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Abstract

We propose a motivic generalization of rational homotopy types. The algebraic invariants we
study are defined as algebra objects in the category of mixed motives. This invariant plays a role
of Sullivan’s polynomial de Rham algebras. Another main notion is that of cotangent motives.
Our main objective is to investigate the topological realization of these invariants and study
their structures. Applying these machineries and the Tannakian theory, we construct actions of
a derived motivic Galois group on rational homotopy types. Thanks to this, we deduce actions
of the motivic Galois group of pro-unipotent completions of homotopy groups.
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1. Introduction

In this paper, we focus on motives for rational homotopy types of algebraic varieties. Rational
homotopy theory originated from Quillen [43] and Sullivan [48]. Both approaches consider an
algebraic invariant associated to a topological space that, under suitable conditions, encodes a
rational homotopy type of the space. In Quillen’s work, the algebraic invariant is a differential
graded Lie algebra obtained from a simply connected topological space. In contrast, for a topo-
logical space S, Sullivan associated a commutative differential graded (dg) algebra Apr(S) of
polynomial differential forms on S with rational coefficients. The cohomology ring of Apr(S)
is isomorphic to the graded-commutative ring H*(S, Q) of the singular cohomology. In his ap-
proach, the main algebraic invariants of S are Apr,(S) and its (so-called) Sullivan model.

We now turn our attention to algebraic varieties. A motivating source of motives is Hodge
theory. From Morgan [39] and Hain [20], when S is a complex algebraic variety, a suitable
model of Apr(S) admits a mixed Hodge structure in an appropriate setting. These works
generalized the classical Hodge theory as Hodge theory for higher rational homotopy groups
and unipotent fundamental groups, i.e., the pro-unipotent completion of the fundamental group.
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These additional structures have aguably been vital in algebraic geometry, such as the study of
the topology of algebraic varieties. Meanwhile, in the 80’s, a notion of motivic homotopy type
was envisaged by Grothendieck in a footnote of Promenade 16 of [19]. Deligne and Goncharov
developed a motivic theory for the pro-unipotent completions of fundamental groups in the
setting of mixed Tate (and Artin-Tate) motives over a number field and its ring of integers [14].

Our investigation aims to define and study a motivic generalization of Apr(S). To gain some
intuition for the invariants we will study, let us compare the homotopy (triangulated) category
arising from topological spaces and the category of motives. Let DM®(k) be the symmetric
monoidal triangulated category of Voevodsky motives over a perfect field k, (here DM® (k) ad-
mits infinite coproducts) [37], [50]. A pleasant feature of DM®(k) is that its construction uses
ideas from homotopy theory, allowing a clear analogy, and motivic cohomology groups appear as
the hom sets in DM (k). From the perspective of the analogy with homotopy theory, DM® (k) is
a motivic generalization of the homotopy category of module spectra over the Eilenberg-MacLane
ring spectrum HZ (see [44] and [13, 14.2.9]). The motive M (X) € DM (k) associated to X [37]
plays the role of the singular chain complex of a topological space. We now work with rational
coefficients instead of Z, and take the point of view that a topological counterpart of DM® (k) is
the derived category of Q-vector spaces. Note that for a topological space S, Apr(95) is a com-
mutative dg algebra with rational coefficients whereas the singular cochain complex C*(S, Q) is
only a dg algebra that is not necessarily commutative. Thus, we consider that the commutative
dg algebra Apr,(S) amounts to the (underlying) complex C*(S, Q) endowed with an E.-algebra
structure, that is, a commutative algebra structure in the operadic or (oo, 1)-categorical sense.
This structure is crucial for rational homotopy theory. Further, the integral singular cochain
complex C*(S,Z) admits an FE-algebra structure [5], [38], and is important for generaliza-
tions of rational homotopy theory such as integral homotopy theory [35]. To incorporate such
structures, we must replace the derived category of Q-vector spaces with its (oo, 1)-categorical
enhancement, i.e., the derived (oo, 1)-category D(Q) of Q-vector spaces that inherits a symmet-
ric monoidal structure given by the tensor product of complexes. For an introduction to the
(00, 1)-categorical language, refer to [32, Chapter 1], [6] for example. Then, Apr(S) may be
viewed as a commutative algebra object of the symmetric monoidal (0o, 1)-category D®(Q) in
the (o0, 1)-categorical sense.

Let DM®(k) be a symmetric monoidal (0o, 1)-category of motives, that is, an (oo, 1)-categorical
enhancement of DM® (k). Let CAlg(DM®(k)) be the (0o, 1)-category of commutative algebra
objects of DM®(k). From the above comparison, it is natural to think of a motivic generalization
of Apr(—) as an object of CAlg(DM®(k)) whose underlying object in DM(k) is equivalent to the
weak dual' of M(X). We begin by associating an appropriate object of CAlg(DM®(k)) with a
variety. There are (at least) two approaches to this:

(i) Let Smy denote the category of smooth schemes over k. This is equipped with the sym-
metric monoidal structure given by the product X X Y. An object X of Smy can be
viewed as a cocommutative coalgebra object such that the comultiplication is the diagonal
X — X %3 X, and the counit is the structure morphism X — Speck. If we regard the
assignment X + M (X) as a symmetric monoidal functor Smy, — DM®(k), then M (X) is
a cocommutative coalgebra object in DM(k). Let 1; be a unit object in DM(k). Then the
internal hom object Hompp ) (M (X), 11) inherits a commutative algebra structure in the

'By the weak dual of M (X) we mean the internal hom object Hompwm ) (M (X), 1x) where 1 is a unit object of
DM(k).
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(00, 1)-categorical sense (i.e., an E-algebra structure) from M (X).

(ii) Let X be an object of Smy and let f : X — Speck be the structure morphism. Suppose
a symmetric monoidal (oo, 1)-category DM®(X) of motives over X is available, and there
is an adjoint pair f* : DM(k) = DM(X) : f.. If f* is symmetric monoidal, then the
right adjoint f, is a lax symmetric monoidal functor, so that f. sends a commutative
algebra object in DM(X) to a commutative algebra object in DM(k). We denote by 1x a
unit object of DM(X) and think of it as a commutative algebra object. We then have a
commutative algebra object f.(1x), which is a natural candidate.

Approach (i) is reminiscent of the setup in topology regarding the relationship between sin-
gular chain complexes and singular cochain complexes, although the assignment S — C,(S,Z) is
only oplax monoidal. We adopt approach (ii) since it gives a clear relationship with the relative
situation. We use the formalism of motives over X, extensively developed by Cisinski and Déglise
[13]. For a smooth scheme X, we define an object My of CAlg(DM®(k)), which we refer to as
the cohomological motivic algebra of X (detailed definition in Section 3). In Section 3, we work
with not only rational coefficients but an arbitrary coefficient ring.

The first fundamental property of Mx is that a (topological) realization of Mx is identified
with the commutative dg algebra Apr(X?) of polynomial differential forms on the underlying
topological space X! of X xj SpecC when k C C (see Theorem 4.3 in Section 4). To Weil
cohomology theory such as singular cohomology, analytic/algebraic de Rham cohomology, [-adic
étale cohomology, one can associate a symmetric monoidal functor called a realization functor:

R : DM®(k) — D®(K)

where K is a coefficient field of cohomology theory, and D®(K) is the symmetric monoidal
derived (o0, 1)-category of K-vector spaces. The field K is assumed to be of characteristic
zero. For example, when k is embedded in C, the realization functor R : DM®(k) — D®(Q)
associated to singular cohomology theory (with rational coefficients) carries M (X) to a complex
quasi-isomorphic to the singular chain complex C.(X*, Q) of the underlying topological space
X*. Notice that the realization functor is symmetric monoidal. It gives rise to a functor

CAlg(DM®(k)) — CAlg(D®(K)),

which we call the multiplicative realization functor, where CAlg(D®(K)) is the (oo, 1)-category
of commutative algebra objects in D®(K). One can naturally identify CAlg(D®(K)) with the
(00, 1)-category obtained from the category of commutative dg algebras over K by inverting
quasi-isomorphisms (see Section 2). In the case of singular cohomology, we have CAlg(DM® (k)) —
CAlg(D®(Q)). The commutative dg algebra Apr(X?) appears as the image of Mx under the
multiplicative realization functor. Namely, in addition to being analogous, the multiplicative
realization functor relates My with App(X?). Importantly, this allows many operations on
Apr(X?) to be promoted to a motivic level. For example, the multiplicative realization functor
preserves (small) colimits. Suppose that z is a k-rational point on X. Let € : Ap(X') — Q
be the augmentation induced by the point x on X!. The bar construction of the augmented
commutative dg algebra can be described in terms of colimits (see e.g. [41, 4.7], [51, Section 3],
[25]). Thus, it is possible to promote the bar construction of Apr(X*) — Q to a bar construction
of Mx — 1; in CAlg(DM®(k)).

Cotangent motives. By using Mx we introduce a new invariant of a pointed smooth scheme
(X, z) over a perfect field, which lies in DM(k) (see Section 6). The invariant LM x .y in DM(k) is
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defined by means of the cotangent complex of Mx. Thanks to the foundational work of Lurie on
cotangent complexes in a very general setting, we are able to apply it to the motivic situation.
We shall call LMy ;) the cotangent motive of X at x (cf. Definition 6.1). The remarkable
features of cotangent motives include:

(i) LM x ) may be viewed as a motive for the duals of rational homotopy groups (in the case
of the simply connected varieties).

(ii) If (X,z) is a semi-abelian variety with the origin, then LMx ) is equivalent to the dual
of the 1-motive of X. Therefore, the notion of cotangent motives is also a generalization
of 1-motives.

(iii) There is a natural map from Voevodsky’s motive, namely, the dual Hurewicz map M (X)Y —
1, ¢ LM (X,z)-

We prove that the rational homotopy groups appear as the realization of LMy ;) (see Theo-
rems 6.4 and 6.11 in Section 6). Namely, when & is embedded in C and the underlying topological
space X is simply connected, H*(R(LM, (X,z))) is the dual of the i-th rational homotopy group of
X!, In addition, Hl(R(LM(X,x))) can be identified with the cotangent space of the origin of the
pro-unipotent completion of the fundamental group, that is, the “linear data” of the fundamental
group.

Although LM x ;) has less information than My, the cotangent motive LM x ;) has a more
direct relation with homotopy groups than Mx. We apply an explicit computational study of
Mx in Section 5 to compute LMy ;). For example, as mentioned above, recall that if (X, x) is
a semi-abelian variety with the origin, then LM x ;) is a dual of the 1-motive of X. If P" is the
n-dimensional projective space (over a perfect field) endowed with a base point z, then

LM(]P’”,x) ~ lk(—l)[—2] 3P 1k(—n - 1)[—2??, - 1],

where “(s)” and “[t]” indicate the Tate twist and the shift, respectively. This means that 14(1) is
a “motive for the second rational homotopy group”, and 1;(n+ 1) is a “motive for the (2n+ 1)-th
rational homotopy group” (see Remark 6.14 in Section 6).

Structure of cohomological motivic algebras. To explicitly understand cohomological motivic
algebras and cotangent motives, it is natural to consider explicit structures on Mx. In Section 5,
as a first step towards the computational study, we describe an explicit structure of the cohomo-
logical motivic algebra for some cases. For this purpose, we adopt an approach that traces back
to Sullivan’s work. A (minimal) Sullivan model of Apr(S) is given by an iterated homotopy
pushout of free commutative dg algebras (see e.g. [21], [22], [16] or the beginning of Section 5).
We apply this to several cases such as projective spaces to explicitly describe Mx as a colimit
of a similar diagram of free commutative algebra objects in CAlg(DM®(k)). Unlike classical
rational homotopy theory, the study of Mx is not so simple even in relatively elementary cases;
we need some devices and deep results. This difference may be regarded as a reflection of the
fact that Mx has rich structures. For instance, let us consider a proper smooth curve C of genus
g > 1 with a base k-rational point c¢. Let Jo be the Jacobian variety and let u : C' — Jgo be the
Abel-Jacobi morphism. We here take a viewpoint that the Abel-Jacobi morphism is an “algebraic
abelianization” of C: when k = C, the map C* — J£ of the underlying toplogical spaces induces
an abelianization 71(C?, ¢) — m1(J&, u(c)) ~ m1(Ct, ¢)®. The Abel-Jacobi morphism u induces
a morphism u* : M, — Mc of cohomological motivic algebras, which gives rise to an inductive
sequence in CAlg(DM®(k)):

My, =M — My — -+ —= M, = M,11 —---—= Mc
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that decomposes u* : M5, — Mc such that M¢ is a filtered colimit @n> L M, (see Sections 5.1.5
and 5.3.1). This sequence (or co-tower) starting with M, can be thought of as a structure of M¢
or a refined Abel-Jacobi morphism. It is notable that it does not exist in the category of schemes
and does not arise from DM(k). Roughly speaking, this sequence gives a step-by-step description
of the non-abelian nature of C' that starts with its “abelian part” M, and each M,, — M, 11
contains a motivic structure of the (unipotent) fundamental group. From a perspective of the
formality, it is not generally reasonable to expect a formality of Mx of a smooth projective
variety X even if one can define a formality by using a motivic t-structure. Assume that there
exist a motivic t-structure on DM(k) (or on the full subcategory of compact objects) and the
associated heart MM C DM(k) (see e.g., [24, Section 1| and references therein for the notion
of motivic t-structures). We then have the symmetric monoidal derived co-category D(MM) of
MM and a (essentially unique) symmetric monoidal functor D(MM) — DM(k) which extends
the inclusion MM — DM(k). Let H(Mx) be a graded commutative algebra obtained from
Mx by passing to cohomology with respect to the motivic ¢-structure. In principle, we should
say that Mx is formal when Mx can be encoded by H(Myx) (see also Remark 5.30). But it
is not reasonable to hope that the image of H(Mx) under CAlg(D(MM)) — CAlg(DM(k)) is

equivalent to Mx. Indeed, there is a counterexample to the formality at the Hodge level (see

[10]).

Tannakian aspect. In Sections 7 and 8, we discuss Tannakian presentation of motivic struc-
tures on rational homotopy invariants. In Section 7, we construct so-called motivic Galois actions
on Apr(—) of the underlying space and the related topological invariants. Recall that various
“topological invariants” of algebraic varieties are equipped with actions of groups. For example,
l[-adic étale cohomology groups admit actions of the absolute Galois group, and a Hodge struc-
ture can be described by an action of the Mumford-Tate group. In the motivic setting, the group
should be a motivic Galois group (for a comprehensive account of the motivic perspective, refer
to [3] for example). In our context, we adopt the derived motivic Galois group MG introduced
in [24], and the associated pro-algebraic group MG which we call the motivic Galois group (see
the beginning of Section 7, Section 7.3, and [24]). From the conventional Tannakian viewpoint,
motivic structures are the suitably completed homotopy groups endowed with actions of the mo-
tivic Galois group. In an appropriate setting (including k& C C), we construct (cf. Corollary 7.6,
Theorem 7.17, Corollary 7.18)

e a canonical action of MG on Apr(X?),

e a canonical action of MG on the pro-unipotent completion 71 (X?, #)yn; of the fundamental

group,

e a canonical action of MG on 7;(X?, x)yn; (i > 1) when X is nilpotent and of finite type.
The second and third actions are induced by the first one, that is, the “enhanced action” of MG
on App(X?). In order to obtain the action of MG on Apr(X?) we apply the results in Section 4
and the Tannakian formalism developed in [24]. Even if one is ultimately interested in the actions
on completed homotopy groups, the enhanced action on Apr(X?) performs a pivotal role in the
construction.

Homotopy exact sequence. Recall the homotopy exact sequence for étale fundamental groups
1 — 7$(X x4 Speck, 7) — 7{'(X,z) — Gal(k/k) — 1

where k is a separable closure of k. In Section 8, by means of the Tannakian theory developed
in [26], when X is an algebraic curve we formulate and prove a version of the homotopy exact
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sequence with the derived motivic Galois group (or stack) instead of Gal(k/k) (see Proposi-
tion 8.12).

