which is the nerve of the walking arrow • → •. A natural transformation A

f
&&

g

99
⇓α B
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in the homotopy 2-category of an ∞-cosmos K is represented by a map of simplicial sets
α : 2 → Fun(A,B), which transposes to define a functor in K that composes with the two
projections to the maps g and f respectively.

B

A
α //

f
>>

g
  

B2

p0

OOOO

p1
����

B

The 2-cell A

f
&&

g

99
⇓α B is an isomorphism in the homotopy 2-category hK if and only if the

arrow in hom(A,B) represented by the map ho(α) : ho2 → hoFun(A,B) is an isomorphism.
This is the case if an only if the representing simplicial map α : 2 → Fun(A,B) extends to a
simplicial map α′ : I→ Fun(A,B), which transposes to define a functor in K

B

A
α′
//

f
>>

g
  

BI

p0

OOOO

p1
����

B

A priori, it is a bit of a surprise that the homotopy 2-category remembers enough informa-
tion from the ∞-cosmos to develop the basic category theory of its objects. The first result
that shows why this might be the case is the following.

1.3.3 Proposition (IV.3.1.8). A functor f : A → B is an equivalence in the ∞-cosmos K if
and only if it is an equivalence in the homotopy 2-category hK.

Proof. By definition, any equivalence f : A ∼−−→ B in the ∞-cosmos induces an equiva-
lence Fun(X,A) ∼−−→ Fun(X,B) of quasi-categories for any X, which becomes an equiva-
lence of categories hom(X,A) ∼−−→ hom(X,B) upon applying the homotopy category functor
ho: qCat→ Cat. Applying the Yoneda lemma in the homotopy 2-category hK, it follows easily
that f is an equivalence in the sense of Definition 1.1.4.

Conversely, as the map I→ ∆0 of simplicial sets is a weak equivalence in the Joyal model
structure, the cotensor BI defines a path object for the ∞-category B.

BI

(p1,p0)

## ##

B
∆

//

∼
∆

>>

B ×B

It follows from the 2-of-3 property that any functor that is isomorphic in the homotopy 2-
category to an equivalence in the ∞-cosmos is again an equivalence in the ∞-cosmos. Now it
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follows immediately from the 2-of-6 property for equivalences in the ∞-cosmos and the fact
that the class of equivalences includes the identities, that any 2-categorical equivalence in the
sense of Definition 1.1.4 is an equivalence in the ∞-cosmos.

The upshot is that any categorical notion defined up to equivalence in the homotopy
2-category is also characterized up to equivalence in the ∞-cosmos.

Axioms 1.2.1(a) and (b) imply that an ∞-cosmos has finite products satisfying a simpli-
cially enriched universal property. Consequently:

1.3.4 Proposition. The homotopy 2-category of an ∞-cosmos has finite products, and if the
∞-cosmos is cartesian closed, then so is its homotopy 2-category.

Proof. The homotopy category functor ho: qCat → Cat preserves finite products. Applying
this to the defining isomorphisms Fun(X, 1) ∼= ∆0 and Fun(X,A×B) ∼= Fun(X,A)×Fun(X,B)

for the simplicially enriched terminal object and binary products of K yields isomorphisms
hom(X, 1) ∼= 1 and hom(X,A × B) ∼= hom(X,A) × hom(X,B). These demonstrate that 1

and A×B are also the 2-categorical terminal object and binary products in hK.
In this case where K is cartesian closed, applying the homotopy category functor to the

defining isomorphisms on mapping quasi-categories yields the required natural isomorphisms

hom(A×B,C) ∼= hom(A,CB) ∼= hom(B,CA)

of hom-categories.

1.3.5 Definition. A cosmological functor F : K → L is a simplicial functor that preserves
isofibrations and the limits listed in 1.2.1(a). Simplicial functoriality implies that a cosmolog-
ical functor preserves equivalences and hence also trivial fibrations.

For any ∞-cosmoi that arise as the fibrant objects in a Joyal-enriched model category, a
simplicially enriched right Quillen adjoint will define a cosmological functor. This is the source
of many of the following examples.

1.3.6 Example. The following define cosmological functors:

• Fun(X,−) : K → qCat for any object X ∈ K (see Proposition IV.2.1.10).

• As a special case, the underlying quasi-category functor Fun(1,−) : K → qCat. Examples
include the functors CSS → qCat and Segal → qCat that take a complete Segal space or
Segal category to its 0th row (see IV.2.2.5 and IV.2.2.7) and the functor sSet+ → qCat that
carries a naturally marked simplicial set to its underlying quasi-category (see IV.2.2.8).

• (−)U : K → K for any simplicial set U , by 1.2.1(b) and the fact that simplicially enriched
limits commute with each other.

• The inclusion Cat → qCat of categories into quasi-categories that identifies a category
with its nerve (see IV.2.2.4).

• The functor t! : qCat→ CSS defined in example IV.2.2.6.



128 Riehl and Verity, Higher Structures 4(1):115–167, 2020.

• The functor CSS→ Segal that “discretizes” the 0th space of a complete Segal space.

The appropriate notion of functor between 2-categories is called a 2-functor, preserving all
of the structure on the nose. A functor F : K → L of ∞-cosmoi induces a 2-functor hF :=

ho∗F : hK → hL between their homotopy 2-categories. Because adjunctions and equivalences
in a 2-category are defined equationally, they are preserved by any 2-functor; in particular,
the 2-functor between homotopy 2-categories induced by a cosmological functor preserves
adjunctions and equivalences. Hence:

1.3.7 Proposition. If B
f
//

⊥ A
u
oo is an adjunction between ∞-categories then

(i) For any ∞-category X, Fun(X,B)
Fun(X,f)

//
⊥ Fun(X,A)

Fun(X,u)
oo defines an adjunction of quasi-

categories.

(ii) For any ∞-category X, hom(X,B)
hom(X,f)

//
⊥ hom(X,A)

hom(X,u)
oo defines an adjunction of cat-

egories.

(iii) For any simplicial set U , BU
fU
//

⊥ AU

uU
oo defines an adjunction of ∞-categories.

(iv) If the ∞-cosmos is cartesian closed, then for any ∞-category C the pre- and post-
composition functors define adjunctions of ∞-categories:

BC
f∗
//

⊥ AC
u∗
oo CB

u∗ //
⊥ CA

f∗
oo

Taking X = 1 in (ii) yields an adjunction between the homotopy categories associated to
the ∞-categories A and B.

Proof. The adjunction f ⊣ u in hK is preserved by the 2-functors Fun(X,−) : hK → hqCat,
hom(X,−) : hK → hCat, (−)U : hK → hK, (−)C : hK → hK, and C(−) : hKop → hK.

Via the simplicial cotensor and the embedding Cat ↪→ sSet, for any ∞-category A in
an ∞-cosmos K, there is also a 2-functor A(−) : hCatop → hK, which is another source of
adjunctions between ∞-categories:

1.3.8 Example (I.4.5.8). For any ∞-category A, there is an adjunction

A2 ×A A2 m // A2

i1

kk

i0

ss ⊥

⊥

between the “composition” functor m and the pair of functors that “extend an arrow into a
composable pair” by using the identities at its domain and codomain.
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To prove this, first note that there exists a pair of adjunctions

2 δ1 // 3

σ0

ii

σ1

uu ⊥

⊥

between ordinal categories so that the counit of the top adjunction and unit of the bottom
adjunction are identities. Applying A(−) : hCatop → hK converts these into adjunctions

A3
Aδ1 // A2

Aσ1

jj

Aσ0

tt ⊥

⊥

in which the upper adjunction has identity unit and the lower adjunction has identity counit.
We write A2 := A∆1 and refer to this as the arrow ∞-category associated to A on account of
a weak 2-categorical universal property that we will describe in Lecture 3.

The horn inclusion Λ2,1 ↪→ ∆2 is a trivial cofibration in Joyal’s model structure, inducing
an equivalence p : A3 ∼−↠ A2 ×A A2 of ∞-categories, whose codomain we identify from the
left-hand pushout in simplicial sets, which induces the right-hand pullback in the ∞-cosmos:

Λ2,1 ∆1δ2oo AΛ2,1 π0 //

π1
��

A2

p1
����

∆1

δ0

OO

∆0

δ0

OO

δ1
oo A2

p0
// // A

Proposition 1.3.3 tells us that p : A3 ∼−↠ A2 ×A A2 defines an equivalence in the homotopy
2-category. In particular, by Corollary 1.1.6, p admits an equivalence inverse p′ that is simul-
taneously a left and a right adjoint. Composing p ⊣ p′ ⊣ p with the displayed adjunction, we
obtain the adjunctions i0 ⊣ m ⊣ i1.

In fact, these adjunctions can be defined so that the unit and counit 2-cells, and not
just the functors, are fibered over the endpoint evaluation functors A2 ×A A2 ↠ A × A and
A2 ↠ A×A. The proof makes use of the fact that these maps are isofibrations; see I.4.5.8.

Lecture 2. Limits and colimits in ∞-categories

Recall that we use the term∞-category to refer to any variety of infinite-dimensional category
that inhabits an ∞-cosmos. An ∞-cosmos is a simplicially enriched category K, whose homs
Fun(A,B) are quasi-categories, that admits certain simplicially-enriched limit constructions
and whose specified class of isofibrations enjoy certain closure properties. The objects and
morphisms of the underlying category of K define the ∞-categories and ∞-functors of the
∞-cosmos. There are ∞-cosmoi for quasi-categories, complete Segal spaces, Segal categories,
and naturally marked simplicial sets, each of these being a model of (∞, 1)-categories.

Our development of the basic theory of adjunctions and equivalences between ∞-categor-
ies takes place entirely within the homotopy 2-category hK of an ∞-cosmos K. The objects
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and morphisms in the homotopy 2-category are again the ∞-categories and ∞-functors. A

2-cell A

f
&&

g

99
⇓α B between a parallel pair of functors between ∞-categories is represented by

a 1-simplex α : f → g ∈ Fun(A,B), where two parallel 1-simplices are equivalent if and only
if they bound a 2-simplex whose third edge is degenerate. More concisely, the hom-category
hom(A,B) between two objects in the homotopy 2-category is the homotopy category of the
mapping quasi-category Fun(A,B).

Proposition 1.3.4 demonstrates that the homotopy 2-category of any ∞-cosmos has finite
products, satisfying a 2-dimensional universal property. For the terminal ∞-category 1, this
says that hom(X, 1) ∼= 1, that is there is a unique ∞-functor ! : X → 1 for any ∞-category X

and this functor admits no non-identity endomorphisms. Proposition 1.3.3 demonstrates that
the notions of equivalence between∞-categories defined at the level of the∞-cosmos coincide
precisely with the notions of equivalence in the homotopy 2-category, the upshot being that
equivalence-invariant 2-categorical constructions are appropriately homotopical.

Fix an ambient ∞-cosmos K. We will work inside this universe for the remainder of this
lecture. Our aim now is to define appropriate notions of limit and colimit of diagrams taking
values in an ∞-category A inside the ∞-cosmos. To define limits and colimits, we need a way
to look inside the∞-category A without leaving the comfort of the∞-cosmos axiomatization.
For this, we make use of the terminal ∞-category 1. A functor a : 1 → A will be called an
element10 of A; by analogy, a functor a : X → A is a generalized element of A. Elements of A
and the 2-cells between them define the homotopy category of the∞-category A, as we record
in passing.

2.0.1 Definition. The homotopy category of an ∞-category A is the category hom(1, A)

whose objects are the elements of A and whose morphisms α : a→ a′ are 2-cells 1

a
%%

a′
99

⇓α A .

2.1 Terminal elements Before introducing the general notion of limits, we will warm up
with a special case of terminal objects, which we will call terminal elements.

2.1.1 Definition. A terminal element in an ∞-category A is a right adjoint t : 1→ A to the
unique functor ! : A→ 1. Explicitly, the data consists of:

• an element t : 1→ A and

• a natural transformation η : idA ⇒ t! whose component ηt at the element t is an isomor-
phism.11

10Synonyms include point or object. The term “element” is perhaps less traditional but also less likely to be
confused with other mathematical notions currently under consideration.
11If η is the unit of the adjunction ! ⊣ t, then the triangle identities demand that ηt = idt. However, by
a 2-categorical trick, to show that such an adjunction exists, it suffices to find a 2-cell η so that ηt is an
isomorphism (see I.4.2.3).
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Several basic facts about terminal elements can be deduced immediately from the general
theory of adjunctions.

2.1.2 Proposition.

(i) An element t : 1 → A is terminal if and only if it is representably terminal, i.e., if

for all f : X → A there exists a unique 2-cell
X

f
//

! ��
⇓∃!

A

1
t

??

(ii) Terminal elements are preserved by right adjoints and by equivalences.

(iii) If A′ ≃ A then A has a terminal element if and only if A′ does.

Proof. For (i), Proposition 1.3.7(ii) proves that terminal elements are representably terminal;
the converse follows from the Yoneda lemma. (ii) is a special case of Proposition 1.1.3, via
Corollary 1.1.6; (iii) follows.

2.2 Limits Terminal elements are limits indexed by the empty set. We now turn to limits
of generic diagrams whose indexing shapes are given by simplicial sets. We have a 2-category
hsSet of simplicial sets, extending in the evident way the definition of the homotopy 2-category
hqCat ⊂ hsSet of quasi-categories. The 2-category of categories sits as a full subcategory
hCat ⊂ hqCat ⊂ hsSet, with categories identified with the simplicial sets defining their nerves.
In this way, diagrams indexed by categories are among the diagrams indexed by simplicial
sets.

For any ∞-category A in an ∞-cosmos K, there is a simplicial functor A(−) : sSetop → K,
which descends to a 2-functor A(−) : hsSetop → hK. These simplicial cotensors are used to
define ∞-categories of diagrams.

2.2.1 Definition (diagram ∞-categories). If J is a simplicial set and A is an ∞-category,
then the ∞-category AJ is the ∞-category of J-indexed diagrams in A.

2.2.2 Remark. In the case where the∞-cosmos is cartesian closed, in the sense of Definition
1.2.1(f), we could instead take the indexing shape J to be an ∞-category, in which case the
internal hom AJ is the ∞-category of J-indexed diagrams in A. The development of the
theory of limits indexed by an ∞-category in a cartesian closed ∞-cosmos entirely parallels
the development for limits indexed by a simplicial set. The conflated notation of 1.2.1(a) and
1.2.1(f) is intended to further highlight this parallelism.

In analogy with Definition 2.1.1, we have:

2.2.3 Definition. An ∞-category A admits all limits of shape J if the constant diagram
functor ∆: A→ AJ , induced by the unique functor ! : J → 1, has a right adjoint:

A
∆ //
⊥ AJ

lim
oo

From the vantage point of Definition 2.2.3, the following result is easy:
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2.2.4 Exercise. Show, using 1.1.3 and 1.1.8, that a right adjoint functor u : A→ B between
∞-categories that admit all limits of shape J necessarily preserves them, in the sense that the
functors

AJ

lim
��

uJ // BJ

lim
��

∼=

A u
// B

commute up to isomorphism.

The problem with Definition 2.2.3 is that it is insufficiently general: many ∞-categories
will have certain, but not all, limits of diagrams of a particular indexing shape. With this aim
in mind, we will now re-express Definition 2.2.3 in a form that permits its extension to cover
this sort of situation. For this, we make use of the following 2-categorical notion.

2.2.5 Definition (absolute right lifting). Given a cospan C
g−→ A

f←− B, a functor ℓ : C → B

and a 2-cell

⇓λ

B

f
��

C

ℓ

>>

g
// A

(2.2.6)

define an absolute right lifting of g through f if any 2-cell as displayed below-left factors
uniquely through λ as displayed below-right

X

c
��

b //

⇓χ

B

f
��

C g
// A

=

X

c
��

b //

∃!⇓

⇓λ

B

f
��

C

ℓ

>>

g
// A

We refer to the 2-cell (2.2.6) as an absolute right lifting diagram. In category theory, the
term “absolute” typically means “preserved by all functors.” An absolute right lifting diagram
is a right lifting diagram λ : fℓ⇒ g so that the restriction of λ along any generalized element
c : X → C again defines a right lifting diagram.

2.2.7 Exercise. Show that in any 2-category, a 2-cell ϵ : fu ⇒ idA defines the counit of an
adjunction f ⊣ u if and only if

⇓ϵ

B

f
��

A

u

??

A

defines an absolute right lifting diagram.

Applying Exercise 2.2.7, Definition 2.2.3 is equivalent to the assertion that the limit cone,
our term for the counit of ∆ ⊣ lim defines an absolute right lifting diagram:

⇓ϵ

A

∆
��

AJ

lim

==

AJ

(2.2.8)
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This motivates the following definition.

2.2.9 Definition (limit). A limit of a J-indexed diagram in A is an absolute right lifting of
the diagram d through the constant diagram functor ∆: A→ AJ

⇓λ

A

∆
��

1
d
//

lim d

>>

AJ

(2.2.10)

the 2-cell component of which defines the limit cone λ : ∆ lim d⇒ d.

If A has all J-indexed limits, then the restriction of the absolute right lifting diagram
(2.2.8) along the element d : 1 → AJ defines a limit for d. Interpolating between Definitions
2.2.9 and 2.2.3, we can define a limit of a family of diagrams to be an absolute right lifting of
the family d : K → AJ through ∆: A→ AJ . For instance:

2.2.11 Theorem (I.5.3.1). For every cosimplicial object in an ∞-category that admits an
coaugmentation and a splitting, the coaugmentation defines its limit. That is, for every ∞-
category A, the functors

⇓λ

A

∆
��

A∆⊥
res
//

ev[−1]

<<

A∆

define an absolute right lifting diagram.

Here ∆ is the usual simplex category of finite non-empty ordinals and order-preserving
maps. It defines a full subcategory of ∆+, which freely appends an initial object [−1], and this
in turn defines a wide subcategory12 of ∆⊥, which adds an “extra degeneracy” map between
each pair of consecutive ordinals. Diagrams indexed by ∆ ⊂ ∆+ ⊂ ∆⊥ are, respectively, called
cosimplicial objects, coaugmented cosimplicial objects, and split cosimplicial objects. The limit
of a cosimplicial object is often called its totalization.

Proof sketch. In hCat, there is a canonical 2-cell

∆ �
�

//

!
��

∆⊥

1
[−1]

>>
⇑λ

because [−1] ∈ ∆⊥ is initial. This data defines an absolute right extension diagram that is
moreover preserved by any 2-functor, as the universal property of the functor [−1] : 1 → ∆⊥
and the 2-cell λ is exhibited by a pair of adjunctions (see I.5.3.2). The 2-functor A(−) : hCatop →
hK converts this into the absolute right lifting diagram of the statement.

The most important result relating adjunctions and limits is of course:
12A wide subcategory is a subcategory containing all of the objects.
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2.2.12 Theorem (I.5.2.13). Right adjoints preserve limits.

Our proof will closely follow the classical one. Given a diagram d : 1 → AJ and a right
adjoint u : A → B to some functor f , a cone with summit b : 1 → B over uJd transposes to
define a cone with summit fb over d, which factors uniquely through the limit cone. This
factorization transposes back across the adjunction to show that u carries the limit cone over
d to a limit cone over uJd.

Proof. Suppose that A admits limits of a diagram d : 1 → AJ as witnessed by an absolute
right lifting diagram (2.2.10). By Proposition 1.3.7, an adjunction f ⊣ u induces an adjunction
fJ ⊣ uJ . We must show that

⇓λ

A

∆
��

u // B

∆
��

1

lim d

>>

d
// AJ

uJ
// BJ

is again an absolute right lifting diagram. Given a square

X

!
��

b //

⇓χ

B

∆
��

1
d
// AJ

uJ
// BJ

we first “transpose across the adjunction,” by composing with f and the counit.

X

!
��

b //

⇓χ

B

∆
��

f
// A

∆
��

1
d
// AJ

⇓ϵJ
uJ // BJ fJ

// AJ
=

X
∃!⇓ζ

⇓λ
!
��

b // B
f
// A

∆
��

1
lim d

77

d
// AJ

The universal property of the absolute right lifting diagram λ : ∆ lim ⇒ d induces a unique
factorisation ζ, which may then be “transposed back across the adjunction” by composing with
u and the unit.

X
∃!⇓ζ

⇓λ
!
��

b // B
⇓η

f // A

∆
��

u
// B

∆
��

1
lim d

77

d
// AJ

uJ
// BJ

=

X

!
��

b //

⇓χ

B

∆
��

⇓η

f
// A

∆
��

u
// B

∆
��

1
d
// AJ

⇓ϵJ
uJ // BJ fJ

// AJ
uJ
// BJ

=

X

!
��

b //

⇓χ

B

∆
��

B

∆
��

1
d
// AJ

⇓ϵJ
uJ // BJ fJ //

⇓ηJ
AJ

uJ
// BJ

=

X

!
��

b //

⇓χ

B

∆
��

1
d
// AJ

uJ
// BJ

Here the second equality is a consequence of the 2-functoriality of the simplicial cotensor,
while the third is an application of a triangle identity for the adjunction fJ ⊣ uJ . The pasted
composite of ζ and η is the desired factorisation of χ through λ.
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The proof that this factorization is unique, which again parallels the classical argument, is
left to the reader: the essential point is that the transposes defined via these pasting diagrams
are unique.

The same argument also shows that a right adjoint preserves the limit of a family of
diagrams d : K → AJ . On account of Exercise 1.1.5, we have the immediate corollary:

2.2.13 Corollary. Equivalences preserve limits.

Moreover, “completeness” of ∞-categories is transferred along equivalences.

2.2.14 Proposition. If A ≃ B then any family of diagrams in A that admits limits in B also
admits limits in A.

Proof. Consider a family of diagrams d : K → AJ of shape J in A that admits limits in B

after composing with the equivalence A ≃ B, given by an absolute right lifting diagram:

⇓λ

B

∆
��

K

lim

66

d
// AJ ∼

// BJ

We claim that the composite 2-cell

⇓λ

B

∆
��

∼ // A

∆
��

K

lim

66

d
// AJ

⇓∼=
∼
// BJ ∼ // AJ

again defines an absolute right lifting diagram, proving that the original family d : K → AJ

admits limits in A. Promoting the equivalence to an adjoint equivalence, as in Exercise
1.1.5, the proof of this universal property is very similar to the proof of Theorem 2.2.12; the
remaining details are left as an exercise.