In the Appendix, for the case of mixed Tate motives over a number field, we compare our
approach and an approach to motivic fundamental groups by Deligne and Goncharov. We hope
that the comparison is helpful for understanding the concepts and the connections between them.

In this paper, we mainly focus on the singular (or Betti) realization. Although we did not
focus on other realizations, such as étale, de Rham, Hodge or crystalline realizations, our results
would also be useful for other realizations, and the study of various realizations of Mx and
LM x ) is expected to be more fruitful. For example, if one considers the Hodge realization
functor in the oo-categorical setting, it immediately yields a new conceptual construction of
Hodge structures on Apy(—) and rational homotopy groups of the underlying topological space,
at least in the case of simply connected varieties.

Outline of the paper. Section 2 collects some preliminaries on oo-categories and clarifies
the terminology used in this paper. Section 3 introduces the cohomological motivic algebras
of smooth schemes and their variants. The definition is formal. Our principle is that the co-
homological motivic algebra Mx is an algebraic invariant that represents the “motivic rational
homotopy type” of X. In Section 4, we start with the review of the the commutative differential
graded algebra App(S) of polynomial differential forms. We prove that the singular realization
of the cohomological motivic algebra My is equivalent to Apr(X?). In Section 5, we give explicit
structures of Mx for several cases. These computations are used in Section 6, which introduces
the notion of cotangent motives. We describe the realizations of cotangent motives as the (duals
of) rational homotopy groups. Moreover, we give explicit computations for some cases. In Sec-
tions 7 and 8, we develop a Tannakian theory of motivic rational homotopy types. In Section 7 we
construct actions of the motivic Galois group on the unipotent completion of homotopy groups.
In Section 8 we give a Tannakian presentation of cohomological motivic algebras in the case of
algebraic curves. We prove an analog of the homotopy exact sequence. To this end, we make
use of the theory of fine Tannakian oco-categories developed in [26]. In the Appendix, we prove
a comparison theorem that describes the relationship between Deligne-Gocharov’s work and our
work.

2. Notation and Convention

2.1 We shall use the theory of quasi-categories extensively developed by Joyal and Lurie from
the viewpoint of (oo, 1)-categories. This theory provides us with powerful tools and adequate
language for our purpose, though a part of contents might be reformulated in term of other
languages such as model categories or the likes. Following [32], we shall refer to quasi-categories
as oo-categories. Our main references are [32] and [33]. We assume that the reader is familiar
with oo-categories. To an ordinary category C, one can assign an oo-category by taking its
nerve N(C). Such simplicial sets N(C) arising from ordinary categories naturally constitute a
full subcategory of the simplicial category of co-categories. Therefore, when we treat ordinary
categories we often omit the nerve N(—) and think of them directly as co-categories. We often
refer to a map S — T of oco-categories as a functor. We call a vertex in an co-category S (resp.
an edge) an object (resp. a morphism). We use Grothendieck universes U € V. € W € ... and
usual mathematical objects such as groups, rings, vector spaces are assumed to belong to U.
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Here is a list of (some) of the convention and notation that we will use.

e A: the category of linearly ordered finite sets (consisting of [0], [1],...,[n] ={0,...,n},...)
e A™: the standard n-simplex as the simplicial set represented by [n],

e Seta: the category of simplicial sets,

e N: the simplicial nerve functor (cf. [32, 1.1.5])

I': the nerve of the category of pointed finite sets, (0) = {x},(1) = {x,1},...,(n) =

{x,1,...,n},

e (C°P: the opposite co-category of an co-category C. For a functor F': C — D, we denote by
F°P : C°P — D the induced functor.

e Let C be an oo-category and suppose that we are given an object c¢. Then C.; and C.
denote the undercategory and overcategory, respectively (cf. [32, 1.2.9]).

e C~: the largest Kan subcomplex (contained) in an co-category C, that is, the Kan complex
obtained from C by restricting to those morphisms (edges) which are equivalences.

o Catso: the co-category of small co-categories, Similarly, aa\too denotes the co-category of
large oo-categories (i.e., co-categories that belong to V),

e S: oo-category of small spaces. We denote by S the oo-category of large co-spaces (cf. [32,
1.2.16])

e h(C): homotopy category of an co-category (cf. [32, 1.2.3.1])

e Fun(A, B): the function complex for simplicial sets A and B

e Func (A, B): the simplicial subset of Fun(A, B) classifying maps which are compatible with
given projections A - C and B — C.

e Map(A, B): the largest Kan subcomplex of Fun(A, B) when B is an co-category.

e Map.(C,C"): the mapping space from an object C' € C to C" € C where C is an co-category.
We usually view it as an object in S (cf. [32, 1.2.2]). If C is an ordinary category, we write
Hom¢ (C, C”) for the hom set.

e CV: For an object C of a symmetric monoidal co-category C, we write CV for a dual of C
when C is a dualizable object. If there are internal objects, we also write C'V also for the
weak dual, that is, the internal hom object Hom¢(C, 1¢) with 1¢ a unit object.

e Ind(C): oo-category of Ind-objects in an oo-category C (see 32, 5.3.5.1], [33, 4.8.1.14] for
the symmetric monoidal setting).

e Prl: the co-category of presentable co-categories whose morphisms are left adjoint functors.

2.2 From model categories to co-categories. We recall Lurie’s construction by which one can
obtain oco-categories from a category (more generally oco-category) endowed with a prescribed
collection of morphisms (see [33, 1.3.4, 4.1.7, 4.1.8] for details). It can be viewed as an alternative
approach to Dwyer-Kan hammock localization. Let D be a category and let W be a collection
of morphisms in D which is closed under composition and contains all isomorphisms. A typical
example of (D, W) which we have in mind is (M, Wyy) such that M is a model category (see e.g.
[32, Appendix], [23]) and Wy is the collection of all weak equivalences. For (D, W), there is an
oo-category N(D)[W 1] and a functor ¢ : N(D) — N(D)[W 1] such that for any oco-category C
the composition induces a fully faithful functor

Map(N(D)[W~1],C) = Map(N(D),C)

whose essential image consists of those functors F' : N(D) — C such that F' carry morphisms lying
in W to equivalences in C. We shall refer to N(D)[W ~!] as the oo-category obtained from D by
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inverting morphisms in W. Consider (M, Wy) such that M is a combinatorial model category and
Wi is the collection of weak equivalences. The oo-category MC[W ~1] := N(M®)[(M° N W)~ is
presentable where M€ is the full subcategory of cofibrant objects. (When M is a monoidal model
category, it is convenient to work with the full subcategory of cofibrant objects M C M instead
of M) If M is a stable model category, then M[W~1] is a stable co-category (cf. [24]). The
homotopy category of MC[W 1] coincides with the homotopy category of the model category
M. If M is a symmetric monoidal model category (whose unit object is cofibrant), M¢[W 1] is
promoted to a symmetric monoidal co-category ME[W ~1® := N(M¢)[(M*N Wy)~1]® (see below
for symmetric monoidal oco-categories). In addition, there is a symmetric monoidal functor
£ : N(M€)® — MC[W~']® which has ¢ as the underlying functor and satisfies a similar universal
property. If M is combinatorial, then the tensor product ® : MW 1] x M¢[W 1] — Me[W 1]
preserves small colimits separately in each variable. Let IL be another symmetric monoidal model
category and let ¢ : Ml — IL be a symmetric monoidal functor. If ¢ carries cofibrant objects to
cofibrant objects and preserves weak equivalences between them (e.g. symmetric monoidal left
Quillen functors), it induces a symmetric monoidal functor M¢[W ~1]® — LW 1% of symmetric

monoidal co-categories.

2.3 Symmetric monoidal co-categories, modules and algebras. We use the theory of (symmetric)
monoidal co-categories developed in [33]. A symmetric monoidal co-category is a coCartesian
fibration C® — T that satisfies a “symmetric monoidal condition”, see [33, 2.1.2]. For a symmetric
monoidal oo-category C® — I', we often write C for the underlying co-category. Also, by abuse
of notation, we usually use the superscript in C® to indicate a symmetric monoidal structure
on an oo-category. For a symmetric monoidal oo-category C®, we write CAlg(C®) (or simply
CAlg(C)) for the oo-category of commutative algebra objects in C®. Let A be a commutative
ring spectrum, that is, a commutative algebra object in the category Sp of spectra. We write
Mod% for the symmetric monoidal co-category of A-module spectra, (see e.g. [33]). We put
CAlg, = CAIg(Mod%). For an ordinary commutative ring K, we put Mod?} = Mod%K and
CAlg; := CAlgy g where HK is the Eilenberg-MacLane ring spectrum.

Let K be a field of characteristic zero. Let Comp®(K) be the symmetric monoidal cate-
gory of cochain complexes of K-vector spaces (the symmetric monoidal structure is given by the
tensor product of cochain complexes). This category admits a projective combinatorial sym-
metric monoidal model structure, whose weak equivalences are quasi-isomorpisms, and whose
cofibrations (resp. fibrations) are degreewise monomorphisms (resp. epimorphisms), see e.g.
[23, Section 2.3| or [33, 7.1.2.11]. We shall write D®(K) for the symmetric monoidal stable
presentable oco-category obtained from Comp®(K) by inverting weak equivalences. According
to [33, 7.1.2.12, 7.1.2.13], there is a canonical equivalence D®(K) ~ Mod%. We refer to D®(K)
and Mod?} as the (symmetric monoidal) derived oco-category of K-vector spaces. The equiva-
lence D®(K) ~ Mod% induces CAlg(D®(K)) ~ CAlg; = CAlg(Mod%). Let CAlg¥ be the
category of commutative differential graded K-algebras. A commutative differential graded K-
algebras is a commutative algebra object in Comp®(K). There is a natural forgetful functor
U: CAlgfg — Comp(K). The category CAlgCIl(g admits a combinatorial model structure such
that a morphism f is a weak equivalences (resp. a fibration) if and only if U(f) is a quasi-
isomorphism (resp. a epimorphism) (here, we use the assumption of characteristic zero). If we
write N(CAlgCIIf) [W 1] for the co-category obtained from CAIgfg by inverting weak equivalences,
then there is a canonical equivalences N(CAlgC[l(g)[Wfl] ~ CAlgy (see [33, 7.1.4.10, 7.1.4.11], |33,
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4.5.4.6]). We often use these equivalences
N(CAIg)[W ] ~ CAlg(D®(K)) ~ CAlgy .

A variety is a geometrically connected scheme separated of finite type over a field.

3. Cohomological motivic algebras

Let K be a commutative ring.

3.1 We work with co-categories of mixed motives. We begin by setting up oco-categories of mixed
motives. They are obtained from model (dg, etc) categories of motives or by the oco-categorical
version of Voevodsky’s construction. In this paper, we adopt to use symmetric monoidal model
categories constructed by Cisinski and Déglise [11], [13]. Let X be a smooth scheme separated
of finite type over a perfect field k (or more generally, a noetherian regular scheme). Let Smy
denote the category of smooth schemes separated of finite type over X. Let N"(X) be the
Grothendieck abelian category of Nisnevich sheaves of K-modules with transfers over X (see
e.g. |11, Example 2.4] or [13] for this notion). Let Comp(N' (X)) be the symmetric monoidal
category of (possibly unbounded) cochain complexes of N*"(X). Then Comp(N (X)) admits a
stable symmetric monoidal combinatorial model category structure, see [11, Section 4, Example
4.12]. The construction roughly consists of two steps. One first defines a certain nice model
structure whose weak equivalences are quasi-isomorphisms of complexes of sheaves. In the next
step one takes a left Bousfield localization of the model structure at A'-homotopy. Using a gen-
eralization of the construction of symmetric spectra, one can “stabilize” the tensor operation with
a shifted Tate object over X in Comp(N' (X)), so that one obtains a new category Sprate(X)
endowed with a stable symmetric monoidal combinatorial model category (see [11, Proposition
7.13, Example 7.15]).
Let ¢ : Y — X be a morphism of smooth schemes. It gives rise to a Quillen adjunction

¢* : SpTate(X) = SpTate(Y) : Ox

where ¢* is a symmetric monoidal left Quillen functor. We further suppose that ¢ is smooth
separated of finite type, then there is a Quillen adjunction

Cb]j : SpTate(Y) = SpTate(X) : gb*

In this case, ¢* is both a left Quillen functor and a right Quillen functor. Thus, it preserves
(trivial) fibrations and (trivial) cofibrations. Moreover, by Ken Brown’s lemma we see that ¢*
preserves arbitrary weak equivalences.

We let DI\/I?f f(X ) be the symmetric monoidal stable presentable oco-category, which is ob-
tained from the full subcategory of cofibrant objects Comp(N*(X))¢ by inverting weak equiv-
alences. We refer to it as the symmetric monoidal co-category of effective mixed motives over
X. Similarly, DM®(X) is defined to be the symmetric monoidal stable presentable co-category
obtained from Sprae(X)¢ by inverting weak equivalences. We call DM®(X) the symmetric
monoidal stable persentable co-category of mixed motives over X. We refer to K as the coeffi-
cient ring of DM®(X). We write 1y for a unit object of DM®(X). We write 1x(n) for the Tate
object for n € Z. Given an object M of DM(X), we usually write M (n) for the tensor product
M ® 1x(n) in DM(X). The tensor product DM(X) x DM(X) — DM(X) on DM®(X) preserves
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small colimits separately in each variable. The detail construction can be found in |24, Section
5.1] (the notation is slightly different, and X is assumed to be the Zariski spectrum of a perfect
field in [24], but it works for a noetherian regular scheme X). The homotopy category of the full
subcategory of DM(Spec k) spanned by compact objects can be identified with the triangulated
category of geometric motives constructed by Voevodsky [50].

Let f : X — Speck be the structure morphism. Since we have the restriction of the symmetric
monoidal left Quillen functor f* : Sprate(Speck)® — Sprate(X)¢ between full subcategories of
cofibrant objects, inverting weak equivalences we have a symmetric monoidal colimit-preserving
functor

f*: DM®(k) := DM®(Speck) — DM®(X).

By abuse of notation, we use the same notation for the induced functor between co-categories.
By relative adjoint functor theorem [33, 7.3.2.6, 7.3.2.13|, there is the right adjoint functor
f« : DM(X) — DM(k) which is lax symmetric monoidal. It gives rise to an adjunction

f*: CAlg(DM®(k)) = CAlg(DM®(X)) : f..

In particular, f, carries a commutative algebra object M to a commutative algebra object fi(M)
in DM®(k). For any smooth scheme X, CAlg(DM®(X)) is a presentable oo-category (cf. [33,
3.2.3.5]). There is another left Quillen functor f; : Sprate(X) — Sprate(Speck). The restriction
Sprate(X )¢ — Sprate(Spec k)€ to cofibrant objects preserves weak equivalences, and therefore
inverting weak equivalences induces f; : DM(X) — DM(k). It determines an adjunction

fi : DM(X) = DM(k) : f*.

We put M(X) := f; f*(1;) where 1; is the unit of DM(k).

Let us consider the unit object 1y = f*(1;) in DM®(X) which we regard as a commutative
algebra object in DM®(X). The image fi«(1x) = f«f*(1;) is a commutative algebra object in
DM®(k), namely, f.(1x) in CAlg(DM®(k)).

Definition 3.1. Let X be a smooth scheme separated of finite type over k. We define an object
Myx in CAlg(DM®(k)) to be fi(1x). We shall refer to My as the cohomological motivic algebra
of X with coefficients in K.