2.3 Colimits The theory of colimits of J-indexed diagrams in an ∞-category A is dual to
the theory of limits by reversing the direction of the 2-cells but not the 1-cells in the ambient
homotopy 2-category hK.

2.3.1 Definition (absolute left lifting). Given a cospan C
g−→ A

f←− B, a functor ℓ : C → B

and a 2-cell

⇑λ

B

f
��

C

ℓ

>>

g
// A
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define an absolute left lifting of g through f if any 2-cell as displayed below-left factors uniquely
through λ as displayed below-right

X

c
��

b //

⇑χ

B

f
��

C g
// A

=

X

c
��

b //

∃!⇑

⇑λ

B

f
��

C

ℓ

>>

g
// A

2.3.2 Definition (colimit). A colimit of a J-indexed diagram in A is an absolute left lifting
of the diagram d through the constant diagram functor ∆: A→ AJ

⇑λ

A

∆
��

1
d
//

colim d

>>

AJ

the 2-cell component of which defines the colimit cone λ : d⇒ ∆colim d.

We leave the formulation of the evident duals of 2.2.11, 2.2.12, 2.2.13, and 2.2.14 as an
exercise.

2.4 Arrow ∞-categories By design, our definitions of limits and colimits of diagrams
in an ∞-category and of adjunctions between ∞-categories are in a form that can be easily
expressed internally to a 2-category. Consequently, we have not yet described the universal
properties encoded by the ∞-functors represented by limit or colimit elements. Our aim in
the next lecture will be to present equivalent definitions of limits, colimits, and adjunctions
that can be given in these terms. These will require a more substantial use of the ∞-cosmos
axiomatization than we have needed thus far and will also form the basis for our “model
independence” results.

To prepare the way for this discussion, we now briefly introduce the∞-categories that will
serve as a vehicle to encode these sorts of representable universal properties, at least in the
very simplest case: these are arrow ∞-categories.

Here is the idea that motivates their importance. Recall that we use the terminal ∞-
category 1 to probe inside an ∞-category A, in the sense that an element of A is defined to
be a functor a : 1 → A. We would like to be able to probe similarly for arrows in A. An

approximate notion is given by a 2-cell of the form 1

a
%%

a′
99

⇓f A , but these correspond to arrows

in the homotopy category of A, as in Definition 2.0.1, rather than arrows in A itself. If we
had a “walking arrow” ∞-category 2, then we could define an arrow in A to be a functor
f : 2→ A. The axioms of an ∞-cosmos do not guarantee this, but we can represent functors
of this type in “transposed” form, as elements f : 1 → A2 in the arrow ∞-category that we
now define.

2.4.1 Definition (arrow ∞-categories). For any ∞-category A, the simplicial cotensor

A2 := A∆1 (p1,p0)
// // A∂∆

1 ∼= A×A
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defines the arrow ∞-category A2, equipped with an isofibration (p1, p0) : A
2 ↠ A×A, where

p1 : A
2 ↠ A denotes the codomain projection and p0 : A

2 ↠ A denotes the domain projection.

Using the notation 2 := ∆1, the defining universal property of the simplicial cotensor
asserts that the canonical map defines an isomorphism of quasi-categories

Fun(X,A2)
∼=−→ Fun(X,A)2.

In particular, taking X = A2, the identity functor idA2 transposes to define a vertex in
Fun(A2, A)2 which represents a 2-cell

A2

p0
%% %%

p1

99 99
⇓ϕ A (2.4.2)

in the homotopy 2-category hK.
There is an analogous categorical notion of cotensor with 2: if C is an ordinary 1-

category, then C2 is the category whose objects are morphisms in C and whose morphisms
are commutative squares. In particular, for any pair of ∞-categories, we can form the ar-
row category hom(X,A)2 of the hom-category between them. There is a canonical functor
hom(X,A2) → hom(X,A)2 obtained by applying hom(X,−) to the 2-cell (2.4.2) and ap-
pealing to the universal property of hom(X,A)2. Now the arrow ∞-category A2 would
be a strict 2-cotensor in the homotopy 2-category hK if this map defined an isomorphism
hom(X,A2)

∼=−→ hom(X,A)2, analogous to the isomorphism of mapping quasi-categories that
demonstrates that A2 is a strict ∆1-cotensor in K. Instead:

2.4.3 Proposition (I.3.3.9). For any ∞-categories X and A, the canonical functor

hom(X,A2) −→ hom(X,A)2

is smothering: that is, surjective on objects, full, and conservative.13

Surjectivity on objects asserts that any 2-cell α : f ⇒ g : X → A is represented by a functor
α̂ : X → A2 with the property that the whiskered composite of the representing functor with
the canonical 2-cell ϕ : p0 ⇒ p1 equals α:

X
α̂ // A2

p0
%% %%

p1

99 99
⇓ϕ A = X

f
%%

g

99
⇓α A

These representatives are not unique:

2.4.4 Exercise. Show that any parallel pair of functors α̂, α̂′ : X → A2 over A× A that are
connected by an invertible 2-cell that projects to the identity along (p1, p0) : A

2 ↠ A×A will
necessarily represent the same 2-cell α : f ⇒ g.

X

α̂
**

α̂′

44⇓∼=

(g,f) ##

A2

(p1,p0)zzzz

A×A

13A functor is conservative when it reflects isomorphisms.
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Then use Proposition 2.4.3 to prove the converse: that any parallel pair of functors that
represent the same 2-cell α : f ⇒ g are connected by an isomorphism of this form.

Lemma 3.1.5, proven below, generalizes this result.

This non-uniqueness of representing functors implies, in particular, that the functor of
Proposition 2.4.3 cannot define an isomorphism of categories. Nonetheless, we are able to
make substantial use of the weak 2-dimensional universal property of the arrow construction,
as expressed by Proposition 2.4.3, as we shall shortly discover.

Lecture 3. Comma ∞-categories and model independence

In the first two parts of this series, we have introduced notions of adjunctions between and
limits and colimits of diagrams valued within ∞-categories, which are objects in some well-
behaved universe we call an∞-cosmos. In our treatment of adjunctions between∞-categories
and limits and colimits of diagrams valued in an ∞-category we have privileged definitions of
these basic categorical notions that can be defined internally to any 2-category. Consequently,
we have not yet seen the analogues of, for instance, the idea that an adjunction encodes a
natural correspondence between certain arrows in a pair of ∞-categories, or the idea that a
limit defines a terminal object in the∞-category of cones. Our aim in this lecture is to present
equivalent definitions in terms of these universal properties, utilizing additional structures in
the homotopy 2-category guaranteed by the ∞-cosmos axioms. The axioms imply that the
homotopy 2-category of an ∞-cosmos admits the construction of the comma ∞-category for
any cospan of functors C

g−→ A
f←− B.

Immediately from their constructions, comma ∞-categories are preserved by cosmological
functors. For a certain special class of functors, which we will call cosmological biequivalences,
equivalences and comma ∞-categories are also created and reflected. Having encoded lim-
its, colimits, and adjunctions as equivalences between comma ∞-categories, a corollary will
be that these notions are preserved, reflected, and created by cosmological biequivalences.
In particular, these notions are invariant under change of models between quasi-categories,
complete Segal spaces, Segal categories, and naturally marked simplicial sets.

3.1 The weak 2-universal property of comma∞-categories Proposition 1.3.4 demon-
strates that the homotopy 2-category of an∞-cosmos has finite products, in the 2-categorical
sense. Unlike the special case of hCat, a general homotopy category will admit few 2-
dimensional limit notions. However, certain simplicially-enriched limits in the ∞-cosmos pro-
vided by the axioms 1.2.1(a) and (b) descend to a particular variety of weak 2-dimensional
limits. Arrow ∞-categories define a special case of a more general comma construction that
we now introduce.

3.1.1 Definition (comma ∞-categories). Any pair of functors f : B → A and g : C → A in
an ∞-cosmos K has an associated comma ∞-category, constructed by the following pullback,
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formed in K:
f ↓ g //

(p1,p0)
����

A2

(p1,p0)
����

C ×B
g×f

// A×A

(3.1.2)

The top horizontal functor represents a 2-cell

f ↓ g
p1
{{{{

p0
## ##ϕ⇐C

g ##

B

f{{
A

in the homotopy 2-category hK, called the comma cone, which is defined by composing with
(2.4.2). Note that, by construction, the map (p1, p0) : f ↓ g ↠ C ×B is an isofibration.

As a simplicially-enriched limit in K, the ∞-category f ↓ g has a universal property ex-
pressed via a natural isomorphism of quasi-categories

Fun(X, f ↓ g)
∼=−→ Fun(X, f) ↓ Fun(X, g)

for any X ∈ K, where the right-hand side is computed by the analogous pullback to (3.1.2),
formed in qCat.

There is an analogous 2-categorical notion of comma object. The comma∞-category f ↓g
would be a strict comma object in the homotopy 2-category hK if there were an isomorphism
between the hom-category hom(X, f ↓ g) and the comma category hom(X, f) ↓ hom(X, g)

constructed from the pair of functors

hom(X,C)
hom(X,g)−−−−−−→ hom(X,A)

hom(X,f)←−−−−−− hom(X,B).

Instead:

3.1.3 Proposition (I.3.3.18). For any object X, the induced comparison functor of hom-
categories

hom(X, f ↓ g) −→ hom(X, f) ↓ hom(X, g)

is smothering: surjective on objects, locally surjective on arrows, and conservative.

3.1.4 Observation (the weak universal property of commas). Explicitly, the weak universal
property expressed by Proposition 3.1.3 supplies three operations in the homotopy 2-category:

(i) (1-cell induction) Given a 2-cell α : fb⇒ gc

X
c
~~

b
  α⇐C

g   

B

f~~
A

=

X
a�� b

��

c



f ↓ g
p1

{{

p0

##ϕ⇐C

g ##

B

f{{
A
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over the pair of functors f and g, there exists a 1-cell a : X → f ↓g, defined by 1-cell
induction, so that p0a = b, p1a = c, and α = ϕa.

(ii) (2-cell induction) Given a pair of functors a, a′ : X → f ↓ g and a pair of 2-cells

X
a′

{{
a
##

τ1⇐f ↓ g
p1 ##

f ↓ g
p1{{

C

and

X
a′

{{
a
##

τ0⇐f ↓ g
p0 ##

f ↓ g
p0{{

B

with the property that

X
a′

{{
a
##

τ1⇐ =

X
a′

{{
a
##

τ0⇐f ↓ g
p1 ##

f ↓ g
p1
{{

p0

##ϕ⇐

f ↓ g
p1

{{
p0
##ϕ⇐

f ↓ g
p0{{

C

g $$

B

f{{

C

g ##

B

fzz
A A

then there exists a 2-cell τ : a⇒ a′, defined by 2-cell induction, satisfying the equal-
ities

X
a′

{{
a
##

τ1⇐f ↓ g
p1 ##

f ↓ g
p1{{

C

=

X

a

��

a′

��

τ⇐

f ↓ g

p1

��

C

and

X
a′

{{
a
##

τ0⇐f ↓ g
p0 ##

f ↓ g
p0{{

B

=

X

a

��

a′

��

τ⇐

f ↓ g

p0

��

B

(iii) (conservativity) Any 2-cell X

a
**

a′
44

⇓τ f ↓ g with the property that the whiskered 2-

cells p0τ and p1τ are both isomorphisms is also an isomorphism.

3.1.5 Lemma (I.3.3.27). A parallel pair of functors over C ×B

X
a //

a′
//

(c,b) ##

f ↓ g

(p1,p0)yyyy

C ×B

are isomorphic over C×B if and only if a and a′ both enjoy the same defining properties as 1-
cells induced by the weak 2-universal property of f ↓g, i.e., if these functors satisfy ϕa = ϕa′.14

That is, 2-cells of the form displayed on the left

X
c
~~

b
  α⇐C

g   

B

f~~
A

↭

X

a

��

b
##

c
{{

C B

f ↓ g
p1

cccc

p0

;; ;;

14For a and a′ to define a parallel pair of functors over C ×B we must have p0a = p0a
′ and p1a = p1a

′.
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stand in bijection with isomorphism classes of maps of spans, as displayed on the right.

Proof. An isomorphism τ between a parallel pair a, a′ : X → f ↓ g with the same defining
conditions is induced by 2-cell induction and conservativity from the pair of identity 2-cells
p1τ = idc and p1τ = idb. Conversely, by uniqueness of composites of pasting diagrams, if
there is any isomorphism τ : a ∼= a′ over an identity on C × B then whiskered composites ϕa

and ϕa′ are equal.

3.1.6 Lemma (V.2.3.8). For any pair of functors C
g−→ A

f←− B, the universal property of
3.1.4 characterizes a unique equivalence class of isofibrations E ↠ C ×B. That is:

(i) Any pair of isofibrations E ↠ C ×B and E′ ↠ C ×B equipped with a comma cone
that enjoys the weak universal property of 3.1.4 are equivalent, over C ×B.

(ii) Any isofibration E ↠ C×B that is equivalent over C×B to the comma f↓g ↠ C×B,
has the universal property of 3.1.4.

Proof. The proof of (i) is an elementary exercise in the application of the universal property of
3.1.4, paralleling the standard proof that a strictly-defined limit is unique up to isomorphism.
For (ii), an equivalence E ∼−−→ f ↓ g defines a representable equivalence in the homotopy
2-category. Thus, for any object X, we have a composable pair of functors

hom(X,E) ∼−−→ hom(X, f ↓ g) −→ hom(X, f) ↓ hom(X, g), (3.1.7)

the first being an equivalence and the second being smothering, and so the composite is full,
conservative, and essentially surjective on objects. To show that it is in fact surjective on
objects, we make use of the fact that the equivalence E ≃ f ↓ g is fibered over C × B. Any
object in the codomain of (3.1.7) lifts to a representing functor X → f ↓g, which is isomorphic
over C×B to a functor of the form X

e−→ E ∼−−→ f ↓ g. By Lemma 3.1.5, e defines the desired
preimage in hom(X,E).

3.2 Hom-spaces and groupoidal objects The comma construction allows us to define
hom-spaces between a pair of elements in an ∞-category.

3.2.1 Definition (hom-spaces). Given a pair of elements a, a′ : 1 → A in an ∞-category A,
their hom-space is the comma ∞-category a ↓ a′ defined by the pullback

a ↓ a′

����

// A2

(p1,p0)
����

1
(a′,a)

// A×A

We refer to the ∞-category a ↓ a′ as a hom-space because, as an easy corollary of the
conservativity of its weak universal property, it defines a groupoidal object in the ∞-cosmos.

3.2.2 Definition. We say an object E in an ∞-cosmos K is groupoidal if the following
equivalent conditions are satisfied:
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(i) E is a groupoidal object in the homotopy 2-category hK, that is, every 2-cell with
codomain E is invertible.

(ii) For each X ∈ K, the hom-category hom(X,E) is a groupoid.

(iii) For each X ∈ K, the mapping quasi-category Fun(X,E) is a Kan complex.

(iv) The isofibration EI ↠ E2, induced by the inclusion of simplicial sets 2 ↪→ I, is a
trivial fibration.

Here (ii) is an unpacking of (i). The equivalence of (ii) and (iii) is a well-known result of Joyal
[J, 1.4]. Condition (iv) is equivalent to the assertion that Fun(X,E)I ↠ Fun(X,E)2 is a trivial
fibration between quasi-categories for all X. If this is a trivial fibration, then surjectivity on
vertices implies that every 1-simplex in Fun(X,E) is an isomorphism, proving (iii). As 2 ↪→ I
is a weak homotopy equivalence, (iii) implies (iv).

3.2.3 Remark. In the ∞-cosmoi whose objects model (∞, 1)-categories, we posit that the
groupoidal objects are precisely the corresponding ∞-groupoids. For instance, in the ∞-
cosmos for quasi-categories, an object is groupoidal if and only if it is a Kan complex. In the
∞-cosmos for naturally marked simplicial sets, an object is groupoidal if and only if it is a
Kan complex with every edge marked.

3.3 Commas representing functors For any functors between∞-categories, e.g., f : B →
A and u : A→ B, the following pullbacks in K

f ↓A
(p1,p0)

��

// A2

��

B ↓ u
(q1,q0)

��

// B2

��

A×B
idA ×f

// A×A A×B
u×idB

// B ×B

define the comma∞-categories f ↓A and B ↓u, each of which is equipped with an isofibration
to A×B. The horizontal functors represent 2-cells

f ↓A
p1

||||

p0

## ##
⇐α

B ↓ u
q1

||||

q0

## ##
⇐β

A B
f

oo A u
// B

(3.3.1)

in the homotopy 2-category which satisfy the following weak universal property derived from
Lemma 3.1.5:

• 2-cells χ : fb⇒ a stand in bijection with isomorphism classes of maps of spans:

X
a

~~

b

  
χ
⇐

A B
f

oo

↭

X

x

��

b
$$

a
{{

A B

f ↓A
p1

cccc

p0

;; ;;
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• 2-cells ζ : b⇒ ua stand in bijection with isomorphism classes of maps of spans:

X
a

~~

b

  
ζ⇐

A u
// B

↭

X

y

��

b
$$

a
zz

A B

B ↓ u
q1

cccc

q0

;; ;;

Here the isomorphism classes are defined with respect to natural isomorphisms x ∼= x′ pro-
jecting to an identity over A×B. The bijection is implemented by whiskering a functor over
A×B with the 2-cells of (3.3.1).

If f ⊣ u, then hom(X, f) ⊣ hom(X,u) defines an adjunction of categories for any ∞-
category X. This tells us that there is a natural bijection between 2-cells

X
a

~~

b

  
χ
⇐

A B
f

oo

↭

X
a

~~

b

  
ζ⇐

A u
// B

implemented by pasting along the bottom with the unit or with the counit. By a Yoneda-style
argument, this yields the following result, which we instead prove directly.

3.3.2 Proposition (I.4.4.2). If B
f
//

⊥ A
u
oo is an adjunction between ∞-categories, then there

is a fibered equivalence between the comma ∞-categories:

f ↓A
(p1,p0) && &&

w
∼

// B ↓ u
(q1,q0)xxxx

A×B

The proof of this result mirrors the standard construction of the adjoint-transpose bijection
using the unit and counit of an adjunction.

Proof. The composite 2-cells displayed on the left of the pasting equalities induce functors
w′ : B ↓ u→ f ↓A and w : f ↓A→ B ↓ u

B ↓ u
q1

��

q0

��
⇐β

B ↓ u

w′

��

f ↓A
p1

��

p0

��
⇐α

f ↓A

w

��

A
u //

⇐ϵ

B

f
��

= f ↓A
p1

��

p0

��
⇐α

A

u
��

⇐η

B
f

oo = B ↓ u
q1

��

q0

��
⇐β

A A B
f

oo B A u
// B

that commute with the projections to A×B.

f ↓A

(p1,p0)
&& &&

w
-- B ↓ u

(q1,q0)
xxxx

w′
mm

A×B



144 Riehl and Verity, Higher Structures 4(1):115–167, 2020.

Supposing f ⊣ u, we have the following series of pasting equalities:

f ↓A

w

��

f ↓A

w

��

f ↓A
p1

��

p0

��
⇐α =

f ↓A
p1

��

p0

��
⇐α

B ↓ u

w′

��

=

B ↓ u
q1

��

q0

��
⇐β

= A

u

%%

⇐η

B
f

oo A B
f

oo

f ↓A
p1

��

p0

��
⇐α

A
u //

⇐ϵ

B

f
��

A

⇐ϵ

B
f

oo

A B
f

oo A

in which the last step is an application of one of the triangle identities. This tells us that
the endo-1-cells w′w and idf↓A on the object (p1, p0) : f ↓ A↠ A× B both map to the same
2-cell α under the whiskering operation. By Lemma 3.1.5, it follows that these are connected
via a natural isomorphism w′w and idf↓A over A × B. A dual argument provides a natural
isomorphism ww′ ∼= idB↓f over A × B, defining a fibered equivalence f ↓ A ≃ B ↓ u over
A×B.

3.3.3 Corollary. If f : B → A and u : A → B are functors so that f ⊣ u, then for any pair
of elements a : 1→ A and b : 1→ B, the hom-spaces fa ↓ b and a ↓ ub are equivalent.

Proof. Fibered equivalences can be pulled back along any functor to define another fibered

equivalence. Pulling back the equivalence of Proposition 3.3.2 along a pair of elements 1
(a,b)−−−→

A×B

1 A×B

fb ↓ a

a ↓ ub

f ↓A

B ↓ u

(a,b)
//

�� �� ����

(p1,p0)
�� ��

(p1,p0)

����

//

//

∼

��

∼

!!

we obtain an equivalence of hom-spaces fb ↓ a ≃ b ↓ ua, the former in the ∞-category A and
the latter in the ∞-category B.

The converse to Proposition 3.3.2 follows from a general result that will have other appli-
cations.

3.4 Commas and absolute lifting diagrams A 2-cell λ : fℓ⇒ g induces a functor

⇓λ

B

f
��

C

ℓ

>>

g
// A

⇝
B ↓ ℓ w //

(p1,p0) && &&

f ↓ g
(p1,p0)yyyy

C ×B

(3.4.1)
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between comma ∞-categories defined by 1-cell induction for the comma f ↓ g from the pasted
composite of the comma cone for B ↓ ℓ and λ.

B ↓ ℓ
p1

||

p0

""

C

g ##

ℓ // B

f{{
A

⇐ϕ

⇐λ

=

B ↓ ℓ
w
��p1

��

p0

��

f ↓ g
p1|| p0 ""

C

g ##

B

f{{
A

⇐ϕ

A Yoneda-style argument, making use of Lemmas 3.1.5 and 3.1.6, proves the following
result:

3.4.2 Proposition (I.5.1.3, I.5.1.8). The data of (3.4.1) defines an absolute right lifting
diagram in hK if and only if the induced map w : B ↓ ℓ→ f ↓ g is an equivalence over C ×B.
Conversely, an equivalence

B ↓ ℓ w
∼

//

(p1,p0) && &&

f ↓ g
(p1,p0)yyyy

C ×B

over C × B induces a canonical 2-cell λ : fℓ ⇒ g that defines an absolute right lifting of g

through f .

3.5 Adjunctions, limits, and colimits via commas Special cases of Proposition 3.4.2
provide characterizations of adjunctions and (co)limits as equivalences between comma ∞-
categories.

3.5.1 Proposition (I.4.4.3). If f : B → A and u : A→ B are functors so that there exists a
fibered equivalence between the comma ∞-categories:

f ↓A
(p1,p0) && &&

w
∼

// B ↓ u
(q1,q0)xxxx

A×B

then f ⊣ u.