Remark 3.2. This algebra Mx will play a role of a motivic analog of the singular cochain
complex C*(S, K) of a topological space S that is endowed with a structure of an E-algebra.
Our principle is that one may consider My to be a motivic homotopy type of X with coefficients
in K, that occurs in the title of this paper. On the other hand, M (X) is a motivic counterpart
of the singular chain complex C, (S, K).

Remark 3.3. There should be several approaches to a generalization to singular varieties. Al-
though we will treat smooth schemes in this paper, we give a brief outline of an approach based
on the theory of Beilinson motives [13]: We will define Mx. Suppose that the coefficient ring
K is a field of characteristic zero and f : X — Speck is a (possibly singular) scheme X which
is separated of finite type over k. Thanks to [13], we have the symmetric monoidal co-category
DM%(X) of Beilinson motives. Using the adjunctions

£ : DMp(X) = DMp(k) : £, #*: DMp(k) = DMp(X) : f.

for Beilinson motives, we define M (X) € DMp(k) to be fif'(1x) and define Mx € CAlg(DM%(k))
to be fof*(1x). We refer the reader to [13, 15.2, 16.1] for the six functors formalism and the
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comparison between DMp(k) and DM(k). By [13, 4.4.17], M(X) is dualizable. The associated
dualizing functor “exchanges * and !” [13, 15.2.4] and 1y, is a dualizing object over the base field k,
so that the dual M (X)V is naturally equivalent to My in DMpg(k) ~ DM(k) (cf. Proposition 3.4
below).

3.2 We consider functoriality of cohomological motivic algebras. Let f : X — Speck and
g : Y — Speck be two smooth scheme separated of finite type over k. Let ¢ : ¥ — X be a
morphism over k. As above, there is an adjunction ¢* : CAlg(DM®(X)) 2 CAlg(DM®(Y)) : ¢..

If we write My for g,(1y) we have a morphism

Mx = fi(1x) = [:9:0"(1x) = g«(1y) = My

in CAlg(DM®(k)) where the first map is induced by the unit map 1x — ¢.¢*(1x) =~ ¢« (1y).
Thus, the assignment X — My is contravariantly functorial with respect to X. We will write
¢* : Mx — My for this morphism in CAlg(DM®(k)) or in the underlying category DM(k).
Unfortunately, the notation ¢* in ¢* : Mx — My overlaps with ¢* : DM(X) — DM(Y) or
¢* : CAlg(DM®(X)) — CAlg(DM®(Y)) though these have different meanings. We hope that
it causes no confusion. The assignment X — M (X) is covariantly functorial. For ¢ : ¥ — X,
consider the unit map u : 1x — f*f4(1x). We then have

M(Y) = g5(1y) = gs6"(1x) “57 66" F* £u(1x) = gug* fo(1x) = fo(1x) = M(X)

where the final arrow is induced by the counit gyg* — id. Let Smy, be the nerve of the category of
smooth schemes separated of finite type over k. We will give a functorial construction X — Mx
which is defined as a functor = : Sm;” — CAlg(DM®(k)). The result is summarized as follows:

Proposition 3.4. Let M(—) : Smy — DM(k) be the functor which carries X to M(X). We
define Hompm(gy(—, 1) : DM(k)? — DM(k) to be the functor which carries M to MY =
Hompmk) (M, 1). By Hom(—, —) we indicate the internal Hom object. (We will make a con-
struction of these functors below.) Let M(—)" : Sm}” — DM(k) be the composite of the above
two functors, which carries X to M(X)Y. Then there is a functor = : Sm;"’ — CAlg(DM®(k))
which makes the diagram commutative

CAlg(DM® (k)

> |

Sm? _h(DM(k))

M(-)
where the right vertical arrow is the forgetful functor.

We first construct = : Sm;”’ — CAlg(DM®(k)). The busy readers are invited to skip the
remainder for the time being and proceed to Section 3.3 or 3.4. We consider the following
general situation. The functor = will appear in Example 3.6 as an example of the following
setup. Let I be the nerve of a category. Suppose that I has a final object x € I. We are
mainly interested in the case I = Smy. Let us consider a family {M(X)}xer of symmetric
monoidal model categories indexed by I. More precisely, we assign a combinatorial symmetric
monoidal model category M(X) to any X € I (we here assume that a unit is cofibrant) and
assign a symmetric monoidal left Quillen functor ¢* : M(X) — M(Y") to any morphism ¥ — X
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in I. Moreover, suppose that for oy : Z — Y — X there is a structural natural equivalence
Y*¢* =~ (¢ot))*. Main example is the family {Sprate(X)}xecsm,. Consider the pair (M¢(X), W§)
such that M¢(X) is the full subcategory of cofibrant objects in the model category M(X), and

W is the collection of weak equivalences in M(X).

We think of this pair as the nerve of a
category M(X) endowed with the collection of morphisms, determined by W§. We apply to the
assignment X — (M(X)¢ W) the construction in [33, Section 4.1.7.1, 4.1.7.2] of inverting weak

equivalences in symmetric monoidal categories in the functorial way. We then get a functor
d: I — CAlg(Catoo)

which carries X to MZ (X) := M¢(X)[(W$) 1. Here M¢(X)[(W§)™!] is the symmetric monoidal
oo-category obtained from M(X)¢ by inverting W . The symmetric monoidal structure on (/33\too
is given by cartesian products, and CAlg(@coo) is naturally identified with the co-category of
symmetric monoidal (large) oco-categories whose morphisms are symmetric monoidal functors,
cf. [33]. Recall that the oco-category CAIg(C/Ta\tOO) can be realized as the full subcategory of
Fun(l“,(/?a\too) spanned by commutative monoid objects, where I' is the nerve of the category
of pointed finite sets. The functor d : I — CAlg(@oo) C Fun(T, (/3;500) induces a functor
I° xT' — 6;500. Applying the relative nerve functor to I°? x I' — @coo (cf. 132, 3.2.5]), we
have a coCartesian fibration
D:&E—=IPxT

such that each restriction £y := D71({X} xT') — {X} x T is a symmetric monoidal co-category
equivalent to M% (X). Let P : CAlg(£) — I’ be a map of simplicial sets defined as follows.
For q : K — I°P, the set of K — CAlg(€) over ¢ is defined to be the set of maps K x I' — &
extending ¢ x id : K x I' = I’ x I'. Namely, it is Fun(I', &) Xpunr,rorxry 17 22 1P where
I°P — Fun(T, I°P x T') is induced by the identity of I°? x I". By the stability property [32, 3.1.2.1
(1), 2.4.2.3. (2)] of coCartesian fibrations, CAlg(€) — I°P is a coCartesian fibration. Let CAlg(E)
be the largest subcomplex of CAlg(€) that consists of those vertices v € CAlg(€) such that
{P(v)} xT' = & determines a commutative algebra object of Ep(,y. According to [32, 3.1.2.1 (2)]
the induced map CAlg(€) — I is also a coCartesian fibration. Note that by the construction,
for each X in I the fiber over X is CAlg(Ex) ~ CAlg(MZ (X)), and for each ¢ : Y — X in
I the induced map CAlg(MZ (X)) — CAlg(MZ (Y)) is equivalent to the pullback functor ¢*.
Each (M(X)¢, W§) admits a symmetric monoidal functor (M¢(x), W¢) — (M(X)¢, W§) induced
by the morphism X — %, which preserves weak equivalences. If dy : [P — CAlg(é\atoo) denotes

the constant functor taking value M% (%), it gives rise to a natural transformation d, — d. By
using the relative nerve functor as above, one has a map between coCartesian fibrations

F*
17 x M2 (%) ° £
k /
1P x T

where e : M% (x) — T is a coCartesian fibration that determines the symmetric monoidal oo-
category M (x). The horizontal map preserves coCartesian edges. Apply the same construction
of CAlg(€) — I°P to 1! x MZ (x) — I°? x T, we obtain the constant coCartesian fibration
I°? x CAlg(MZ (%)) — I°P and a map of coCartesian fibrations

F* . P x CAlg(MZ (%)) — CAlg(€)
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over I°P. For each f: X — * in I, the fiber CAlg(M% (x)) — CAlg(Ex) ~ CAlg(MZ (X)) over
X is equivalent to f*. Thus, each fiber admits the right adjoint functor f, : CAlg(MZ (X)) —
CAlg(M% (%)). In addition, F* preserves coCartesian edges. Therefore by the relative adjoint
functor theorem [33, 7.3.2.6] there is a relative right adjoint F : CAlg(€) — 1P x CAlg(M& (%))
over I°P. (We refer to [33, 7.3.2| for the notion of relative adjoint functor.) For each f: X — «,
the fiber CAlg(MZ (X)) — CAlg(ME (%)) is equivalent to f.

Now we define a functorial assignment X + fi(1p(x)) where 1y x) is a unit of M(X) and f
is the natural morphism X — x. We let ¢ : I°? — CAlg(M2 (x)) be the constant functor whose
value is the unit 1, of M (). It yields a section id x ¢ : [P — [P x CAlg(MZ, (x)). Composing
it with F™*, we obtain a section S : I°P? — CAlg(E) of CAlg(E) — I°P which carries X to a unit
in CAlg(Ex) ~ CAlg(M& (X)) (every edge in I°’ maps to a canonical coCartesian edge). We
define 1°? — CAlg(M% (x)) to be the composite

@17 5 CAlg(E) 55 17 x CAlg(ME (x)) 22 CAlg(ME (x)).

Remark 3.5. We give a little bit more conceptual explanation of ®. Let C — O and D — O be
categorical fibrations over an co-category O. Let oo : C 2 D : 8 be functors over O. Suppose that
« is a left adjoint to 5. Observe that compositions with o and 8 induce an adjoint pair between
functor categories Fun(O,C) = Fun(O,D). To see this, if M — Al is both a coCartesian
fibration and a Cartesian fibration which represents the adjoint pair («, ) (cf. [32, 5.5.2.1]),
the projection Fun(O, M) X Fun(0,Al) A' — Al is both a coCartesian fibration and a Cartesin
fibration that induces an adjoint pair between functor categories, where Al — Fun(O, Al) is
determined by the projection O x A — Al. Suppose further that « is a left adjoint to 3 relative
to O (cf. 33, 7.3.2.2]). The restriction of the above adjunction induces

Sect(a) : Sectp(C) := Funp(O,C) = Funp (O, D) = Secto(D) : Sect(S).
We deduce from [33, 7.3.2.5] that this pair is an adjunction. We now apply this to
F* . IP x CAlg(MZ (%)) = CAlg(€) : F.
over I°?. We then have the induced adjunction
Sect(F™*) : Fun(I°, CAlg(MZ (%))) ~ Sectop (I°? x CAlg(MZ (%))) = Sector (CAlg(&)) : Sect(FL).

If © € Fun(/°, CAlg(M& (%))) is the constant functor with value 1, the unit transformation
id — Sect(F) o Sect(F™) induces ¢ — Sect(Fk) o Sect(F*)(¢) = ®.

Example 3.6. Let I = Smy, and * = Speck. Let M(X) = Sprate(X). We define
Z: Sm? — CAlg(DM®(k))

to be ®. Unfolding our construction we see that = carries X to Mx, and ¢ : Y — X maps to
(;5*  Mx — My

Remark 3.7. Let I = Smy and x = Speck. Let M(X) = Comp(N'(X)). In this case, the
above construction also works. But we will not consider this setting: f.(1x) is not an appropriate
object we want to consider (for example, Theorem 4.3 does not hold). It is important to adopt

DM® (k) instead of DI\/I?ff(k) in Definition 3.1 and Propistion 3.4.
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Example 3.8. Let I be the category Sch of separated and quasi-compact schemes. For any X
in Sch, we let Comp(X) be the symmetric monoidal category of (possibly unbounded) cochain
complexes of quasi-coherent sheaves on X. According to [11, Example 2.3, 3.1, 3.2|, there is
a symmetric monoidal model structure on Comp(X) such that weak equivalences are quasi-
isomorphisms, and for any Y — X in Sch the pullback functor Comp(X) — Comp(Y') is a left
Quillen functor. Put Comp(X) = M(X). One can apply to this setting our construction and
obtain Sch®” — CAlg(MZ (SpecZ)).

Next we define a functor Smy — DM(k) which carries X to M(X). In some sense, the
construction is the dual of that of = and is easier. We continue to work with the family {M(X)}.
Assume that for each f: X — xin I, f* : M(*x) — M(X) is also right Quillen functor (therefore,
it preserves arbitrary weak equivalences). We denote by f; : M(X) — M(%) the left adjoint.
Applying the “dual version” of the relative nerve functor or the unstraightning functor to X
Moo (X), we obtain a Cartesian fibration F — I. For each X € I, its fiber is equivalent to
Moo (X). Notice that it is not a coCartesian fibration but a Cartesian fibration. As in the case of
E — I°P the natural pullback functors M(x) — M(X) induce a morphism of Cartesian fibrations

F =

I x M (%)

N

I.

where I x M, (x) — I is the projection that is regarded as a Cartesian fibration corresponding to
the constant functor I — Cateo with value Mo (). Each fiber of the horizontal map over X € I
is equivalent to f* where f : X — x is the natural morphism. Therefore it admits a left adjoint
functor fy : Moo (X) — Mao(%). Moreover, G* preserves Cartesian edges. Thus, by the relative
adjoint functor theorem [33, 7.3.2.6| there is a left adjoint Gy : F — I x Mo (%) relative to 1. (Its
fiber over X € I is equivalent to fy.) Let w: I — I x M (x) be the functor determined by the
identity I — I and the constant functor I — My, (%) taking the value 1,. Then ¥ : I — My (%)
is defined to be the composite

T T x Moo(¥) & F Z T x Mg (%) 22 Moo (%)

Example 3.9. Let I = Smy, and * = Speck. Let M(X) = Sprate(X). We define M(—) : Smy, —
DM(k) to be W. By our construction, it sends X to an object equivalent to M (X).

We define a functor Hompyx)(—,1x) : DM(X)? — DM(X) as follows. We let

HomSpTate(X)(_’ 1) : (SPTate(X))? — Sprate(X)

be the functor given by M — Homg, . (x)(M,1%), where Homg, . (x)(—,—) denotes the in-
ternal Hom object in Sprate(X), and 1’y is a fibrant model of the unit 1x. By the axiom of
symmetric monoidal model category, the functor Homg, X)(—, 1’y) preserves weak equiva-
lences. We define Hompp(x)(—,1x) : DM(X)® — DM(X) to be the functor obtained from
Homg,...cx)(—, 1’y) by inverting weak equivalences.

Proof of Proposition 5.4. We have constructed the functor = : Smj” — CAlg(DM®(k)) and
M(—) : Smy — DM(k) in Example 3.6 and 3.9. For simplicity, we write Z also for the composite
Sm}? = CAlg(DM®(k)) — DM(k). We first observe that for f : X — Speck in Smy there is
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a canonical equivalence M (X)V = Mx = f.(1x). Actually, this equivalence follows from the
equivalences of mapping spaces

Mappwm ) (M, Hompmr) (filx, 1k)) =~ Mappyp (M ® filx, k)

) )

~ Mappwm(x)(1x, f"Hompm) (M, 1x))

~ Mappm(x)(1x, Hompmx) (f* (M), f*(1x)))

~ Mappwmx)(f" (M), 1x)

~ Mappmk) (M, f«(1x))
for any M € DM(k). The equvalences follows from adjunctions (fy, f*), (f*, f«) and the equiva-
lence f*Hompwmk) (M, 1) =~ Homppx)(f* (M), f*(1x)). If we take M = Hompm (filx, 1x) =
M(X)V, then the identity of M corresponds to M (X)Y = f.(1x). The equivalence M(X)V =
fi(1x)Y — fu(1x) comes from the dual of 1x — f*f3(1x):

(1)) = (f f:(1x))" = 1x

and the composition with f;(1x)Y — fif*(fis(1x)") where (—)" denotes the weak dual, that

is, Hompp(_y(—, 1(=y). By the functoriality of adjoint maps, it is easy to check that M (X)" =

fi(1x)Y — f«(1x) is functorial with respect to X € Smy at the level of homotopy category,
Y -

namely, the functor Sm7” M) DM(k) — h(DM(k)) is naturally equivalent to Sm;” = DM(k) —

L(DM(k)). 0

3.3 We give some remarks about properties of cohomological motivic algebras.

Remark 3.10. Since My is the weak dual Homppw) (M (X),1;) of M(X), one can observe
that X +— My satisfies Al-homotopy invariance and Nisnevich descent property. Namely, for
any projection X x Al — X with fiber of the affine line Al = Speck[z], Mx — My, 41 is an
equivalence in CAlg(DM®(k)). For any pullback diagram

VeoUxxY ——Y

L,

U / X

in Smy, such that f is étale, j is an open immersion and (Y\V)eq — (X \U);eq is an isomorphism,
the induced morphism Mx — My x5, My is an equivalence in CAlg(DM®(k)).