Proof. By Proposition 3.4.2, the fibered equivalence induces an absolute right lifting diagram

⇓ϵ

B

f
��

A

u

??

A

Exercise 2.2.7 then implies that f ⊣ u, with ϵ : fu⇒ idA as the counit.

3.5.2 Definition (the ∞-category of cones). Given a J-indexed diagram d : 1 → AJ in an
∞-category A, the ∞-category of cones over d is the comma ∞-category ∆ ↓ d formed over
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the cospan
∆ ↓ d

p1
||||

p0
## ##ϕ⇐1

d
##

A

∆{{

AJ

By the defining simplicial pullback (3.1.2), the data of an element in ∆ ↓ d is comprised of an
element a : 1 → A (the summit) together with an element of the hom-space from ∆a to d in
AJ (the cone).

Specializing Proposition 3.4.2, we have:

3.5.3 Proposition. An element ℓ : 1 → A defines a limit for a diagram d : 1 → AJ if and
only if there is a fibered equivalence between the comma ∞-category represented by ℓ and the
∞-category of cones over d:

A ↓ ℓ
p0 "" ""

∼ // ∆ ↓ d
p0{{{{

A

The conclusion of Proposition 3.5.3 asserts that the ∞-category of cones over d is repre-
sented by the element ℓ : 1→ A.

3.5.4 Exercise. Specializing to the case J = ∅, show that an element t : 1→ A is terminal if
and only if the projection p0 : A ↓ t ∼−↠ A is a equivalence, and thus a trivial fibration.

3.5.5 Exercise. Use 1-cell induction, 2-cell induction, and 2-cell conservativity for the comma
A↓ℓ associated to an element ℓ : 1→ A to show that the identity at ℓ defines a terminal element
idℓ : 1→ A ↓ ℓ, in the sense of Definition 2.1.1.

A fibered version of Exercise 3.5.5 (I.5.1.12) proves the following:

3.5.6 Proposition (I.5.2.6). A limit of a diagram d : 1 → AJ defines a terminal element in
the ∞-category ∆ ↓ d↠ A of cones over d. Conversely, a terminal element in the ∞-category
of cones defines a limit for d.

3.5.7 Remark. The ∞-category of cones in A over any J-indexed diagram is the comma
∆ ↓AJ ↠ AJ ×A. Pulling back along an element d : 1→ AJ defines the ∞-category ∆ ↓ d of
cones over d. The defining simplicial pullback (3.1.2) for ∆ ↓AJ reveals that it is isomorphic
to the simplicial cotensor A∆0⋄J , where “⋄” is Joyal’s “fat join” construction. For any pair
of simplicial sets I and J , there is a weak equivalence I ⋄ J ∼−−→ I ⋆ J in the Joyal model
structure under the disjoint union I

∐
J from the fat join I ⋄ J to the join I ⋆ J . Taking

cotensors, this induces a fibered equivalence A∆0⋆J ∼−−→ ∆↓AJ over AJ ×A, which pulls back
to define an equivalence A/d

∼−−→ ∆ ↓ d between Joyal’s slice ∞-category and the ∞-category
of cones over d; see §I.2.4. This is the geometrical basis for the proof that characterization of
the limit of a diagram valued in a quasi-category given in Definition 2.2.9 and re-expressed by
Proposition 3.5.6 agrees with the Joyal’s original definition (I.5.2.8).
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3.6 Model independence of basic ∞-category theory We have seen that comma ∞-
categories can be used to encode various universal properties including:

• the existence of an adjunction between a pair of functors u : A→ B and f : B → A

• the property that an element ℓ : 1→ A defines a limit for a diagram d : 1→ AJ

We will now see that any categorical property that can be captured by the existence of a
fibered equivalence between comma∞-categories is “model independent” in the sense that it is
preserved by any cosmological functor and reflected by those functors that define cosmological
biequivalences.

Recall, a cosmological functor F : K → L is a simplicial functor that preserves the limits
listed in 1.2.1(a) and the class of isofibrations, and hence also the classes of equivalences and
trivial fibrations. A functor F : K → L of ∞-cosmoi induces a 2-functor hF := ho∗F : hK →
hL between their homotopy 2-categories.

3.6.1 Proposition (V.2.3.10). A functor F : K → L of∞-cosmoi induces a 2-functor hF : hK →
hL between their homotopy 2-categories that preserves adjunctions, equivalences, isofibrations,
trivial fibrations, groupoidal objects, products, and comma objects.

Proof. Any 2-functor preserves adjunctions and equivalences. Preservation of isofibrations and
products are direct consequences of the hypotheses in Definition 1.3.5; recall that the class of
trivial fibrations in this intersection of the classes of isofibrations and equivalences. Preserva-
tion of groupoidal objects is a consequence of the characterization 3.2.2(iv). Preservation of
commas follows from the construction of (3.1.2), which is preserved by a cosmological functor,
and Lemma 3.1.6(i), which says that all commas are equivalent an ∞-category constructed
by the simplicial pullback formula.

3.6.2 Definition (cosmological biequivalences). A cosmological functor F : K → L is a
biequivalence when it is:

(a) surjective on objects up to equivalence: i.e., if for every X ∈ L, there is some A ∈ K
so that FA ≃ X ∈ L.

(b) a local equivalence of quasi-categories: i.e., if for every pair A,B ∈ K, the map
Fun(A,B) ∼−−→ Fun(FA,FB) is an equivalence of quasi-categories.

3.6.3 Example. The following define cosmological biequivalences:

• The underlying quasi-category functor Fun(1,−) : CSS→ qCat that takes a complete Segal
space to its 0th row (see example IV.2.2.5).

• The functor t! : qCat→ CSS defined in example IV.2.2.6.

• The underlying quasi-category functor Fun(1,−) : Segal → qCat that takes a Segal cate-
gory to its 0th row (see example IV.2.2.7).

• The functor d∗ : qCat→ Segal defined by Joyal and Tierney [JT].
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• The underlying quasi-category functor Fun(1,−) : sSet+ → qCat that carries a naturally
marked simplicial set to its underlying quasi-category (see example IV.2.2.8).

• The functor (−)♮ : qCat→ sSet+ that gives a quasi-category its “natural” marking.

• The functor CSS→ Segal that “discretizes” the 0th space of a complete Segal space. This
commutes with the underlying quasi-category functors.

3.6.4 Proposition. If F is a cosmological biequivalence, then the induced 2-functor hF : hK →
hL

(i) defines a biequivalence hF : hK → hL: i.e., the 2-functor hF is surjective on ob-
jects up to equivalence and defines a local equivalence of categories hom(A,B)

≃−→
hom(FA,FB) for all A,B ∈ K.

(ii) induces a bijection between isomorphism classes of parallel functors: for all A,B ∈
K, the functor hom(A,B)

≃−→ hom(FA,FB) induces a bijection on isomorphism
classes of objects.

(iii) preserves and reflects groupoidal objects: A ∈ K is groupoidal if and only if FA ∈ L
is groupoidal.

(iv) preserves and reflects equivalence: A ≃ B ∈ K if and only if FA ≃ FB ∈ L.

(v) preserves and reflects equivalences: f : A → B ∈ K is an equivalence if and only if
Ff : FA→ FB ∈ L is an equivalence.

(vi) preserves and reflects comma objects: given E ↠ C × B and C
g−→ A

f←− B in K,
then E ≃ f ↓ g over C ×B if and only if FE ≃ Ff ↓Fg ∼= F (f ↓ g) over FC ×FB.

Proof. The homotopy category functor ho: qCat→ Cat carries equivalences of quasi-categories
to equivalences of categories; thus, the local equivalence of quasi-categories Fun(A,B) ∼−−→
Fun(FA,FB) descends to an equivalence of hom-categories hom(A,B) → hom(FA,FB),
proving (i). Any equivalence of categories induces a bijection between isomorphism classes of
objects, proving (ii). A category is a groupoid if and only if it is equivalent to a groupoid, so
(iii) follows similarly, via Definition 3.2.2(ii).

The preservation halves of (iv)-(vi) holds for any cosmological functor, as observed in
Proposition 3.6.1. The reflection halves of (iv) and (v) hold for any biequivalence, by a
standard argument. The proof of the remaining half of (vi) is similar to the proof of (iv),
using the fact that the local equivalence of mapping quasi-categories pulls back to define a
local equivalence of fibered mapping quasi-categories

FunB(E,E′) ∼

**

//

����

Fun(E,E′) ∼

))

����

FunFB(FE,FE′)

����

// Fun(FE,FE′)

����

∆0 // Fun(E,B)

∼

))

∆0 // Fun(FE,FB)
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The assertion made in 3.6.4(vi) can be strengthened, using Lemma 3.1.6:

3.6.5 Exercise. Show that:

(i) If f ∼= f ′ : B → A and g ∼= g′ : C → A, then f ↓ g ≃ f ′ ↓ g′ over C ×B.

Combine this with Lemma V.2.3.6, which says that a commutative diagram

C ′ g′
//

c ∼
��

A′

a ∼

��

B′f ′
oo

b∼

��

C g
// A B

f
oo

induces an equivalence f ↓ g ∼−−→ f ′ ↓ g′ over c× b : C ′ ×B′ ∼−−→ C ×B, to conclude:

(ii) If E ↠ C×B is an isofibration in K whose image under a cosmological biequivalence
F : K → L defines a comma ∞-category for some pair of functors in L, then E ↠
C ×B defines a comma ∞-category in K.

3.6.6 Theorem (model independence of basic category theory I). The following notions are
preserved and reflected by any cosmological biequivalence:

(i) The adjointness of a pair of ∞-functors f : B → A and u : A→ B.

(ii) The existence of a left or right adjoint to an ∞-functor u : A→ B.

(iii) The question of whether a given element ℓ : 1→ A defines a limit or a colimit for a
diagram d : 1→ AJ .

(iv) The existence of a limit or a colimit for a J-indexed diagram d : 1 → AJ in an
∞-category A.

Proof. (i) and (iii) follow directly from Proposition 3.6.4(vi), via the characterizations of
Propositions 3.3.2, 3.5.1, and 3.5.3. Then (ii) and (iv) follow, using 3.6.4(ii) to lift an adjoint
or limit element from L to K and Exercise 3.6.5(i) to transport the universal property encoded
by an equivalence of commas along isomorphic functors.

3.6.7 Remark. By definition, if F : K → L is a cosmological functor, A ∈ K, and J ∈ sSet,
then F (AJ) ∼= FAJ ∈ L. If K and L are cartesian closed∞-cosmoi and J ∈ K, then there is a
natural functor F (AJ)→ FAFJ , the transpose of the image of the evaluation map AJ×J → A

under F . If F is a cosmological biequivalence, then this map induces a natural equivalence
Fun(X,F (AJ)) ∼−−→ Fun(X,FAFJ) for all X ∈ L, and so F (AJ) ≃ FAFJ . With more
care, analogs of the assertions of Theorem 3.6.6(iii) and (iv) concerning limit and colimits of
simplicial set-indexed diagrams can be proven for diagrams indexed by another ∞-category.
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Lecture 4. Fibrations, modules, and Kan extensions

A section of Saunders Mac Lane’s Categories for the Working Mathematician is famously
entitled “All concepts are Kan extensions.” Our aim in this final lecture is to develop the
theory of Kan extensions for functors between ∞-categories.