The following is the Kunneth formula for cohomological motivic algebras.

Proposition 3.11. There exist a canonical equivalence 1 ~ Z(Speck). Suppose that X and Y
are projective and smooth over Speck. Then there exists a canonical equivalence Z(X)Q@Z(Y) =
Mx @ My ~ Mxxy = E(X X Y)

Proof. The first assertion is obvious. Next we prove the second assertion. Consider the

Cartesian diagram

q

XxY Y
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We will prove that p* ® ¢* : Mx ® My — Mxxy induced by p* : Mx — Mx«y and ¢* : My —
Mx vy is an equivalence. For this purpose, we apply the projection formula for the smooth
proper morphism f and the base change theorem for smooth proper morphism g [13, Theorem
1]: we have the sequence of morphisms induced by unit maps and counit maps of adjunctions

f(1x) ® g«(1y) Fef " (fe(1x) ® g4(1y)) = fulf* fe(1x) ® f* 949" (1))
f*(1X®f g*g( )) f*(f 9*9( ))
Feep* 7 9:9" (1k)) = fi(pea 9" 9+9" (1))

Fe(pq” g™ (1k)) = fup«(Lxxy)

Ll

whose composite is an equivalence since the projection formula and the base change theorem
imply that the above sequence induces fi(1x) ® g«(1x) =~ fu(lx ® f*g«(1y)) and f*g.(1y) ~
p«q*(1y). It will suffice to check that this composite coincides with p* ® ¢*. It is straightforward
to verify that

[ (k) = 749" (k) = 2™ [ 949" (A1) = ped™ 9" 9+9" (1) = puq™ 9™ (1) = pup™ [ (11)

is equivalent to f*(1x) — p«p*f*(1x) induced by the unit map id — p.p*. Then we see
that fi(1x) ® 1 — fu(lx) ® g«(1x) = fupsp™(lx) is equivalent to p* : Mx = fi(ly) —
fepep*(1x) = Mxxy. Similarly, 1 ® g.(1y) — f«(1x) ® g«(1x) = fup«p*(1x) is equivalent to
q" : My — Mxyy. Thus, p* ® ¢* : Mx ® My — Mx«y is an equivalence. O

3.4 We will study various objects in CAlg(DM®(k)) other than Mx:

Example 3.12. Let X € Smy. Let x : Y = Speck — X and y : Z = Speck — X be two
k-rational points on X. Then we have the pushout diagram

:E*
MX MSpeck

‘| |

MSpeck - MSpeck My MSpeck-

in CAlg(DM®(k)). Keep in mind that pushouts in CAlg(DM®(k)) do not commute with pushouts
in DM(k) through the forgetful functor. By Proposition 3.11, Mgpecr =~ 1. Thus, Mspecr @y
Mgpeck =~ 1 ®ary 1 in CAlg(DM®(k)). We call Px(x,y) := 13 ®ny 1k the motivic algebra of
path torsors from x to y.

Example 3.13. Consider the object Mx ®nrony Mx. Note that CAlg(DM®(k)) is presentable,
and thus CAlg(DM®(k)) is tensored over 8. There is a canonical equivalence S' ® My =~
Myx @myomy Mx where S1 is the circle which belongs to S. Thus, by the functoriality of the
tensor operation, Mapg(S*, S1) ~ S! naturally acts on S'® M (it is a version of Connes operator
[31]; the precise formulation is left to the reader). We refer to HHMx := Mx Qnyomy Mx as
the motivic algebra of free loop space of X.
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3.5 In Example 3.12, if one supposes = y, then Px(z,y) has an additional structure. The
augmentation My — 1j ~ Mgpeck, induced by z : Speck — X, gives rise to

1 @nry 1k = 1k @y Mx Qnry 1 — 1 Qnry 1 Qnry 1 2 (1 Qary 1) @ (1 sy 1k)

and 1 ®pr 1p — 1 ®1, 1 ~ 1 in CAlg(DM®(k)). There is also the flip 15 ®pr,, 1 ~
1; ®umy 1g. Informally, these data define a structure of a cogroup object on 1, ®pr, 1x in
CAlg(DM®(k)). Here CAlg(DM®(k)) is endowed with the coCartesian monoidal structure given
by coproducts. The precise formulation of this structure is as follows. Let A be the category of
(possibly nonempty) linearly ordered finite sets. Objects are the empty set [—1], [0] = {0}, [1] =
{0,1},[2] ={0,1,2},.... Note that A; without [-1] is A. Suppose that the morphism Mx — 1
is given by a map N(AJSFO) = N({[-1] = [0]}) — CAlg(DM®(k)). Since CAlg(DM®(k)) has small
colimits (in fact, presentable), the map N (AEO) — CAlg(DM®(k)) admits a left Kan extension
e:N(A,) — CAlg(DM®(k)). Namely,

G(X,z) = e” : N(A;) — CAlg(DM®(k))*P

is the Cech nerve associated to N({[-1] — [0]})?? — CAlg(DM®(k))°P (cf. [32, 6.1.2.11]). The
evaluation of G(X, x) at [1] is equivalent to 1;,® s, 1. The restriction N(A)%? — CAlg(DM®(k))°P
is a group object of CAlg(DM®(k)) (i.e., a cogroup object in CAlg(DM®(k))). Namely, it de-
termines a group structure on 1 ®yy, 15 in CAlg(DM®(k))°P. We refer to e.g. [32, 7.2.2.1] for
the notion of group objects.

Next we define an iterated generalization of G(X,z). Consider the composite N({[1] —
[0]})? € N(A )P — CAlg(DM®(K))°? of Cech nerve G(X,z) = G(X,z) : N(A,)P —
CAlg(DM®(k))°P. There is a unique isomorphism N(AEO) ~ N({[1] — [0]}). Consider the
composite

N(AT)® = N({[1] = [0]}) € N(A,) — CAIg(DM® (k).

Once again, take a rigth Kan extension G (X, z) : N(A;)%? — CAlg(DM®(k))? of this com-
posite. Repeating this process n times, we obtain

G (X, ) : N(A4)™ — CAlg(DM® (k)™

By abuse of notation, we write Gt (X, z) for the group object defined as the restriction
N(A)? € N(A;)? — CAlg(DM®(k))°P. (Moreover, one can endow G"*1(X, z) with a struc-
ture of an F,,;1-monoid, but we will not use this enhanced structure.)

4. Realized motivic rational homotopy type

We will consider the realizations of Mx. The coefficient field K is a field of characteristic zero.

4.1 There are several mixed Weil cohomology theories: singular (Betti) cohomology, l-adic or
p-adic étale cohomology, analytic de Rham cohomology, algebraic de Rham cohomology, rigid
cohomology, etc (see [13, 17.2] for mixed Weil cohomology). To a mixed Weil cohomology theory
FE with coefficient field K, one can associate a symmetric monoidal colimit-preserving functor

Rg : DM®(k) — D®(K)

(see [24, Section 5| for details of the construction in the co-categorical setting) which is called the
realization functor associated to E. Here D®(K) is the derived oo-category of K-vector spaces
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(see Section 2). By the relative adjoint functor theorem [33, 7.3.2.6, 7.3.2.13|, the realization
functor Rg induces an adjunction

CAlg(Rp) : CAlg(DM®(k)) = CAlg(D?(K)) ~ CAlgy : Mg

where CAlg(Rg) is the functor induced by Rg, and Mg is a right adjoint. We shall refer to
CAlg(Rg) : CAlg(DM®(k)) — CAlgy as the multiplicative realization functor.
In this section, we consider the realization functor associated to singular cohomology theory:

R : DM®(k) —s D®(Q).

We here suppose that the base field k is embedded into the complex number field C, and the
coefficient field K is Q. This functor sends the object M (X) to a complex R(M (X)) that is quasi-
isomorphic to the singular chain complex Cy(X?, Q) with rational coefficients. Here X* stands for
the underlying topological space of the complex manifold X Xgpecx Spec C. For ease of notation,
when no confusion is likely to arise, we often write R for the multiplicative realization functor
CAlg(R) : CAlg(DM®(k)) — CAlgg. Our results in this section relate Mx and its variants to
rational homotopy theory; see Theorem 4.3, Remark 4.4, Corollary 4.5, Proposition 4.6.

4.2 There are several algebraic models that describe rational homotopy types of topological
spaces. Quillen [43] uses differential graded (dg) Lie algebras whereas Sullivan [48] adopts com-
mutative differential graded (dg) algebras as models. These approaches are related via Koszul
duality between dg Lie algebras and (augmented) commutative dg algebras. In this paper, we
use cochain algebras of polynomial differential forms introduced by Sullivan as algebraic models
of the rational homotopy types of topological spaces.

Let us recall the definition of a cochain algebra of polynomial differential forms on a topo-
logical space S, see |16, Section 10| for the comprehensive reference. For a simplicial set P,
we let Apr(P) be the commutative differential graded (dg) algebra with rational coefficients of
polynomial differential forms. This commutative dg algebra is defined as follows (but we will
not need this explicit definition). For each n > 0, we let €2, be the commutative dg algebra of
“polynomial differential forms on the standard n-simplex”, that is,

Q= Qluo, . . ., Un, dug, . . ., duy ]/ (Eigu; — 1, X1 du;)

where Qlug, . . . un, dug, . .., duy] is the free commutative graded algebra generated by ug, ..., uy
and duo, . .., du, with cohomological degrees |u;| = 0, |du;| = 1 for each ¢, and the differential
carries u; and du; to du; and 0, respectively. For any map f : A" — A™, the pullback morphism
£ Qp — Q, of commutative dg algebras is defined in a natural way (see e.g. [16, Section 10
(c)]). An element of Apr(P) of (cohomological) degree r is data that consists of a collection
{ws} indexed by the set of all morphisms a: A™ — P from standard simplices such that

e cach w, is an element of §2,, of degree r,

o f*(wg) =w, for any a: A" — P, f: A™ — P, and f: A" — A™ such that fo f = a.
The multiplication is given by {wq} - {w],} = {waw),}, and the differential is given by d{w,} =
{dwy,}. If ¢ : P — P’ is a map of simplicial sets and {wq }a.An—pr is an element of App(P'),
then ¢*{w,} is defined to be {wgop}s.An—p. It gives rise to a map ¢* : Apr(P') — Apr(P)
of commutative dg algebras. Let T" be a topological space. If we write S.(T") for the singuar
simplicial complex whose n-th term is the set of singular n-simplices, the commutative dg algebra
App(T) is defined to be Apr(S«(T)).
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The assignment P — Apr(P) gives rise to a functor Apy, : Seta — (CAlgég)"p to the category
CAIgég of commutative dg algebras over Q. There exists a canonical equivalence between the
oo-category S of spaces and the oo-category obtained from Seta by inverting weak homotopy
equivalences (cf. [33, 1.3.4.21]). As observed below, the functor Ap; sends a weak homotopy
equivalence in Seta to a quasi-isomorphism in CAlgleg . Therefore, Apr : Seta — (CAlgég )P
induces

Appso 1 S — N(CAIg)[W 1P ~ CAlg .

For a topological space T', we shall denote by Apr, o(T') the image of Apy(T) in CAlgg.
First we will describe the induced functor App o : S — CAlgf’Qp in an intrinsic way.

Proposition 4.1. The following conditions hold:
(1) The functor Apy, : Seta — CAlgég sends a weak homotopy equivalence in Seta to a quasi-
. . . dg
isomorphism in CAng ,
(2) Aproo(A”) = Q,
(3) Apr,oc:S — CAlgg’ preserves small colimits.

Remark 4.2. The functor Apy,  is uniquely determined by the properties (2) and (3) in Propo-
sition 4.1. Let Fun®(S, CAlgfép) be the full subcategory of Fun(S, CAlg%’) spanned by those func-
tors that preserve small colimits. Then by left Kan extension [32, 5.1.5.6], the map p: A® — S
with value A® (i.e. the contractible space) induces an equivalence

Fun"(S, CAlg®l) & Fun(A°, CAlgf)') ~ CAlgl .

Therefore, the colimit-preserving functor Apr, o is uniquely determined by the value Q of the
contractible space. Namely, if u : A? — CA]g%’ denotes the map determined by the object Q of
CAlgg, then App o : S — CAlgg’ is a left Kan extension of u : AY — CAlgg’ along p: A = S.

Proof. We first prove (1). Let CAlgég — Comp(Q) be the forgetful functor to the category
Comp(Q) of complexes of Q-vector spaces. It is enough to show that the composition Setp —
(CAlgfng )P — Comp(Q)P preserves quasi-isomorphisms. According to [16, Theorem 10.9], there
is the zig-zag of quasi-isomorphisms in Comp(Q)

C*(P) — B(P) « App(P)

where C*(P) is the cochain complex associated to a simplicial set P with rational coefficients, and
B(P) is a certain “intermediate” cochain complex associated to P. These quasi-isomorphisms are
functorial in the sense that for any map P — P’ of simplicial sets, they commute with Apy (P') —
Apr(P), B(P') = B(P), and C*(P') — C*(P). Thus, it will suffice to observe that C* : Setp —
Comp(Q)°? given by P — C*(P) sends weak homotopy equivalences to quasi-isomorphisms. Let
Cy : Seta — Comp(Q) be the functor which carries P to the (normalized) chain complex
C,(P) with rational coefficients. Since the dual of any quasi-isomorphism C,(P) — Cy(P’) is a
quasi-isomorphism C*(P’") — C*(P), we are reduced to proving that C, sends weak homotopy
equivalences to quasi-isomorphisms. Indeed, it is a well-known fact, but we here describe one of
the proofs. Let Vecta denote the category of simplicial objects in the category of Q-vector spaces,
that is, simplicial Q-vector spaces. Consider the adjunction Q[—] : Seta = Vecta : U where U
is the forgetful functor, and Q[—] is its left adjoint, that is, the free functor. Let us consider
Seta as the Quillen model category whose weak equivalences are weak homotopy equivalence,
and whose cofibrations are monomorphisms. As in the case of simplicial abelian groups, Vecta
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admits a model category structure in which f is a weak equivalences (resp. a fibration) if U(f)
is a weak equivalence (resp. a Kan fibration). Then the pair (Q[—],U) is a Quillen adjunction.
Let N : Vecta — CompSO(Q) be the Dold-Kan equivalence which carries a simplicial vector
space to its normalized chain complex, where Comp="(Q) is the full subcategory of Comp(Q)

spanned by those object C such that H(C') = 0 for i > 0. The composite Seta Q[—;} Vecta X

Comp=%(Q) is naturally equivalent to the functor Seta — Comp=C(Q) which sends P to C,(P).
The functor Q[—| preserves weak equivalences since every object in Seta is cofibrant, and N
sends weak equivalences to quasi-isomorphims. Thus, C, sends weak homotopy equivalences to
quasi-isomorphisms.

The equality Apr,(AY) = Q is clear from the definition (see [16, Example 1 in page 124]).
Hence (2) follows.