At first glance, this might seem easy. After all, any 2-category has an internally-defined
notion of extension diagram.

4.0.1 Definition. Given a span C
f←− A

k−→ B, a functor r : B → C and a 2-cell

A
k //

f
��

B

r
~~

C

⇐ν

define a right extension of f along k if any 2-cell as displayed below-left factors uniquely
through ν as displayed below-right:

A

f
��

k //

⇐χ
B

g
~~

C

=

A
k //

f
��

B

r
~~

gnnC
⇐∃!

⇐ν

Dually, a functor ℓ : B → C and a 2-cell λ : f ⇒ ℓk define a left extension of f along k if any
2-cell as displayed below-left factors uniquely through λ as displayed below-right:

A

f
��

k //

⇒χ
B

g
~~

C

=

A
k //

f
��

B

ℓ
~~

gnnC
⇒∃!

⇒λ

In the 2-category hCat, 4.0.1 defines the usual right and left Kan extensions for functors
between ordinary categories. Special cases of these, in turn, define adjunctions (by a dual to
Exercise 2.2.7) and limits and colimit (as right or left extensions of the diagram f : A → C

along the functor ! : A → 1). However, in general it turns out that the universal property
expressed by this naive notion of right extension is insufficiently strong. In particular, Def-
inition 4.0.1, interpreted in the homotopy 2-category, does not define the correct notion of
Kan extension for ∞-functors. Instead, the correction notion will be of pointwise right Kan
extensions.

In fact, we will give two equivalent definitions of pointwise Kan extensions, both of which
make use of comma∞-categories, our vehicle for encoding∞-categorical universal properties.
One of these could be stated immediately, but we instead delay it in order to first develop the
prerequisite theory for the other. Specifically, our aim will be to describe the full universal
property of the comma∞-category construction: namely that an isofibration (p1, p0) : f ↓g ↠
C × B constructed from functors C

g−→ A
f←− B encodes a module from C to B, with C

acting covariantly “on the left” and B acting contravariantly “on the right.” The calculus of
modules describes the 2-dimensional structure into which modules most naturally assemble,
which turns out to be a familiar setting for formal category theory, the scope of which includes
pointwise Kan extensions.
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4.1 Arrow ∞-categories define modules The prototypical examples of modules are
comma ∞-categories. For simplicity, we specialize to the case of the arrow ∞-category

(p1, p0) : A
2 ↠ A × A. Lemma 3.1.5 describes its universal property: 2-cells X

a
%%

b

99
⇓g A

with codomain A correspond to generalized elements ĝ : X → A2, up to isomorphism over
A × A. By Lemma 3.1.6, this universal property characterizes the arrow ∞-category up to
equivalence of isofibrations over A×A. However, it does not capture the additional fact that
2-cells from X to A can be composed vertically

X

x

⇓f
��

y

⇓h

HH

a %%

b
99

⇓g A (h · g) · f = h · g · f = h · (g · f),

defining commuting contravariant and covariant actions on the domains and codomains of the
2-cell g : a⇒ b. Observe that the domain and codomain 1-cells for the 2-cell g : a⇒ b can be
recovered as the composites of a representing functor ĝ : X → A2 with the projection functors:
p0ĝ = a and p1ĝ = b. One way to express these actions is to note that the domain-projection
functor p0 : A

2 ↠ A and the codomain-projection functor p1 : A
2 ↠ A respectively define a

cartesian fibration and a cocartesian fibration: any 2-cells as displayed on the left-hand side
of the pasting equalities below admit lifts as displayed on the right-hand sides:

X
ĝ
//

x
  

A2

p0
����

⇑f
=

X

ĝ
''

f∗(x)

88
⇑χf A2

p0
����

A A

X
ĝ
//

y
  

A2

p1
����

⇓h
=

X

ĝ
''

h∗(y)

88⇓χh A2

p1
����

A A

Moreover, the lifted 2-cell χf can be chosen to project along p1 : A
2 ↠ A to idb and the lifted

2-cell χh can be chosen to project along p0 : A
2 ↠ A to ida.

In summary, the arrow ∞-category A2 defines a module from A to A. The definition will
make use of the fact that slices of ∞-cosmoi are again ∞-cosmoi.

4.1.1 Definition (V.2.1.6). If K is any ∞-cosmos and B ∈ K is any object, then there is an
∞-cosmos K/B, the sliced ∞-cosmos of K over B, whose:

• objects are isofibrations p : E ↠ B with codomain B;

• mapping quasi-category from p : E ↠ B to q : F ↠ B is defined by taking the pullback

FunB(p, q) //

����

Fun(E,F )

Fun(E,q)
����

∆0
p
// Fun(E,B)

in simplicial sets;
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• isofibrations, equivalences, and trivial fibrations are created by the forgetful functorK/B →
K;

and in which the simplicial limits are defined in the usual way for sliced simplicial categories.

4.1.2 Definition. In an ∞-cosmos K, a module E from A to B, denoted by A |E // B , is
given by an isofibration (q, p) : E ↠ A×B such that

(i)
E

q �� ��

(q,p)
// A×B

π1zzzz
A

is a cartesian fibration in K/A; informally, “B acts on the right

of E, over A.”

(ii)
E

p     

(q,p)
// A×B

π0zzzz
B

is a cocartesian fibration in K/B; informally, “A acts on the left

of E, over B.”

(iii) (q, p) : E ↠ A× B is groupoidal as an object in K/A×B; this means that any 2-cell

X

e
%%

e′
99

⇓ E over an identity in A×B is an isomorphism, which implies in particular

that (q, p) : E ↠ A×B has groupoidal fibers.

4.1.3 Example (V.3.1.4). For any ∞-category A, the arrow ∞-category defines a module

A |A
2
// A . The fact that A2 ↠ A × A is groupoidal is related to but stronger than the fact

that each fiber over a pair of elements in A, the hom-spaces of Definition 3.2.1, is a groupoidal
∞-category.

4.2 Cartesian and cocartesian fibrations To explain Definition 4.1.2, we need to define
what it means for a functor in an∞-cosmos to be a cartesian fibration or cocartesian fibration.
We will not actually require any of these details for out ultimate aim in this lecture, to initiate
the theory of pointwise Kan extensions, but we include them because these fibration notions
are of independent interest.

4.2.1 Definition (cartesian 2-cells). A 2-cell χ : e′ ⇒ e : A→ E in the homotopy 2-category
of an ∞-cosmos is cartesian for an isofibration p : E ↠ B if and only if

(i) (induction) for any pair of 2-cells τ : e′′ ⇒ e and γ : pe′′ ⇒ pe′ with pτ = pχ · γ there
is some γ : e′′ ⇒ e′ with pγ = γ (γ̄ lies over γ) and the property that τ = χ · γ̄.

(ii) (conservativity) for any 2-cell γ : e′ ⇒ e′ if χ · γ = χ and pγ is an identity then γ is
an isomorphism.

All isomorphisms with codomain E are p-cartesian. The class of p-cartesian 2-cells is stable
under composition and left cancelation (Lemmas IV.5.1.8 and IV.5.1.9).
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4.2.2 Definition (cartesian fibration). An isofibration p : E ↠ B is a cartesian fibration if
and only if:

(i) Every 2-cell α : b⇒ pe has a p-cartesian lift χα : α
∗(e)⇒ e:

X
e //

b   

E

p
����

⇑α
=

X

e
&&

α∗(e)

88
⇑χα E

p
����

B B

(ii) The class of p-cartesian 2-cells for p is closed under pre-composition by all 1-cells.

Importantly, there is a “model independent” characterization of cartesian fibrations given
in terms of adjunctions between commas. Any functor p : E → B induces functors between
comma ∞-categories

E
i
��

B ↓ p
p1
}}}}

p0
!! !!

E p
// B

⇐ϕ

=

E
p
�� ��

E p
// B

=

E2

k
��

B ↓ p
p1
}}}}

p0
!! !!

E p
// B

⇐ϕ

=

E2
q1
����

pq0
�� ��

E p
// B

⇐pψ

that are well-defined up to isomorphism over E ×B.

4.2.3 Theorem (IV.4.1.10). For an isofibration p : E ↠ B, the following are equivalent:

(i) p is a cartesian fibration.

(ii) The functor i : E → B ↓ p admits a right adjoint which is fibered over B.

B ↓ p

p0
%% %%

r

33 E

p
{{{{

i
ss ⊥

B

(iii) The functor k : E2 → B ↓ p admits a right adjoint right inverse, i.e., a right adjoint
with invertible counit.

B ↓ p
r̄

66 E2
k

vv ⊥

Cocartesian fibrations are defined dually, by reversing the direction of the 2-cells in Defini-
tion 4.2.2 and of the adjoints in Theorem 4.2.3. A cartesian or cocartesian fibration p : E ↠ B

that defines a groupoidal object in the sliced∞-cosmos over B is called a groupoidal cartesian
fibration or groupoidal cocartesian fibration.15 A groupoidal cartesian fibration is a cartesian
fibration with groupoidal fibers. Condition (iii) of the following theorem provides a “model
independent” characterization of groupoidal cartesian fibrations.
15In the ∞-cosmos of quasi-categories, these coincide with the right fibrations and left fibrations introduced by
Joyal [J]; see IV.4.2.9.
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4.2.4 Theorem (V.2.4.5). For an isofibration p : E ↠ B, the following are equivalent:

(i) p is a groupoidal cartesian fibration.

(ii) Every 2-cell α : b ⇒ pe : X → B has an essentially unique lift χ : e′ ⇒ e : X → E,
where the essential uniqueness is up to composition into the domain of χ with an
invertible 2-cell that projects along p to an identity.

(iii) The functor k : E2 → B ↓ p is an equivalence.

Recall that a functor F : K → L of ∞-cosmoi induces a 2-functor between the homotopy
2-categories that preserves equivalences, adjunctions, and commas, and if F is a cosmological
biequivalence, then these notions are also reflected; see Proposition 3.6.1, Proposition 3.6.4,
and Theorem 3.6.6. It is straightforward to extend Theorem 3.6.6(ii) to see that the existence
of a right adjoint right inverse is preserved and reflected as well. By Theorem 4.2.3(iii) and
Theorem 4.2.4(iii) we conclude:

4.2.5 Corollary.

(i) Cosmological functors preserve cartesian fibrations, cocartesian fibrations, groupoidal
cartesian fibrations, groupoidal cocartesian fibrations, and modules.

(ii) Cosmological biequivalences both preserve and reflect cartesian fibrations, cocarte-
sian fibrations, groupoidal cartesian fibrations, groupoidal cocartesian fibrations, and
modules: an isofibration in the domain is a functor of this type if and only if its
image is.

Proof. The preservation and reflection of a module from A to B follows from the statements
concerning fibrations together with Propositions 3.6.1 and 3.6.4(iii) applied to the sliced cos-
mological functor K/A×B → L/FA×FB.

4.3 The calculus of modules The calculus of modules between ∞-categories bears a
strong resemblance to the calculus of (bi)modules between unital rings, with functors between
∞-categories playing the role of ring homomorphisms.16

16In more detail, unital rings, ring homomorphisms, bimodules, and module maps define a proarrow equipment,
in the sense of Wood [W]. This can be seen as a special case of the prototypical equipment comprised of
V-categories, V-functors, V-modules, and V-natural transformations between then, for any closed symmetric
monoidal category V. The equipment for rings is obtained from the case where V is the category of abelian
groups by restricting to abelian group enriched categories with a single object.
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unital rings A ∞-categories

ring homomorphisms

A

f
��

B

∞-functors

bimodules between rings A |E // B modules between ∞-categories

module maps

A′

a
��

⇓

|E
′
// B′

b
��

A |
E
// B

module maps

Our first result, analogous to restriction of scalars, is that modules can be pulled back.

4.3.1 Proposition (V.3.1.6). If (q, p) : E ↠ A × B defines a module from A to B and
a : A′ → A and b : B′ → B are any functors then the pullback

E(b, a)

����

// E

(q,p)
����

A′ ×B′
a×b

// A×B

defines a module E(b, a) from A′ to B′.

4.3.2 Example. Recall that comma ∞-categories are defined to be pullbacks of arrow ∞-
categories.

f ↓ g //

(p1,p0)
����

A2

(p1,p0)
����

C ×B
g×f

// A×A

Since we know from Example 4.1.3 that A2 defines a module A |A
2
// A , Proposition 4.3.1

implies that f ↓ g defines a module C |
f↓g
// B .

As is the case for rings, horizontal composition of modules between ∞-categories is a

complicated operation. For general modules A |E // B and B |F // C , the pullback

E ×B F
π1
����

π0
�� ��

E
q

����

p

�� ��

F
s
����

r
�� ��

A B C

defines an isofibration E×BF ↠ A×C that is a groupoidal cartesian fibration in the slice over
A and a groupoidal cocartesian fibration in the slice over C. However, it fails to be a groupoidal
object over A× C, as can be seen by considering the case E = F = A2. We use the notation
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E×BF to denote this pullback construction, reserving E⊗BF for special cases in which there
is a module from A to C that can be recognized as the horizontal composite. For particular
types of ∞-categories, general composite modules E ⊗B F can be defined via a “fiberwise
coinverter” construction, but to do so requires that we leave the ∞-cosmos axiomatization,
which does not provide for any colimits.

Rather than leave the axiomatization in search of a general composition formula, it turns
out to be simpler to do without it. There is a natural categorical framework into which modules
assemble, even without general horizontal composites, that turns out to be sufficient for our
real goal: developing a theory of pointwise Kan extensions. Rings, ring homomorphisms,
modules, and module maps assemble into a 2-dimensional structure known as a double category.
By analogy,∞-categories,∞-functors, modules, and module maps, to be introduced assemble
into a virtual double category.

4.3.3 Definition (V.4.1.10). The virtual double category of modules ModK in an ∞-cosmos
K consists of

• a category of objects and vertical arrows, here the ∞-categories and ∞-functors

• for any pair of objects A,B, a class of horizontal arrows A | // B , here the modules from
A to B

• cells, with boundary depicted as follows

A0

f
��

|
E1 // A1 |

E2 //

⇓

· · · |
En // An

g

��

B0 |
F

// B1

(4.3.4)

including those whose horizontal source has length zero in the case A0 = An, which we
depict as

A

f
��

⇓

A

g

��

B0 |
F
// B1

(4.3.5)

Here, a cell with boundary (4.3.4) will be an isomorphism class of objects in the mapping
quasi-category

Funf,g(E1 ×A1 · · · ×An−1 En, F ) //

��

Fun(E1 ×A1 · · · ×An−1 En, F )

��

∆0 (f,g)
// Fun(E1 ×A1 · · · ×An−1 En, B0 ×B1)

Similarly a cell with boundary (4.3.5) is an isomorphism class of objects in Funf,g(A,F ).
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• a composite cell, for any configuration

A0

f0
��

|
E11,...,E1n1//

⇓

A1 |
E21,...,E2n2//

f1
��

⇓

· · · |
En1,...,Ennn//

··· ⇓

An

fn
��

B0

g

��

|
F1 // B1 |

F2 //

⇓

· · · |
Fn // Bn

h
��

C0 |
G

// Cn

• an identity cell for every horizontal arrow

A |E // B

⇓idE

A |
E
// B

so that composition of cells is associative and unital in the usual multi-categorical sense.

The following examples motivate our definition of module maps, i.e., cells in the virtual
double category ModK.

4.3.6 Example. Lemma 3.1.5, which expresses 1-cell induction as a bijection between iso-
morphism classes of maps of spans whose codomain is a comma span and certain 2-cells in the
homotopy 2-category, provides an alternate characterization of cells in the virtual double cate-
gory of modules whose codomain is a comma module. Explicitly, for any cospan C

g−→ A
f←− B,

there is a bijection between cells in ModK whose codomain is the comma module C |
f↓g
// B and

2-cells in the homotopy 2-category hK under the pullback of the spans encoding the domain
modules17 and over the cospan defining the comma module f ↓ g.

A0

c
��

|
E1 // A1 |

E2 //

⇓

· · · |
En // An

b
��

C |
f↓g

// B

↭

E1 ×A1 · · · ×An−1 En

{{ ##

⇐
A0

c
��

An
b
��

C

g ##

B

f{{
A

4.3.7 Exercise. Use the correspondence described in Example 4.3.6 to define canonical
nullary and unary cells in ModK associated to any functor f : A→ B.

A

⇓ν

A

f
��

A

f
��

|
B↓f

//

⇓ρ

B A

f
��

⇓ν

A B |
f↓B

//

⇓ρ

A

f
��

A
B↓f
| // B B |

B2
// B B |

f↓B
// A B |

B2
// B

17In the case of a cell with nullary source A, this empty pullback corresponds to the identity span A = A = A.
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4.3.8 Example (V.3.2.4). Any functor f : A→ B induces a map

A
t
��

B ↓ f
p1
}}}}

p0
!! !!

A
f

// B
⇐ϕ

=

A
f
��

A
f
// B

=

over A×B. Then for any module E from A to B, pre-composition with t : A→ B ↓ f induces
an equivalence of quasi-categories

FunA×B(B ↓ f,E)
≃−→ FunA×B(A,E).

This result is a direct application of the Yoneda lemma for groupoidal cartesian fibrations
(IV.6.2.13) in the slice ∞-cosmos K/A. Passing to isomorphism classes of objects in the
mapping quasi-categories, this result asserts that there is a bijection between cells in ModK

A |
B↓f
//

⇓

B

A |
E
// B

∼=7→

A

⇓

A

f
��

A |
E
// B

implemented by restricting along the nullary cell ν, as defined in Exercise 4.3.7, represented
by the functor t : A→ B ↓ f .

Proposition 4.3.1 tells us that modules in an∞-cosmos can be pulled back. Given A |E // B

and functors a : A′ → A and b : B′ → B, the horizontal functor ρ : E(b, a)→ E in the diagram
defining the pullback module

E(b, a)

(q′,p′)
����

ρ
// E

(q,p)
����

A′ ×B′
a×b

// A×B

(4.3.9)

defines a unary cell in the virtual double category of modules with a universal property that
we now describe.

4.3.10 Proposition (V.4.2.2). In ModK, the cell

A′

a
��

|
E(b,a)

//

⇓ρ

B′

b
��

A |
E
// B

defined by pulling back a module A |E // B along functors a : A′ → A and b : B′ → B has the
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property that any cell as displayed on the left

X0

af
��

|
E1 // X1 |

E2 //

⇓

· · · |
En // Xn

bg
��

A
E
| // B

=

X0

f
��

|
E1 // X1 |

E2 //

⇓∃!

· · · |
En // Xn

g
��

A′

a
��

E(b,a)
| //

⇓ρ

B′

b
��

A
E
| // B

factors uniquely as displayed on the right.

Proposition 4.3.10 asserts that ρ is a cartesian cell in ModK.

Proof. The simplicial pullback (4.3.9), induces an equivalence of hom quasi-categories

Funaf,bg(E1 × · · · × En, E) ≃ Funf,g(E1 × · · · × En, E(b, a)).

Each module A |A
2
// A defined by the arrow construction comes with a canonical cell with

nullary source. Under the identification of Example 4.3.6, this cell corresponds via 1-cell
induction to the isomorphism class of maps of spans representing the identity 2-cell at the
identity 1-cell of the object A.

A

⇓ι

A

A
A2
| // A

↭

A

idA
||

idA
""

=

A

=

A

j

��

A2

p0

||||

p1

"" ""

⇐ϕ

A

This cell also has a universal property in the virtual double category of modules.

4.3.11 Proposition (V.4.2.4). Any cell in the virtual double category of modules whose hor-
izontal source includes the object A, as displayed on the left

X

f
��

|
E1 // · · · |

En // A

⇓

|
F1 // · · · |

Fm // Y

g

��

B |
G

// C

=

X |
E1 //

⇓idE1

· · ·
···

|
En //

⇓idEn

A

⇓ι

A

⇓idF1

|
F1 // · · ·

···

|
Fm //

⇓idFm

Y

X

f
��

|
E1 // · · · |

En // A |A
2
//

⇓∃!

A |
F1 // · · · |

Fm // Y

g

��

B |
G

// C

factors uniquely through ι as displayed on the right.

Proposition 4.3.11 asserts that ι is a cocartesian cell in ModK.
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Proof. In the case where both of the sequences Ei and Fj are empty, the Yoneda lemma for
modules, in the form described in Example 4.3.8, supplies an equivalence of quasi-categories

Funf,g(A2, G) ≃ FunA×A(A2, G(g, f))
j∗

≃
// FunA×A(A,G(g, f)) ≃ Funf,g(A,G).

This equivalence descends to a bijection between isomorphism classes of objects, i.e., to a
bijection between cells

A

f
��

|A
2
//

⇓

A

g

��

B |
G
// C

∼=7→

A

f
��

⇓

A

g

��

B |
G
// C

implemented by restricting along the cocartesian cell ι. See V.4.2.4 for the proof in the general
case.

Propositions 4.3.10 and 4.3.11 imply that the virtual double category of modules is a
virtual equipment in the sense introduced by Cruttwell and Shulman [CS, §7].

4.3.12 Theorem. The virtual double category ModK of modules in an ∞-cosmos K is a
virtual equipment: i.e., ModK is a virtual double category such that

(i) For any module and pair of functors as displayed on the left, there exists a module and
cartesian cell as displayed on the right satisfying the universal property of Proposition
4.3.10.

A′

a
��

B′

b
��

∃
⇝

A′

a
��

|
E(b,a)

//

⇓ρ

B′

b
��

A |
E
// B A |

E
// B

(ii) Every object A admits a unit module equipped with a nullary cocartesian cell satis-
fying the universal property of Proposition 4.3.11.

A

⇓ι

A

A |
A2
// A

The virtual equipment of modules in K has a lot of pleasant properties, which follow
formally from the axiomatization of a virtual equipment. For instance, certain sequences
of composable modules can be said to have composites, witnessed by cocartesian cells as
in Proposition 4.3.11 (see V.4.3.9, V.4.3.13, V.4.4.5, and V.4.4.7). Also, for any functor

f : A → B, the modules A |
B↓f
// B and B |

f↓B
// A behave like adjoints is a sense suitable to a

virtual double category; more precisely, the module A |
B↓f
// B defines a companion and the

module B |
f↓B
// A defines a conjoint to f : A → B (see V.4.4.2 and V.4.4.3). Another formal

consequence of Theorem 4.3.12 is the following:
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4.3.13 Lemma (V.4.4.11). For any pair of parallel functors there are natural bijections be-

tween 2-cells A

f
&&

g

99
⇓ B in the homotopy 2-category and cells

A |
B↓f
//

⇓

B

↭

A |A
2
//

g

��

⇓

A

f
��

↭

B

⇓

|
g↓B
// A

A |
B↓g
// B B |

B2
// B B |

f↓B
// A

in the virtual equipment of modules.