Next we prove (3). Note that the forgetful functor CAlgy — Modg ~ D(Q) preserves limits

APL, 00
(cf. [33,3.2.2.4]). Thus, it will suffice to prove that S = = CAlgy’ — Mody preserves small col-
imits; a small colimit diagram in S maps to a limit diagram in Modg. According to [32, 4.4.2.7],
S — Modefo preserves small colimits if and only if it preserves pushouts and small coproducts. It is

enough to show that Seta == (CAlgég )P — Comp(Q)°P sends homotopy pushout diagrams and
homotopy coproduct diagrams to homotopy pullback diagrams and homotopy product diagrams
in Comp(Q), respectively. Here the second functor is the forgetful functor, and Comp(Q) is en-
dowed with the projective model structure, see Section 2. As discussed in the proof of (1), we may
replace this composite by C* : Seta — Comp(Q)°P. We will observe that Cy : Seta — Comp(Q)
preserves homotopy colimits. We equip Comp="(Q) with the projective model structures (cf.
[23, 2.3], [46, 4.1]). A morphism p in Comp=%(Q) is a weak equivalence (resp. a fibration) if it
is a quasi-isomorphism (resp. surjective in cohomologically negative degrees). Cofibrations are
monomorphisms (keep in mind that Q is a field). The free functor Q[—] : Seta — Vecta is a left
Quillen functor. The normalization functor N : Vecta — Compgo((@) is a left Quillen functor
(see [46, Section 4]). In addition, Comp=%(Q) — Comp(Q) is a left Quillen functor. Therefore,
we deduce that Cy : Seta — Comp(Q) preserves homotopy colimits. Note that C* is compos-
ite Seta % Comp(Q) — Comp(Q)°? where the second functor is given by the hom complex
Homg(—, Q). Then Homg(—,Q) : Comp(Q) — Comp(Q)° preserves homotopy colimits, so
that the induced functor Modg — Modfép preserves colimits. (Indeed, it is enough to check that
it preserves homotopy pushouts and homotopy coproducts. In Comp(Q), every object is both
cofibrant and fibrant. By the explicit presentation of homotopy pushouts/coproducts cf. [32,
A.2.4.4|, we easily see that Homqg(—, Q) sends a homotopy pushout (resp. coproduct) diagram
to a homotopy pullback (resp. coproduct) diagram.) Consequently, S — Mod(ap induced by C*
preserves small colimits. O

4.3 Let us consider the composite
T : Sm? 5 CAlg(DM®(k)) S CAlgg
See Proposition 3.4 for Z. We put Tx = T'(X) = R(Mx).

Theorem 4.3. Let X be a smooth scheme separated of finite type over k C C. Let X' be
the underlying topological space of the complex manifold X Xgpecr, SpecC. There is a canonical
equivalence R(Mx) = Tx = App oo(X?") in CAlgg.
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Proof.  We first introduce some categories. Let D®(X?!) be the symmetric monoidal pre-
sentable oco-category of complexes of sheaves of Q-vector spaces on X!. We define this oo-
category by the machinery of model categories. Let Sh(X?) be the Grothendieck abelian cat-
egory of sheaves of Q-vector spaces on X! and let Comp(Sh(X?)) be the category of cochain
complexes of Sh(X?). It is endowed with the symmetric monoidal structure by tensor product.
Thanks to [11, Theorem 2.5, Example 2.3, Proposition 3.2|, there is a symmetric monoidal
combinatorial model category structure on Comp(Sh(X?)) in which weak equivalences con-
sists of quasi-isomorphisms. We then obtain the symmetric monoidal presentable oco-category
D®(X?!) from Comp(Sh(X?!))¢ by inverting weak equivalences (cf. Section 2). By replacing
X* with the one-point space *, we also have a symmetric monoidal combinatorial model cate-
gory Comp(Sh(x)) which coincides with Comp(Q) endowed with the projective model struc-
ture. By abuse of notation we denote the associated symmetric monoidal presentable oco-
category by D®(Q). The canonical map to the one-point space f! : X' — x induces the
symmetric monoidal pullback functor Comp(Sh(*)) — Comp(Sh(X?)) that is a left Quillen
functor [11, Theorem 2.14]. It gives rise to a symmetric monoidal colimit-preserving pullback
functor f* : D(Q) — D(X?"). According to relative adjoint functor theorem |33, 7.3.2.6],
there is a right adjoint functor f! : D(X') — D(Q) which is lax symmetric monoidal. We
then use the Beilinson motives studied by Cisinski-Déglise [13|. Let Mp(X) be the symmet-
ric monoidal combinatorial model category of Beilinson motives over X with rational coef-
ficients (see [13, 14.2]) and let DM%(X) be the symmetric monoidal presentable oo-category
obtained from Mp(X). Since X is regular, according to [13, 16.1.1, 16.1.4] there is a symmet-
ric monoidal equivalence DM%(X) = DM®(X) induced by a symmetric monoidal left Quillen
functor Mp(X) — Sprate(X) (by [13, 16.1.4] the induced functor between their homotopy cate-
gories is an equivalence, from which the equivalence of stable co-categories follows, see e.g. [24,
Lemma 5.8]). The equivalences DM$(X) ~ DM®(X) and DM%(Speck) ~ DM®(k) commute
with pullback functors. Let Ry : DM®(X) ~ DM%5(X) — D®(X?) be the (relative) realization
functor that is a symmetric monoidal functor. It is obtained from symmetric monoidal functors
of model categories (cf. Section 2): as explained in [13, 17.1.7] that uses the construction of
Ayoub, there is a diagram of symmetric monoidal functors Mp(X) = M(X) & Comp(Sh(X*))
of model categories where M(X) is an intermediate symmetric monoidal model category, r is a
symmetric monoidal left Quillen functor, and p induces an equivalence of symmetric monoidal
oo-categories. Similarly, we have the realization functor R : DM®(k) ~ DM%(Speck) — D®(Q)
of singular cohomology theory. The functors R and Rx commute with the pullback functors
(because of the construction). Therefore, we have the diagram

DM®(X) X. D® (X

Al

DM® (k) ——> D®(Q).

with a canonical equivalence Rx o f* ~ f¥* o R of symmetric monoidal functors. Let A be a
commutative algebra object in DM®(X), that is, an object of CAlg(DM®(X)). Consider the
canonical exchange map e : R(f.(4)) — f{(Rx(A)) in D(Q). This map is the composition of
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morphisms

R(f(A)) — fif"(R(f«(A))
~  fIRx [*(f«(A))
~  fRx(f*f)(A)
- fiRx(4)

where the first arrow is induced by the unit map id — fIf"*, the second arrow is induced by
Rxf* ~ f”R, and the fourth one is induced by the counit map f*f, — id. The unit map
id — fLf%™* and the counit map f*f, — id are promoted to a unit map and a counit map for ad-
junctions CAlg(D®(Q)) = CAlg(D®(X?)) and CAlg(DM®(k)) = CAlg(DM® (X)), respectively.
In particular, e : R(fi(A)) — fE{(Rx(A)) is promoted to a morphism in CAlg(D®(Q)) ~ CAlgy,.
By [13, 17.2.18, 4.4.25], if A is compact in the underlying co-category DM(X), e is an equivalence.
In particular, if A = 1y, we have a canonocal equivalence R(f.(1x)) = R(Mx) = fi{(Rx(1x))
in CAlggy. Consequently, to prove our assertion it suffices to prove that fL(1x+) is equivalent to
Apr.co(X") where 1x¢ is the unit of D®(X?), i.e., the constant sheaf with value Q.

For this purpose, recall first that since X xgpect SpecC is a complex smooth scheme sep-
arated of finite type, the underlying topological space X* is a hausdorff paracompact smooth
manifold. Therefore, according to [9, Theorem 5.1], it admits a good cover U = {Uj}aer, that
is, an open cover U = {Ux}rer such that every non-empty finite intersection Uy, N ... N Uy,
is contractible. Take the augmented simplicial diagram of the Cech nerve U, — U_; := X*
associated to the cover. The n-th term U, of U, is the disjoint union of intersections of n + 1
open sets in Y. We denote by jy, : U, — X' = U_; the canonical map. If we think of Uy — X*
as an augmented simplicial diagram in S, then by Dugger-Isaksen [15, Theorem 1.1], it is a
colimit diagram. According to Proposition 4.1, the functor Apr o : & — CAlgg' commutes
with small colimits. Thus, the canonical morphism Apj oo (X?) — @[n}eA Apr.o(Up) is an
equivalence where T&n[n}e A AprL,co(Up) is a limit of the cosimplicial diagram in CAlgg. Thus,
it is enough to show that @[n]eA ApLoo(Un) =~ fi(1lxe). For i > —1, we let Comp(Sh(U,))
be the category of complexes of sheaves of Q-vector spaces on U,. As in the case of D(X?!),
by the model structure in [11, 2.3, 2.5] we have a symmetric monoidal presentable co-category
D®(U,) from Comp(Sh(U,,)). For each morphism U,, — U,,, a symmetric monoidal colimit-
preserving functor D®(U,,) — D®(U,). It gives rise to a cosimplicial diagram of symmetric
monoidal co-categories which we denote simply by D®(U,). It also has the natural coaugmenta-
tion D®(X*') — D®(U,). Let I'(Uy,, —) : D(U,) — D(Q) be the (derived) global section functor,
that is a lax symmetric monoidal right adjoint functor to the pullback functor D®(Q) — D®(U,,)
of U, — *. We denote by 1y, the unit of D(U,) that corresponds to the constant sheaf with
value Q. Note fi{(—) = I'(U-1,—) = I'(X*,—), and T'(U,,1y,) in D(Q) is a complex com-
puting the sheaf cohomology of U, with coefficients in Q. Remember that U, is a disjoint
union of contractible spaces for n > 0. For each connected component V' of U,, I'(V, 1y, |v) in
CAlgg is an initial object of CAlgg, i.e., Q since the unit map Q — I'(V, 1y, |v) is an equiv-
alence in D(Q), cf. [33, Corollary 3.2.1.9]. By Proposition 4.1, the image of a contractible
space under Apr o is Q. Therefore, I'(Uy, 1y,) € CAlgg is equivalent to Apr oo(Un), i.e.,
L(Un, 10,,) = [rp,) Q = APL,co(Un) for n > 0 (mo(—) is the set of connected components).
We may consider {I'(Uy, 1y, ) }jnjea to be a cosimplicial diagram of ordinary commutative alge-
bras (arising from connected components of U,). We then have Jim Apr.oo(Up) =~ @F(Un, 1y,)-
It will suffice to prove that the canonical morphism I'(X* 1) — &iin[n}eA I'(Uy, 1y,) in D(Q) is
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an equivalence (we may and will disregard their commutative algebra structures). To this end,
we use the descent for hypercovers on X. Let jy i : D(U,) — D(X?) be the left adjoint to the
restriction j; : D(X') = D(U,). According to [11, Example 2.3, Theorem 2.5|, we see that the
canonical morphism lig[n}erp ju.1(1y,) — Ly is an equivalence in D(X?). For any F in D(X?),

it induces an equivalence T'(X?, F) = T&n[n]eA I'(Uyn, F|u,). In particular, we have a canonical

equivalence I'( X!, 1x:) = @[n]eAF(U”’ 1y,). 0

Remark 4.4. Let ¢ : Y — X be a morphism in Smg. Then ¢* : My — My induces R(¢*) :
R(Mx) =Tx — R(Mx) = Ty. On the other hand, the associated continuous map ¢' : Y — X*
of topological spaces induces ¢™* : Apr, oo (X") = App oo(Y?) induced by Apr(X') — Apr(Y?).
The morphism R(¢*) : Tx — Ty in CAlgg is equivalent to O™ ¢ Aproo(XY) = Aproo(YY)
through equivalences Ty ~ App, (X") and Ty ~ Apr, oo(Y") in Theorem 4.3.

To observe this, note first that by the compatibility of the realization functor with push-
forward functors, R(¢*) can be identified with fl(1x:) — gL(1y+) induced by ¢! : Y — X!
where ¢! : Y! — x is the canonical map to one point space. Let us unfold the equaivalence
given in the proof of Theorem 4.3. As in the proof, choose a good cover U = {Uy}res of X?
and take the augmented Cech nerve U, — X! = U_;. We know from the proof of Theorem 4.3
that there are canonical equivalences T'(U,,1y,) — [acrow,y ' Unas 10, & Haerow,) @
in CAlgg where each U, is a disjoint union Uger v, )Un,a of contractible spaces. Similarly,
we have canonical equivalences Apy o (Uy) — Haem(Un) Apr.oco(Una) < Haem(Un) Q. Both
objects {I'(Un, 1v,,) }njea and {Apr(Un)}mjea are equivalent to the cosimplicial ordinary com-
mutative Q-algebra, regarded as a cosimplicial object in CAlgg, that is defined by the assign-
ment [n] = []oer@,) Q@ = Q™ (n) such that for any [n] — [m], QmUr) — QmUn) js in-
duced by the map m(U,,) — mo(U,) (by the superscript we mean cotensor). It gives rise to
Apr.oo(X?) ~ l'&nAme(Un) o~ @F(Un, 1y, ) ~ fL(1x+). Taking into account these steps, we
are reduced to checking a functoriality of good covers: it suffices to verify that if Y = {Ux}res i
a good cover of X, then there is a good over V = {Vitues of Y? such that any Vi— Yyt - Xt
factors through some Uy, — X?!. Actually, it follows from the proof of the existence of a good
cover. See [9, Corollary 5.2] and the discussion after the proof of [9, Theorem 5.1].

It is useful to have a smooth de Rham model of Tx. We will describe Tx ®g R in terms
of smooth differential forms. By X, we mean the underlying differential manifold of X Xgpecs
SpecC. Let Ax__ be the commutative dg algebra of C'*° real differential forms on X.,. We call
Ax,_, the smooth de Rham algebra on X, We think of Ax__ as an object in CAlgp.

Corollary 4.5. Consider the base change Tx ®g R which belongs to CAlgg. There is an equiv-
alence Tx ®g R ~ Ax_ in CAlgg.

Proof. There is a zig-zag of quasi-isomorphisms between Ay and App(X") ®g R (see [16,
Theorem 11.4]). Thus, by Theorem 4.3 we see that Tx ®g R ~ Ax_. O

By using Theorem 4.3 and Remark 4.4, we can easily prove the following:

Proposition 4.6. Let CAlg(DM®(k)) — CAlgg be the multiplicative realization functor. Then
the image of the motivic algebra of path torsor P(X,x,y) (cf. Evample 3.12) in CAlgg is equiv-
alent to the pushout Q ®4,, (xt) Q associated to two augmentations Aproo(XY) — Q and
ApL.oo(X') = Q respectively induced by points x and y in X*. (We remark that Q ®Apr o0 (x) Q
can be obtained by a bar construction of Apr(X) with two augmentations, see [{1].)
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The image of HHMx (cf. Example 3.13) in CAlgg is
APL,OO(Xt) ®APL,00(Xt)®APL,oo(Xt) APL7OO(Xt) ~ Sl X APL,oo(Xt)-

(It might be worth mentioning that if X' is simply connected, then

ApLoo(X") @apy (X2 ApL oo (Xt) APLoo(X")

is equivalent to App oo(LX") where LX" is the free loop space of X' [16, Example 1 in page
206].)

4.4 Before proceeding to the next subsection, we introduce some algebro-geometric notions.
Let K be a field of characteristic zero. Let CAlg‘j,l(is be the full subcategory of CAlgj that is
spanned by discrete objects C, i.e., H/(C') = 0 for i # 0. Put another way, we let Mod%* be the
(symmetric monoidal) full subcategory of Modx ~ D(K) spanned by discrete objects M, i.e.,
H{(M) = 0 for i # 0. This full subcategory is nothing else but (the nerve of) the category of K-
vector spaces. Then CAlg‘}(iS = CAlg(Mod‘}(is). The oo-category CAlg%S is naturally equivalent
to the nerve of category of ordinary commutative K-algebras. Let Aff g be the opposite category
of CAlg,. We write Spec R for an object in Affg that corresponds to R € CAlgy. We shall
refer to it as a derived affine scheme (or affine scheme) over K. The Yoneda embedding identifies
Aff g with a full subcategory of Fun(CAlgg,S). This embedding preserves small limits. The
functor Spec R : CAlg,r — S corepresented by R satisfies the sheaf condition with respect to
the flat topology, see e.g. [34]. We often regard Spec R as a sheaf CAlg, — S. We remark
that in the literature of derived geometry (see e.g. [34] for its oco-categorical theory), Spec R
with R € CAlgy is usually called a nonconnective (derived) affine scheme. Let AfE be the
full subcategory of Aff i that corresponds to CAIg}i(iS. One can naturally identify Aff?(is with the
category of ordinary affine schemes over K (keep in mind that the full subcategories Aff}i(is are
not closed under some constructions; for example, in general, fiber products in Aﬁ?{is are not
compatible with those in Affg).

For an oco-category C that has finite products, we write Grp(C) for the co-category of group
objects in C. We shall call a group object in Aff i a derived affine group scheme over K. There
is a canonical Yoneda embedding Grp(Affx) — Fun(CAlgg, Grp(S)). Therefore, through this
functor we often think of a derived affine group scheme as a sheaf CAlg; — Grp(S). Put another
way, Spec R in Grp(Aff k) amounts to a commutative Hopf algebra object R in Mod% See |24,

Appendix A for details.

4.5

Definition 4.7. In Section 3.5, for a pointed smooth variety (X,x) and a natural number
n > 1, we have defined the group object G (X, z) : N(A%) — CAlg(DM®(k))°?. Since the
multiplicative realization functor CAlg(Rg) : CAlg(DM®(k)) — CAlgy preserves coproducts,
we see that the composite

G(M) (X z)op CAlg(Rg)°
(Xa) op CAlg(RE)

G (X, @) N(AP) CAlg(DM®(k)) " A = Affy

is a group object in Affx. Namely, Ggl) (X, z) is a derived affine group scheme over K. If no

confusion is likely to arise, we often write G(™ (X, ) for Gg) (X, ).
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Proposition 4.8. Suppose that k is embedded in C and consider the case of singular realization
R = Rp. A closed point x on X determines a point of the associated topological space X'
which we denote also by x. Let SpecQ — SpecTx be a morphism induced by x. Then the
derived affine group scheme G(X,z) = GU (X, x) is equivalent to the Cech nerve obtained from
Spec Q — SpecTx. The iterated group scheme G (X, z) (n > 2) also has a similar description.

Proof. By Remark 4.4, the map Tx = R(Mx) — Q = R(Mgpeck) induced by Mx —
Mgpeck = 1y can be viewed as the map Tx — Q induced by xr € X . Remember that the opposite
of the multiplicative realization functor CAlg(DM®(k))P — CAlg(ap = Affg preserves small
limits. Therefore, the derived affine group scheme G(X, z) is the Cech nerve of Spec Q — Spec T'x
in Affg. The second claim is clear from this argument. O

5. Sullivan models and computational results

In rational homotopy theory, an inductive construction of a Sullivan model is quite powerful.
Let S be a topological space and Apr(S) the commutative dg algebra of polynomial differential
forms. As in Section 4 we write Apy, (S) for the image of Apy(S) in CAlgg. Let Fg denote
the free functor Modg ~ D(Q) — CAlgg which is defined to be a left adjoint to the forgetful
functor CAlgy — D(Q). Contrary to genuine commutative dg algebras, in the setting of CAlgg
it is nonsense to say what a underlying graded algebra is. But in the language of CAlgg, the
inductive construction describes Apr, o (S) as a colimit of a sequence

QAo A1 — - = A, > Ay — -+
such that for any n > 0, A,,4+1 fits in the pushout diagram of the form

FQ(V) — A,

_

Q An—H

in CAlgg where V' is a Z-graded vector space over Q regarded as an object in D(Q), and the
vertical arrow is Fo(V) — Fg(0) ~ Q induced by V' — 0. Note that Fo(V) — A,, is determined
by a morphism V — A, in D(Q). Suppose that V is concentrated in a fixed positive degree
n, i.e., Vi = 0 for i # n, and the Q-vector space V" is finite dimensional. Then Fg(V) is
the commutative dg algebra that corresponds to the rational homotopy type of the Eilenberg-
MacLane space K ((V™)Y,n). Informally, the above sequence may be thought of as a presentation
of Apr(S) as a “successive extension” of “simple pieces” of the form Fg(V[1]).

We will apply this approach to CAlg(DM®(k)) and study cohomological motivic algebras.
Free commutative algebra objects in DM(k) play the role of free commutative dg algebras. Actu-
ally, from the Tannakian viewpoint, such free objects are quite “simple” objects, see Remark 7.11.
Put another way, presentations of successive extensions by free objects is useful for computations
of a motivic counterpart of rational homotopy groups. We will inroduce the notion of cotangent
motives in Section 6. We then apply the study of structures of cohomological motivic algebras
in this section to obtain explicit descriptions of cotangent motives (Theorem 6.13).

In this section, we work with rational coefficients, but Q can be replaced by any field K of
characteristic zero.
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5.1 We will study some “relatively elementary” examples such as projective spaces. We also
hope that the reader will get the feeling of the idea of the constructions of “Sullivan models” of
cohomological motivic algebras in CAlg(DM®(k)).

Recall free commutative algebras in a general setting.

Definition 5.1. Let C® be a symmetric monoidal co-category that has small colimits and the
tensor product ® : C x C — C preserves small colimits separately in each variable. Let u¢ :
CAlg(C?®) — C be the forgetful functor. By [33, 3.1.3], there exists a left adjoint

Fe : C — CAlg(C®)

to uc, which we shall call the free functor of C® ([33] treats a broader setting). Given C' € C
we refer to Feo(C') as the free commutative algebra (object) generated by C. We often omit the
notation uc.

For A € CAlg(C®), by the adjunction, a morphism f : F¢(C) — A corresponds to the
composite a: C e (Fe(C)) uelf) uc(A) in C. We say that f : Fo(C) — A is classified by a.

According to [33, 3.1.3.13], the underlying object F¢(C) is equivalent to the coproduct
Up>0 Sym"™(C') in C, where Symg(C') is the n-fold symmetric product (we usually omit the sub-
script when the setting is obvious). If D is a symmetric monoidal co-category having the same

property and F : C® — D® is a colimit-preserving functor, then there is a canonical equivalence
Fp(F(C)) = F(Fe(C)) for any C € C.

5.1.1 Contrary to CAlgg, explicit computations of pushouts in CAlg(DM®(k)) are very compli-
cated. To achieve our explicit study, we introduce some new devises which we will use.

Let GLg4 be the general linear algebraic group over Q. Let Vect®(GL,4) be the symmet-
ric monoidal abelian category of (possibly infinite dimensional) representations of GLg, that
is, Q-vector spaces with action of GL4. The symmetric monoidal category Comp(GLy) :=
Comp(Vect(GLg4)) of (possibly unbounded) cochain complexes admits a proper combinatorial
symmetric monoidal model structure such that (i) f: C — C’ is a weak equivalence if a quasi-
isomorphism, (ii) every object is cofibrant, and (iii) {tps : S"T'M < D"M} mer is a set of
generating cofibrations consisting of natural inclusions, where I is the set of i;reezducible rep-
resentations of GLg4, and S™M (reps. D"M) in Comp(GL4) defined by (S"M)" = M and
(S"M)™ = 0 for m # n (resp. (D"M)"* = (D"M)"*' = M, D™M = 0 for m # n,n + 1, and
d: (D"M)"™ — (D"M)™*! is the identity), see [26, Section 2.3], [11, Corollary 3.5] for details.
Let Rep®(GLy) be the symmetric monoidal oo-category, which is obtained from Comp(GLy) by
inverting quasi-isomorphisms. Let CAlg(Rep®(GLy)) be the co-category of commutative algebra
objects in Rep®(GLy).

Proposition 5.2. Let M be an object of DM(k). Suppose that (d+1)-fold wedge product A" (M)
is 0, and AU (M) # 0. Then there exists a symmetric monoidal colimit-preserving functor

Rep®(GLy) — DM®(M)

which sends the standard representation of GLg to M. Moreover, such a functor is unique up to
a contractible space of choices.

Proof. This is a consequence of [26, Theorem 3.1, Proposition 6.1]. O
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Lemma 5.3. Let CAlg(Comp(GLy)) denote the category of commutative algebra objects in
Comp(GLy). (We may think of an object as a commutative dg algebra equipped with action of
GLg.) Then there is a combinatorial model structure on CAlg(Comp(GLg)) where a map f : A —
A" in CAlg(Comp(GLy)) is a weak equivalence (resp. a fibration) if f is a weak equivalence (reps.
a fibration) in the underlying category Comp(GLy). In addition, if CAlg(Comp(GLg))[W 1] de-
notes the co-category obtained from the full subcategory of cofibrants in CAlg(Comp(GLy)) by
mverting weak equivalences, then the canonical functor

CAlg(Comp(GLg))[W ™! — CAlg(Rep®(GLy))
1 an equivalence of co-categories.

Proof. Thanks to [33, 4.5.4.4, 4.5.4.6, 4.5.4.7], it is enough to prove that every cofibration
in Comp(GLy) is a power cofibration in the sense of [33, 4.5.4.2]. To this end, we first observe
that a morphism f : ¢ — €’ in Comp(G) := Comp(Vect(G)) is a cofibration if and only if f
is a monomorphism when G is either GL4 or a symmetric group >,. Let M be an irreducible
representation of G. By the representation theory of GLg4 or ¥,, Vect(G) is semi-simple and
Homyeet(q) (M, M) = Q for any irreducible representation M of G. Let §y : Vect(G) — Vect be
the functor to the category of Q-vector spaces, that is given by N +— Homyee () (M, N). Taking
the product indexed by the set I(G) of irreducible representations of G, we have Myrer)ém -
Vect(G) — M) Vect. Note that this functor is an equivalence of categories and induces an
equivalence Comp(G) — My(g) Comp(Q) in the obvious way. For an irreducible representation
P, S"*1P — D"P corresponds to a morphism {fm}arer@) in Ny Comp(Q) such that fp :
S"t1Q — D™Q and fyr = 0 if M # P through this equivalence. Therefore, it will suffice to
show that the smallest weakly saturated class containing {S""'Q — D"Q},cz coincides with a
collection of monomorphisms in Comp(Q). In fact, {S""1Q — D"Q},ecz is a set of generating
cofibrations in the projective model structure of Comp(Q). Since Q is a field, a morphism in
Comp(Q) is a cofibration with respect to the projective model structure exactly when it is a
monomorphism. Thus, we conclude that a morphism f : C' — C’ in Comp(G) is a cofibration if
and only if f is a monomorphism.

Next we prove that a cofibration f : C — C’ of Comp(GLy) is a power cofibration. We
say that f is a power cofibration if a X,-equivariant map A™(f) : O"(f) — (C")®" is a
cofibration in Comp(GLg)>™® for any n > 0. Here Comp(GLg)>" is the category of objects
in Comp(GLy) endowed with action of the symmetric group ¥,, which is equipped with the
projective model structure. We refer to [33, 4.5.4.1| for these definitions and notations. Let
U : Comp(GLy) — Comp(Q) be the forgetful functor, that is a symmetric monoidal left adjoint.
It follows that A"U(f) >~ U(A"™(f)). Suppose that f is a cofibration. Then U(f) is a cofibration
with respect to the projective model structure because it is a monomorphism. According to |33,
7.1.4.7), U(f) is a power cofibration. Thus by the above consideration U(A"(f)) ~ A"U(f) is a
monomorphism. Then A"(f) is a monomorphism in Comp(GLg4). Note that there is a canon-
ical equivalence (M; Comp(Q))*» = M;(Comp(Q)*») = M; Comp(%,). The image of A(f) in
M7(Comp(Q)*") is a monomorphism. Again by the above consideration, the image is a cofibra-
tion in M;(Comp(Q)**) endowed with the projective structure. Therefore, A"(f) has the left
lifting property with respect to epimorphic quasi-isomorphisms in Comp(GLg)*", namely, it is
a cofibration. O

Let u : CAlg(Comp(GLy)) — Comp(GL,) be the forgetful functor. By the definition of the
model structure on CAlg(Comp(GLy)) in Lemma 5.3, it is a right Quillen functor. We denote by



84 Iwanari, Higher Structures 4(2):57-132, 2020.

Feomp(ary) : Comp(GLg) — CAlg(Comp(GLy)) a left Quillen functor to u. It is the free algebra
functor of Comp(GLg). Since every object in Comp(GLyg) is cofibrant, thus Foompar,) pPreserves
weak equivalences; that is to say, it is “derived”. Let uo : CAlg(Rep(GL4)) — Rep(GLg4) be
the forgetful functor of oo-categories. We write Frepar,) @ Rep(GLg) — CAlg(Rep(GLy)) for
the free algebra functor of Rep®(GLg). The following Lemma guarantees compatibility between

Frep(ary) and Foomp(aL,)-

Lemma 5.4. Let C' be an object in Comp(GLg). By abuse of notation, we write C (resp.
Feomp(ary) (C)) for the images of the cofibrant object C' (resp. Fcomp(ary)(C)) in Rep(GLqg)
(resp. CAlg(Rep(GLg))). Then there is a canonical equivalence Fcomp(ar,)(C) = Frepar,) (C)
in CAlg(Rep(GLq)), which commutes with C' = teo(Foomp(ar,) (C)) and C — teo (Frep(ary) (C))-

Proof. The forgetful functors u and us, commute with canonical maps CAlg(Comp(GLy)) —
CAlg(Rep(GLy)) and Comp(GL4) — Rep(GLg4). By Lemma 5.3 we identify the induced functor
h(us) : h(CAlg(Rep(GLyg))) — h(Rep(GLy)) of homotopy categories with the right adjoint

7 : h(CAlg(Comp(GLg))[W 1) — h(Rep(GLy))

of homotopy categories induced by the right Quillen functor u. Thus, we can identify the left ad-
joint h(Frep(ary)) © h(Rep(GLqg)) — h(CAlg(Rep(GLq))) with h(Feomp(ar,)) : h(Rep(GLq)) —
h(CAlg(Comp(GLg4))[W™1]) induced by FComp(GLy)- O

Proposition 5.5. Let A be a cofibrant object in CAlg(Comp(GLy)) and let o : C — u(A) be
a morphism in Comp(GLg). Let ¢ @ Foomp(ary)(C) — A be the morphism classified by a.
Let 1 : S°Q — D~'Q be the cofibration in Comp(GLy), where Q here denotes the unit object
in Comp(GLg) (we abuse notation). Let Foompary)(C) — Foompary) (C @ (D'Q)) be the
morphism induced by C @1 : C ~ C ® (S°Q) — C ® (D7'Q). Let A{a) be the pushout of the
following diagram in CAlg(Comp(GLy)):

Pa

IE‘Comp(GLd) (C)

i

IE‘Comp(GLd)(Cv ® (DilQ)) - A<a>
Then this diagram is a homotopy pushout. See Remark 5.6 for the explicit presentation of A{a).