It follows from Lemma 4.3.13 and the cited results about composition of modules that there
are two locally-fully-faithful homomorphisms hK ↪→ ModK and hKcoop ↪→ ModK embedding
the homotopy 2-category into the sub bicategory of ModK comprised only of unary cells whose
vertical boundaries are identities; the latter homomorphism is contravariant on both 1- and
2-cells as signaled by the “coop.” The modules in the image of the first homomorphism are the
covariant representables and the modules in the image of the second homomorphism are the
contravariant representables. We refer to these as the covariant and contravariant embeddings,
respectively.

4.4 Pointwise Kan extensions We are now close to achieving our goal, definitions of
pointwise Kan extensions between∞-categories. By Proposition 4.3.10, any cell in the virtual
equipment of modules can be represented uniquely as a cell between parallel sequences of
modules, which we display inline as E1 ×A1 · · · ×An−1 En ⇒ E, where E is a module from A

to B and E1, . . . , En is a composable sequence of modules starting at A and ending at B.

4.4.1 Definition (right extension of modules). In the virtual equipment ModK of modules, a

right extension of a module A |F // C along a module A |K // B is given by a module B |R // C

together with a cell ν : K×BR⇒ F so that for any composable sequence of modules E1, . . . , En
from B to C, composition with ν defines a bijection

A |K //

|F

��

B

|E1��

A1

ww
C An−1|

En

oo

⇐χ =

A |K //

⇐ν

⇐∃!

|F

��

B

|
R

{{

|E1��

A1

ww
C An−1|

En

oo

In the case where the modules A |K // B , A |F // C , and B |R // C are all covariant rep-
resentables, the Yoneda lemma, in the form of Lemma 4.3.13, implies that the binary cell
ν : K×B R⇒ F arises from a 2-cell in the homotopy 2-category. The following lemma, whose
proof is left as an exercise, asserts that this 2-cell defines a right extension in hK in the sense
of Definition 4.0.1.
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4.4.2 Lemma (V.5.2.2). If ν : B ↓ k×B C ↓ r ⇒ C ↓ f displays B |
C↓r
// C as a right extension

of A |
C↓f
// C along A |

B↓k
// B in ModK, then ν : rk ⇒ f displays r as the right extension of f

along k in hK.

A |
B↓k
//

|C↓f
��

B

|
C↓r~~

⇝

A
k //

f
��

B

r
~~

C

⇐ν

C

⇐ν

4.4.3 Definition (stability of extensions under pasting). In any 2-category, a right extension
diagram

A
k //

f
��

B

r
~~

C

⇐ν

is said to be stable under pasting with a square

D

g

��

h //

⇐λ

E

b
��

A
k
// B

if the pasted diagram

D
h //

g

��
⇐λ

E

b
��

A
k //

f
��

B

r
~~

C

⇐ν

displays rb as a right extension of fg along h.

The following proposition defines pointwise right Kan extensions for ∞-categories:

4.4.4 Proposition (V.5.2.4). For a diagram

A
k //

f
��

B

r
~~

C

⇐ν

in the homotopy 2-category of an ∞-cosmos K the following are equivalent.

(i) ν : rk ⇒ f defines a right extension in hK that is stable under pasting with comma
squares.

(ii) The image ν : B↓k×BC↓r ⇒ C↓f of ν under the covariant embedding hK ↪→ ModK
defines a right extension in ModK.
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There are other equivalent conditions, one of which says that pointwise right Kan exten-
sions are right extension diagrams that are stable under pasting with a larger class of exact
squares in hK. Exact squares, which are characterized using the virtual equipment ModK, can
also be used to define fully faithful cosmological functors (see V.5.2.7) and initial and final
functors between ∞-categories (see V.5.3.5).

Definition 4.4.1 can be dualized, by turning around the 1-cells but not the 2-cells, to define

a right lifting C |R // B of a module C |F // A along a module B |K // A . In the case, where
all three modules are contravariant representables, the Yoneda lemma, in the form of Lemma
4.3.13, implies that the binary cell ν : r ↓C×B k ↓B ⇒ f ↓C arises from a 2-cell ν : f ⇒ rk in
the homotopy 2-category, which defines a left extension in hK in the sense of Definition 4.0.1.

The dual to Proposition 4.4.4 defines pointwise left Kan extensions for ∞-categories:

4.4.5 Proposition. For a diagram

A
k //

f
��

B

r
~~

C

⇒ν

in the homotopy 2-category of an ∞-cosmos K the following are equivalent.

(i) ν : f ⇒ rk defines a left extension in hK that is stable under pasting with commas
squares.

(ii) The image ν : r ↓ C ×B k ↓ B ⇒ f ↓ C of ν under the contravariant embedding
hKcoop ↪→ ModK defines a right lifting in ModK.

Recall Definition 2.2.9: in a cartesian closed ∞-cosmos, the limit of a diagram d : J → A

is a element ℓ : 1→ A equipped with an absolute right lifting diagram

⇓ν

A

∆
��

1
d
//

ℓ

>>

AJ

(4.4.6)

Here the 2-cell ν encodes the data of the limit cone.

4.4.7 Proposition (V.5.3.4). In a cartesian closed ∞-cosmos K, any limit (4.4.6) defines a
pointwise right Kan extension

J

d
��

! //

⇐ν

1

ℓ��

A

Conversely, any pointwise right Kan extension of this form transposes to define a limit (4.4.6)
in A.

Proposition 4.4.7 suggests the way to extend the definition of limits and colimits of dia-
grams indexed by ∞-categories to non-cartesian closed ∞-cosmoi.
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4.5 Model independence revisited We conclude with some remarks concerning the
model independence of these notions. Note that a cosmological functor F : K → L induces a
cosmological functor F : K/B → L/FB for any B ∈ K.

4.5.1 Proposition. Suppose F : K → L is a cosmological biequivalence. Then the induced
functor F : K/B → L/FB is also a cosmological biequivalence.

Proof. We first argue that the functor between slices defines a local equivalence of sliced
mapping quasi-categories, as defined in 4.1.1. Given a pair of isofibration p : E ↠ B and
p′ : E′ ↠ B in K, the induced functor on mapping quasi-categories is defined by

FunB(p, p′) ∼

**

//

����

Fun(E,E′) ∼

))

����

FunFB(FE,FE′)

����

// Fun(FE,FE′)

����

∆0 // Fun(E,B)

∼

))

∆0 // Fun(FE,FB)

As the maps between the cospans in qCat are equivalences, so is the induced map between the
pullbacks.

For surjectivity up to equivalence, consider an isofibration q : L ↠ FB in L. As F is
surjective on objects up to equivalence, there exists some A ∈ K together with an equivalence
i : FA ∼−−→ L ∈ L. As F defines a local equivalence of mapping quasi-categories, there is
moreover a functor f : A → B in L so that Ff : FA → FB is isomorphic to qi in hL. The
map f need not be an isofibration, but 1.2.1(e) allows us to factor f as A ∼−−→ K

p
−−−↠ B.

Choosing an equivalence inverse j : K ∼−−→ A, the result defines a diagram in hL that does
not commute on the nose but which does commute up to isomorphism.

FK

Fp ## ##

Fj

∼
// FA

Ff
��

i
∼
// L

q}}}}

∼=

FB

∼=

Now a basic fact about isofibrations in an ∞-cosmos that we have not had occasion to
mention is that they define isofibrations in the homotopy 2-category. An isofibration in a
2-category is a 1-cell that has a lifting property for isomorphisms with one chosen endpoint;
see IV.3.1.3 and IV.3.1.4. In particular, as q : L↠ FB defines an isofibration in hL, we may
lift the displayed isomorphism along q to define a commutative triangle:

FK

Fp ## ##

Fj

∼
// FA

Ff
��

i
∼
// L

q}}}}

∼=

FB

∼= =
FK

Fp ## ##

i·Fj
))∼=

e

55 L

q}}}}

FB

As e is isomorphic to an equivalence i ·Fj, it must also define an equivalence, whence we have
shown that the isofibration p : K ↠ B maps under F to an isofibration that is equivalent to
our chosen q : L↠ FB.
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By Proposition 3.6.1 and Corollary 4.2.5, a functor F : K → L of ∞-cosmoi induces a
functor of virtual equipments F : ModK → ModL; the important point here is that modules
and simplicial pullbacks are preserved.

4.5.2 Proposition. If F : K → L is a cosmological biequivalence, then the induced functor
F : ModK → ModL defines a biequivalence of virtual equipments: i.e., it is

(i) surjective on objects up to equivalence;

(ii) locally bijective on isomorphism classes of parallel vertical functors;

(iii) locally bijective on equivalence classes of parallel modules;

(iv) locally bijective on cells.

Proof. (i) and (ii) are restatements of Proposition 3.6.4(i) and (ii). The proof of (iii) is more
subtle. Corollary 4.2.5 tells us that the property of an isofibration E ↠ A×B in K defining a
module is both preserved and reflected by F . An argument similar to that given in the proof
of Proposition 4.5.1 shows that the cosmological biequivalence F : K/A×B → L/FA×FB creates
modules, and of course also preserves and reflects equivalences. Finally (iv) is an application
of Proposition 3.6.4(ii) to this cosmological biequivalence.

4.5.3 Theorem (model independence of basic category theory II). Any basic ∞-categorical
notion that can be encoded as an equivalence-invariant proposition in the virtual equipment of
modules is model invariant: preserved and reflected by cosmological biequivalences.

We are only just beginning to explore the consequences of this result but they appear to
be quite strong. For instance, we can prove that any (large) quasi-category E that admits
limits and colimits of every diagram indexed by a small category defines a derivator

Catop E−
−−→ qCat ho−→ Cat

in the sense of [H]; see V.5.3.10. The proof makes use of two (non-formal) facts that we prove
directly in qCat:

(i) For any pair of modules A |G // C and A |K // B between quasi-categories, there exists

a right extension B |R // C .

(ii) A module B |R // C is equivalent to a comma module B |
C↓r
// C for some functor

r : B → C between quasi-categories if and only if this property is true for the modules
obtained by pulling back along each vertex b : 1→ B.

Now if K → qCat is any cosmological biequivalence, the biequivalence ModK → ModqCat
implies that (i) also holds in K. Given a pair of modules in K form the right extension
of their images in ModqCat and use 4.5.2(iii) and (iv) to lift this module and the universal

cell to a right extension diagram in ModK. Now if B |R // C is a module in K that pulls
back along all elements b : 1 → B to a represented module, then its image in qCat also has
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this property, using 4.5.2(ii) to see that elements in B correspond to elements in FB up to

isomorphism. The representing functor for the module FB |FR // FC between quasi-categories

lifts to a representing functor for B |R // C .
As a consequence, we conclude that in an ∞-cosmos that is weakly equivalent to qCat,

any ∞-category that admits limits and colimits of every small diagram defines a derivator.
By a similar argument, a related result — I.6.1.8 — that says that universal properties in

hqCat are determined “pointwise” can also be generalized to weakly equivalent ∞-cosmoi.
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