Remark 5.6. The commutative algebra object A{«) is regarded as a commutative dg algebra
endowed with an action of GL4. The explicit presentation of A(«) is described as follows (see the
proof of Proposition 5.5). For simplicity, we suppose that differential of C' is zero and we view
it as a graded vector space with an action of GLg. This assumption is not essential in practice
because Vect(GLy) is semi-simple. Let A be the underlying graded algebra of A obtained by
forgetting the differential. The underlying graded algebra of A(«) is given by the tensor product
A® Fomp(GLy) (C[1]) of commutative graded algebras with the action of GLg. If one forgets the
action of GLg on Foompar,)(C[1]), then it is the free commutative graded algebra generated by
the underlying graded algebra of C[1]. The differential on A ® Foomp(ar,)(C[1]) is given by the
differential on A and 9]¢ = a. When GLg is the trivial, i.e., d = 0 or one forgets the action of
GLg, then the construction of A(w) is classical, see [22, 2.2.2].
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Example 5.7. Let G,,, = GL;. Let x; in Comp(G,,) be one dimensional representation of G,
of weight i placed in degree zero. That is, x; can be regarded as the representation G,, —
G, = GLy associated to Q[t,t7!] — Q[t,t7!] given by t — t (see e.g. [8, 5.2]). Let A =
FGomp(Gn) (X1[—2]) be the free commutative algebra generated by x1[—2]. The underlying cochain
complex is @;>0xi[—2i] with zero differential. Let o : xpt1[—2n — 2] = Bi>0xi[—2i] = A be the
canonical inclusion. Let us consider A(a). Note that Foomp(c,,)(Xn+1[—2n — 1]) is the trivial
square zero extension xo @ Xp+1[—2n — 1] by xn+1[—2n — 1] (since the generator is in the odd
degree). The underlying graded algebra is (@i>0xi[—21]) @ (X0 @ Xn+1[—2n — 1]). The non-zero
part of differential is given by “identities” x;[—27] ® Xn+1[—2n — 1] = Xitn+1[—27 — 2n — 2] ® X0
for ¢ > 0.

The standard consequence of Proposition 5.5 is

Corollary 5.8. The image of the square diagram in Proposition 5.5 in CAlg(Rep(GLg)) is a
pushout diagram. We remark that the image of Fcomp(ar,)(C) and Feomp(ar,) (C ® (D7'K)) in
CAlg(Rep(GLy)) are equivalent to Frepar,)(C) and the unit algebra, respectively (Lemma 5.4).

Proof of Proposition 5.5. Let B be a pushout of C ® D7'Q + C — u(A) in Comp(GLy),
that is the standard mapping cone (u(A) ® C[1],d) of a : C — u(A). Since u(A) is cofibrant and
C®S°K — C® D™ 'K is a cofibration, B is a homotopy pushout, see e.g. [32, A.2.4.4]. Then
we have the commutative diagram

A

IE‘Comp(GLd) (C) IF‘Comp(GLUl) ('LL(A))

i |

IEQ‘Comp(GLd) (C ® D_IK) - IE“Comp(GLd) (B) - A<a>

that consists of pushout squares. The upper right horizontal map is the counit map. Since A
is cofibrant and the left vertical arrow is a cofibration, again by [32, A.2.4.4| both left and right
(and the outer) squares are homotopy pushouts, as claimed. The explicit structure of A(«a) in
Remark 5.6 can easily be seen from the right pushout. O

5.1.2 We will consider the n-dimensional projective space P" over a perfect field k.

We denote by Fpmx) : DM(k) — CAlg(DM®(k)) the free algebra functor of DM®(k). For
ease of notation, we put F := Fpp)-

By the projective bundle theorem, there is a decomposition

Mpn = M(P") = 1, & 1u(~1)[~2] & ... & Lp(—n)[~2n] = &L (—i)[2i]

in DM(k), see e.g. 37, Lec.15|. Consider the inclusion ¢ : 1j(—1)[—2] <= Mpn >~ @] 1(—i)[—2i]
that is a morphism in DM(k). It gives rise to a morphism

F 1 F(1e(=1)[=2]) = Mp»

in CAlg(DM®(k)), that is classified by «. We note that F(1,(—1)[—2]) =~ @;>01(—i)[—2i] in
DM(k). Observe that for j > n, the composite

Li(=5)[=24] = @izol(—i)[-2d] ~ F(1x(=1)[-2]) = Mpn
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is null homotopic. Indeed, the morphism 1;(—7)[—2j] — 1x(—%)[—24] is null homotopic for
0 < i < nsince 1x(4)[25] ® (1x(—74)[—27] — 1x(—7)[—2i]) corresponds to an element of motivic
cohomology H31 % (Speck,j — i) ~ CH/~*(Speck) = 0. Here CHP(—) denotes the p-th Chow
group, and the comparison isomorphism between motivic cohomology and (higher) Chow groups
is due to Voevodsky. Next we let

g :F(p(=n—1)[=2n = 2]) = F(1,(-1)[-2])

be a morphism that is classified by the inclusion 15 (—n—1)[—2n—2] < F(1;(—1)[—2]). Consider
the morphism h : F(15(—n — 1)[-2n — 2]) — F(0) ~ 1} induced by 15(—n — 1)[-2n — 2] — 0.
Take a pushout

Sen = Fome) (Le(—=1)[=2]) ®Fpy o (15 (-n-1)[~2n-2]) 1k
along h in CAlg(DM®(k)). Note that fog factors through h : F(1;(—n—1)[-2n—2]) — F(0) ~ 1
because 1;(—n — 1)[—2n — 2] — Mpn is a zero map in the homotopy category h(CAlg(DM(k))).
Consequently, by the universal property of the pushout we obtain the induced morphism

S]pn — Mpn.
Proposition 5.9. The morphism Spn — Mpn is an equivalence in CAlg(DM®(k)).

Proof. We first claim that @;>015(—7)[—2i] ~ F(1x(—1)[-2]) = Mpn ~ &I (1x(—i)[—21]
induces an equivalence F(1x(—1)[—2]) D 1;(—i)[-2i] = 1;(—i)[-2i] C Mpn for 0 < i < n.
As discussed before this Proposition, 1;(—:)[—2i] C F(1x(—1)[—2]) — Mp~» is null homotopic
if i > n because Homy,pmk))(1x(a)[2a], 15(b)[2b]) is Q (resp. 0) if a = b (vesp. a # b).
Consider the dual M (P") ~ @' ;14(i)[2i] of the isomorphism Mpn ~ @I (1;(—i)[—2i]. Recall
that the Chow ring CH*(P") is isomorphic to Z[H]/(H™*') where H € CH}(P") is a class of
a hyperplane. The projection M (P™) — 1;(i)[2i] corresponds to a generator of Chow group
Q = CH(P") ®z Q ~ H3(X,i) ~ Homypmky) (M (P™), 1,(i)[2i]). Using scalar multiplication
(if necessary), we may and will assume that M (P") — 1;(i)[2i] corresponds to H’. Now we
prove our claim by induction on i¢. By the construction, the case of i = 1 is clear. We suppose
that the case i(< n — 1) is true. We will show the case i + 1. By Lemma 5.19, F(15(—1)[—2]) in
the homotopy category h(DM(k)) is also regarded as the free commutative algebra object lying
in CAlg(h(DM®(k)) generated by 1j(—1)[-2] in h(DM®(k)). Thus, the multiplication map
F(1x(—1)[-2]) @ F(1x(—1)[—2]) — F(1x(—1)[—2]) induces an isomorphism from the component
1x(—a)[—2a] ® 1j(—b)[—2b] in the domain to 1i(—a — b)[—2a — 2b] in the target. Therefore,
by the induction hypothesis and the compatibility of multiplication maps, if the multiplication
Mpn @ Mpn — Mpn induces an isomorphism of the composite

' 1k(_1)[_2] X 1k(—i)[—2i] — Mpr & Mpn — Mpn — ].k(—i — 1)[—2i - 2],

then F(1x(—1)[—2]) — Mpn induces an isomorphism from the component 1;(—i — 1)(—2i — 2)
in the domain to 1;(—i — 1)[—2i — 2] C Mpn (namely, the case i + 1 holds). Note that the dual
M (P™) — 14(i)[2d] of 1(—i)[—2i] — Mpn corresponds to the element H* € CH!(P") (for any i).
Observe that the dual M (P™) — 14 (i+1)[2i+2] of the composite [ : 15(—1)[—2]@1x(—i)[—2i] —
Mpn @ Mpn — Mpn corresponds to the intersection product H*! = H - H* € CH(P™). To see
this, recall that the product of motivic cohomology

Homy, ipmryy (M (P™), 1x(1)[2]) @ Homy,omy) (M (P™), 15 (i)[2i])
— Homh(DM(k))(M(IP’”), 1k(l + 1)[21 + 2])
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is induced by the composition with M (P") — M (P™) ® M (P") defined by the diagonal map. By
Lemma 5.22 below, the multiplication Mpn ® Mpn — Mpn is the dual of M (P") — M(P") ®
M(P™). In addition, the product structure on motivic cohomology is compatible with that of
(higher) Chow groups via the comparison isomorphism [28]. Therefore, we conclude that the
dual of I corresponds to H'*' € CH*™}(P"). It follows that & is an isomorphism.

Next, by Proposition 5.2 there is a symmetric monoidal colimit-preserving functor F :
Rep®(G,,) — DM®(k) which sends one dimensional representation x1 of weight one placed
in degree zero to 1;(1). Put G,, := GL; and denote by x, one dimensional representation
of weight p. Let Foomp(c,.)(X-1[—2]) and Feomp(@,,)(X—n-1[—2n — 2]) be the free commu-
tative algebra in Comp(G,,) generated by x_1[—2] and x_p—1[—2n — 2], respectively. Let
Fomp(@um) (X—n—1[—21 = 2]) = Feomp(@,,)(X-1[—2]) be the morphism classified by the inclusion
@ X—n-1[—2n = 2] = Foomp(G,.)(Xx-1[—2]). Take a homotopy pushout Feompc,.)(x-1[—2])(@),
see Proposition 5.5. By Proposition 5.5 and Remark 5.6, an easy computation shows that
Fomp(Gm) (X—1[=2]){@) = @I gx—i[—27] in h(Rep(G,)) and the natural map

Fomp(@m) (X=1[—2]) = @iz0X—i[—2i] = Fcomp(@,.) (X-1[—2])(a) ~ &igx—i[—21]

is the projection (cf. Example 5.7). By abuse of notation, we will write Xi, Fcomp(@,,)(X-1[—2])
and likewise for their images in Rep(G,,) or CAlg(Rep(G,,)). Note that F sends the y;
to 1;(7) in DM(k). The left adjoint functor CAlg(F) : CAlg(Rep(G,,)) — CAlg(DM®(k))
sends Foomp(@,) (X—n-1[—27 = 2]) = Foomp(Gm)(X-1[-2]) to g. Then since CAlg(F') pre-
serves pushouts, Foompc,.)(X-1[=2]) = Foomp(G,.)(X-1[—2]){@) maps to the canonical mor-
phism F(14(—1)[—2]) — Spn. We see that the composite

@i oli(—1)[—21] — ®i>01x(—1)[—2i] ~ F(1x(—1)[-2]) = Spr ~ ®jolk(—i)[—2i]

is an equivalence. Taking account of the first claim of this proof, we see that the underlying
morphism Spn — Mpn in DM(k) is an equivalence. Thus, Spn — Mpn in DM(k) is an equivalence
in CAlg(DM®(k)). O

Remark 5.10. Suppose that the base field k is embedded in C. Let R : CAlg(DM®(k)) — CAlgg
be the multiplicative realization functor considered in Section 4. The multiplicative realization
functor commutes with free algebra functors and the formation of colimits. Then the above
construction of Spr and the equivalence Spr ~ Mpr is compatible with the classical construction
of a Sullivan model of Apy(CP™) where CP" is the complex projective space. The morphism
R(F(1x(—1)[—2])) ~ Fo(Q[—2]) = R(Mpn) =~ Apr, (CP") induced by f is given by a morphism
Q[—2] = ApL.o(CP") defined by a generator of H?(CP",Q) = Q. This is the first step of the
construction of a Sullivan model. The subsequent steps are also compatible. See e.g. [21]. Also,
we remark that m;(CP") @7 Q = Q if i = 2,2n + 1, and m;(CP") ®7 Q = 0 if otherwise. See also
Theorem 6.13 and Remark 6.14.

Remark 5.11. The object Mpn lies in the full subcategory of mixed Tate motives in DM(k).
But the above argument works for arbitrary perfect base fields and does not need a (conjectural)
motivic t-structure.

5.1.8 Let A™ denote the n-dimensional affine space over a perfect field k. Let X = A" — {p} be
the open subscheme of A™ that is obtained by removing a k-rational point p. Let j : X — A"
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be the open immersion. By the dual of the Gysin triangle [37, 14.5], we have a distinguished
triangle
1k(—n)[—2n] — Man ]—> Mx

in the triangulated category h(DM(k)). Note that Mgn ~ 1 and 1x(—n)[—2n] — Man is null
homotopic (see the case in 5.1.2). Hence we have an equivalence Mx ~ 1 & 1(—n)[—2n+1] in
DM(k). We let F(1;(—n)[—2n + 1]) — My be a morphism in CAlg(DM®(k)), that is classified
by the inclusion 1;(—n)[—2n + 1] < 15 & 1x(—n)[—2n + 1] ~ Mx.

Proposition 5.12. The morphism Fpm) (1k(—n)[—2n + 1]) — Mx is an equivalence.

Proof. We continue to use the notation in the proof of Proposition 5.9 and the colimit-
preserving symmetric monoidal functor F' : Rep®(Gy,) = DM®(k). Let Foomp(c,,) (X—n[—2n+1])
be the free algebra that belongs to CAlg(Comp(G,y,)) (keep in mind that it can be viewed as a
commutative dg algebra endowed with an action of G,,). Since the generator is concentrated in
the odd degree 2n—1, by the Koszul sign rule there is an isomorphism Feomp(c,,) (X—n[—2n+1]) =~
X0 @ X—n[—2n+ 1] as objects in Comp(Gy,). The functor F' carries Foomp(,,) (X—n[—2n+1]) to
F(1(—n)[—2n + 1]) in CAlg(DM®(k)). Thus, the underlying object of F(1;(—n)[—2n + 1]) is
equivalent to 15 ® 15 (—n)[—2n+ 1]. Moreover, the canonical inclusion (unit map) 1x(—n)[—2n+
1] — F(1g(—n)[—2n + 1)) is compatible with 1x(—n)[—2n + 1] — 13 & 1x(—n)[—2n + 1].
Using these facts we deduce that F(1x(—n)[—2n + 1)) ~ 1; ® 1x(—n)[-2n + 1] - Mx ~
1 @ 1x(—n)[—2n + 1] is an equivalence, as desired. O

Remark 5.13. Suppose that the base field k£ is embedded in C. Then the complex manifold
X Xgpeck SpecC is homotopy equivalent to the (2n — 1)-dimensional sphere S2n=1 " Proposi-
tion 5.12 is a motivic generalization of the fact that the free commutative dg algebra generated

by one dimensional vector space placed in (cohomological) degree 2n — 1 is a Sullivan model of
Apr(8%~1) (cf. [16, Example 1 in page 142]).

5.1.4 Proposition 5.9 and 5.12 gives explicit “models” Spn, Fppm(x)(1x(—n)[—2n + 1]) of coho-
mological motivic algebras. The constructions of models have only finitely many steps. As in
the classical rational homotopy theory, an inductive construction often consists of infinite steps.
The following is such an example.

Let Y = A™ — {p} — {q} be the open subscheme of A" that is obtained by removing two
k-rational points p,q. Let s: Y — Speck denote the structure morphism.

Proposition 5.14. Let Ag = 1;, be the unit algebra in CAlg(DM®(k)) and let Ag = 1, — My
be a unique morphism from the initial object 1j in CAlg(DM®(k)). Then there is a refinement
Of A() — My

1, =402 A1 > A —> -2 A > A1 — = My

that satisfies the following properties:
(1) The canonical morphism ligpo A; — My is an equivalence. Here hgl A; be a colimit of
the sequence in CAlg(DM®(k)).
(2) Let V; be the kernel (homotopy fiber) of A; — My in DM(k) for any i > 0. Then for each
i >0, Aj — Aiyq is of the form A; — A;®g(v;) 1k given by the pushout of A; F(V;) — 1
where F(V;) — A; is classified by V; — A;.

Moreover, for n > 2, one can explicitly compute each A; in the sense explained below.
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The first statement is a consequence of a more general fact, see Lemma 5.15 below. We explain
the second statement, that is, the procedure of an explicit computation. We will compute the
lower degrees A1, As, As. We can apply the same procedure and arguments also to higher degrees
and we leave it to the interested reader.

We continue to use the notation in Section 5.1.2, 5.1.3. As in the case of X = A" — {p},
applying the dual of Gysin triangle to the open immersion ¥ — A", we see that there is
an equivalence My =~ 1, @ 1(—n)[—2n + 1]92 in DM(k). The morphism s* : 1, — 1; ®
1(—n)[—2n + 1]%2 ~ My induces an equivalence 1 ~ 1 < 1j @ 1x(—n)[—2n + 1]®2. Thus,
Vo =~ 1(—n)[—2n]®2. We then find that

Ay = F(0) @5 (1, (—n)—2n]22) F(0) = F(0 Uy, (_n)j—2mje2 0) = F(1(—n)[-2n + 1]%%).

The induced morphism f : Ay = F(0) @p(1, (—n)[—2ne2) F(0) ~ F(1x(—n)[-2n + 1]%?) — My
is classified by the inclusion ¢ : 1j(—n)[—2n + 1]%? < 1, @ 1x(—n)[-2n + 1]®2 ~ My. Let
F : Rep®(G,,) — DM®(k) be the colimit-preserving symmetric monoidal functor which carries
X1 to 1x(1) (cf. the proof of Proposition 5.9). Consider Fomp(c,,)(X—n[—2n + 1]92). The
underlying object in Comp(G,,) is isomorphic to 1 @ x_n[—2n + 1]%2 @ Sym?(x_n[—2n +
1%2) ~ 13, @ x—n[—2n +1]%2 & x _9,[—4n + 2]. The image of Feomp(G,,) (X—n[—2n + 1]%?) under
CAlg(Rep®(G,,)) — CAlg(DM®(k)) is equivalent to A;. The composite 1j @ 1,(—n)[—2n +
192 — 1, @ 1x(—n)[—2n + 1]%2 @ 1x(-2n)[-4n + 2] =~ F(1x(—n)[-2n + 1]®2) — My is an
equivalence. Note that a morphism 15 (—2n)[—4n+2] — 1x®1x(—n)[—2n+1]%? is null homotopic
because it corresponds to an element in

Homy,pm(ky) 1k, 1x(1)[2n — 1])9?) © Homypm(ry) (1k, 1£(2n)[4n — 2])
~ (CH"(Spec k, 1)®? @ CH?*"(Speck, 2)) @7 Q = 0

(we use the condition n > 2). Here CH'(—, ) is the Bloch’s higher Chow group. Hence V; =
15(—2n)[—4n +2] and V; — Ay ~ 1; @ 13(—n)[—2n + 1]92 @ 1,(—2n)[—4n + 2] may be viewed
as the canonical inclusion. We see that

Ag = F(1x(—n)[—2n + 1]%?) @p(1, (—2n)[-4n+2]) L-

Consider Fcomp(G,,) (X=2n[—41 + 2]) = Foomp(G,) (X—n[—2n + 1]%?) classified by the inclusion
Q X—Zn[_4n + 2] - IFComp((Grm)(X—n[_2n + 1]@2)' Let IFComp((G:m)(X—n[_2n + 1]$2)<a> be the
homotopy pushout, see Proposition 5.5. Note that the image of Foomp(g,,)(X—n[—2n + 1]92)(a)
in CAlg(DM®(k)) (under F) is equivalent to As. By the computation using Remark 5.6, we see
that

Fomp(Gm) (X=n[—21 + 1]¥2)(@) =~ X0 & X—n[—2n + 1]%* & x_3,[—6n + 4]%% & X _4n[—8n + 5]

in Rep(G,,). Hence A ~ 1, ®1(—n)[—2n+1]P2@ 14 (—3n)[—6n+4]P2 @ 14(—4n)[-8n+5]. By
the argument similar to the case of V;, we see that Vo = 15(—3n)[—6n+4]%2 @ 1, (—4n)[—8n + 5]
and V5 — A may be viewed as the canonical inclusion. We thus find

As = Ay QF(1,(3n)[—6n+4]9261, (—4n)[—8n+5]) Lk-

5.1.5 Let C® be a stable presentable co-category endowed with a symmetric monoidal structure
whose tensor operation C x C — C preserves small colimits separately in each variable. Let
Fe : C — CAlg(C®) be the free algebra functor of C®. Let A and B be commutative algebra
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objects in CAlg(C®) and f : A — B be a morphism in CAlg(C®). Let V be the kernel of f in
the stable co-category C, i.e., the pullback A x5 {0}. Let o : Fe(V) — A in CAlg(C®) be the
morphism classified by V' — A. Let € : F¢(V) — 1¢ = F¢(0) be the morphism induced by V' — 0
where 1¢ is the unit algebra in CAlg(C®). Let us define the commutative algebra object A(f)
by the following pushout diagram

Fe(V) -2 A
1c A(f)

in CAlg(C®). Note that the composite Fe(V) — A I, B factors through F¢(V) — 1¢. We have
a factorization

A AN LB
of f. Applying this procedure to f’': A(f) — B we obtain a refined factorization A — A(f) —
A(f, ") == A(f)(f) — B. Repeating it in the inductive way we have a sequence in CAlg(C®)/B
described as

A=Ay A > Ay — - = A, > App1 — -+

where Ay = A(f), As = A(f, f').... We denote by f, : A, — B the structural morphism. We
shall refer to this sequence as the inductive sequence associated to A — B.

Lemma 5.15. Let hgln A, be a colimit of the sequence in CAlg(C®). Then the canonical mor-
phism h_ngn A, — B is an equivalence in CAlg(C®).

Proof. According to [33, 3.2.3.1], the forgetful functor CAlg(C®) — C preserves filtered
colimits. Hence it is enough to prove that a colimit hgn A, in C (by abuse of notation we
continue to use the same symbol) is naturally equivalent to B in C. If V;, denotes the kernel of
fn i Ay — B in C, then V,, — F¢(V,) — A, — A,41 is null-homotopic. Thus, A4, — An4+1
factors as composition A,, — Coker(V,, — A,) — A,+1 in C where Coker(—) stands for cokernel
(cofiber/cone) in C. The sequence A — A; — Ay — -+ in C is refined as

A — Ay — Coker(Vp — A1) — A — Coker(Vo — Ag) — Az — -+ .

By cofinality, the colimit of this sequence is naturally equivalent to @n A,. Notice that
Coker(V,, = A,) ~ B in C for any n > 1. Hence we deduce that hgn A, — B is an equivalence
in C. O

Remark 5.16. Let D® be another stable presentable oo-category endowed with a symmetric
monoidal structure whose tensor operation D x D — D preserves small colimits separately
in each variable. Let F : C® — D% be a symmetric monoidal functor that preserves small
colimits. Our main example of interest is the realization functor R : DM®(k) — D®(Q). Let
A=Ay — A1 — --- — B be the inductive sequence associated to f: A — B. Note that C — D
is an exact functor of stable co-categories, and CAlg(F) : CAlg(C®) — CAlg(D®) preserves
small colimits. Then the sequence F'(Ag) — F(A1) — --- — F(B) is canonically equivalent to
the inductive sequence associated to F(A) — F(B) as a diagram in CAlg(D®) ().
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5.2 Let G be a semi-abelian variety over k. There is a (canonical) equivalence
M(G) = ©nzoMn(G)

in DM(k) such that M, (G) = Sym™(M;(G)). This is a result of Ancona-EnrightWard-Huber [2],
which builds upon the works of Shermenev, Deniger-Murre and Kiinnemann on a decomposition
of the motives of an abelian variety, see [29] and references therein. If G is an extension of a
g-dimesional abelian variety by a torus of rank r, then Sym"(M;(G)) ~ 0 for n > 2g + r. The
direct summand M (G) is represented, as an object in Comp(N* (X)), by the étale sheaf of
Q-vector spaces given by S — Homgy, (S, G) ®z Q which is promoted to a sheaf with transfers
(see e.g. |2, Section 2.1]).
By using their works, we upgrade it to the following:

Proposition 5.17. Let M(G)Y be the dual of M1(G) in DM(k) (M1(G) is a dualizable object).
Let Fomey (M1(G)Y) be a free commutative algebra object in DM(k) generated by Myi(G)Y. Then
there is an equivalence

Fomp) (M1(G)") — Mg

in CAlg(DM® (k).

Remark 5.18. Let G be a connected compact Lie group. A theorem of Hopf says that there are
elements x1, ..., 2, of odd degrees in H*(G, Q) such that H*(G, Q) is a free commutative graded
algebra generated by x1,...,x,. One can deduce from this theorem that a Sullivan model of
Apr(G) is given by a free commutative graded algebra generated by some graded vector space,
see [16, Example 3 in page 143|. Proposition 5.17 may be thought of as a generalization of this
homotopical statement to CAlg(DM®(k)) for semi-abelian varieties.

Lemma 5.19. Let C® be a symmetric monoidal presentable co-category whose tensor operation
C x C — C preserves small colimits separately in each variable. Suppose that C® is K-linear,
namely, it is endowed with a colimit-preserving symmetric monoidal functor Mod}e} —C® (K is
a field of characteristic zero). Let h(C)® be the homotopy category of C endowed with a symmetric
monoidal structure induced by that of C®. The canonical functor m : C — h(C) can be promoted to
a symmetric monoidal functor. Let w' : CAlg(C®) — CAlg(h(C)®) be the “projection” induced by
the symmetric monoidal functor w. In this Lemma we use the temporary notation F :=F¢ : C —
CAlg(C®) be a free algebra functor of C. Let F* := = Fh(c) : h(C) — CAlg(h(C)®) be a free algebra
functor of h(C). Let § : CAlg(C®) — C and 0" : CAlg(h(C)®) — h(C) be forgetful functors. Let C
be an object in C. The unit map C — O(F(C)) induces ©(C) — w(0(F(C))) = 6" (x'(F(C))). By
the adjunction (F",0"), it gives rise to o : F'(w(C)) — =’
o is an equivalence.

7' (F(C)). Then the canonical morphism

Proof. Let A = 0"(x'(F(C))). The n-fold multiplication A®™ — A induces Symy ¢y (4) = A
where Symﬁ(c) (—) is the n-fold symmetric product in the K-linear idempotent complete category
h(C). The map 7(C) — A induces Symy o (7(C)) — Symyy(A) — A. Taking its coproduct we
have

T @n>0 Symy ¢ (7(C)) — A.

Taking account of the canonical equivalence ©p>o Symy ) (7(C)) ~ F(7(C)), it will suffice to
show that 7 is an isomorphism in h(C). By [33, 3.1.3.13|, there is an equivalence &,,>0 Symg(C) —
6(F(C)) where each Symg(C) — 6(F(C)) is induced by the composition of C®" — F(C)®"
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and the n-fold multiplication F(C)®" — F(C). Here Symp(C) is the symmetric product in C.
Therefore, it is enough to prove that the natural morphism Symy . (7(C)) = 7(Symg(C)) is an
isomorphism. Note that for any D in C, the set Homy,c)(Symy ) (7(C)), m(D)) is the invariant
part Homy,c)(w(C)®", w(D))*" of Homy,c)(m(C)®", (D)) with the permutation action of the
symmetric group ¥X,. On the other hand, the hom complex Home(Symg(C'), D) in Modg is a
limit Home(C®", D)*» of Home(C®™, D) with permutation action of ¥,. (By definition, the
hom complex Hom¢(C, D) is given by the image of D under the right adjoint Hom¢(C, —) to
the colimit preserving functor (—) ® C' : Modxg — C.) Since K is a field of characteristic
zero (the semi-simplicity of representations of finite groups), we have H°(Home(C®", D)>n) =
HY(Home (C®", D))*n = Homh(c)(Symﬁ(c)(w(C)),W(D)). Thus, we see that Symﬁ(c)(w(C’)) —
7(Symg(C')) is an isomorphism. O

Remark 5.20. By the proof, if we define the canonical functor 7 : DM(k) — h(DM(k)), then
we have a canonical isomorphism Symﬁ(DM(k))(ﬂ(C)) ~ m(Sympy, (k)(C’)). Namely, 7 commutes
with the formulation of symmetric products. By this canonical isomorphism, we often abuse
notation by writing Sym™(C') for both Symy py ), (7(C)) and Sympy ;) (C).

Proof of Proposition 5.17. Let ag : M(G) — M;(G) be the morphism described in [2, 2.1.4|
(in loc. cit., ag is a morphism DMy s(k), but we here regard it as a morphism in DM(k)). We
remark also that in [2, 2.1.4] étale motives are empolyed, but DM®(k) agrees with the étale
version since K is a field of characteristic zero, cf. [37], [2, 1.6.1]. Let o : M1(G)Y — M(G)Y
be the dual of ag. Since Mg = M(G)Y in DM(k), o, induces a morphism F(M;(G)Y) — Mg
in CAlg(DM®(k)). We will prove that it is an equivalence. To see this, it is enough to show that
7' (F(M1(G)Y)) — 7'(Mg) is an isomorphism where 7/ : CAlg(DM®(k)) — CAlg(h(DM(k))®)
is the canonical functor (we continue to use the notation in Lemma 5.19). Lemma 5.19 guar-
antees that F*(7(M1(G)V)) = ©'(F(M1(G)Y)). The composite F"(r(M1(G)Y)) — 7' (Mg) is
induced by 7(M;(G)Y) — w(0(Mg)) = 6"(7'(Mg)). The proof is reduced to showing that
this morphism F*(7(M;(G)Y)) — 7/(Mg) is an isomorphism in h(DM(k)). The each factor
bn : Sym™(m(M1(G)Y) — 7' (Mg) of @p>0Sym™(7m(M1(G)Y) = F(r(M1(G)Y)) — 7' (Mg) is

induced by 7(M;(G)Y)®" (aé—)>®n 0" (n'(Mg))®™ — 0"(7'(Mg)) where the second morphism is
the n-fold multiplication. In the following Lemmata, we will observe that ¢,, is a dual of the
projection ¥y, : M(G) — Sym"™(M;(G)) of the equivalence M(G) = @o<n<ag+r Sym™(Mi(G))
proved in |2, Theorem 7.1.1|. It will finish the proof. O

Lemma 5.21. ¢, : Sym™(7(M1(G)Y)) — 0" (7'(Mg)) is a dual of 1, : M(G) — Sym™(M;(G)).

Proof.  We first recall v,,. We work with the homotopy category h(DM(k)). By abuse of
notation, we put M(G) = n(M(Q)), M1(G) = 7(M1(G)), Sym™(M1(G)Y) = Sym"(n(M1(G))"),
Sym™(M;(G)) = Sym™(n(M(G))), Mg = 0"(x'(Mg)), etc. These idetifications are harmless
(cf. Lemma 5.19 and Remark 5.20). The morphism ¢, : M (G) — Sym"(M;(G)) is the composite

®Xn

M(G) = M(G)®™ “S M;(G)®" — Sym"(M,(G)) where the first morphism is the n-fold comul-
tiplication and the the third morphism is the canonical projection. By ease of notation, we let
Ji - h(DM(G)) =2 h(DM(k)) : f* be the adjoint pair induced by fy : DM(G) = DM(k) : f* where
[ : G — Speck is the structure morphism. The colax monoidal functor f; induces the coalgebra
structure on M(G) = f;(1x) in h(DM(k)): the comultiplication is given by the composition

fi(lg) = filg ® 1) — fi(f* fs(1e) @ f* fi(1a)) = fif " (fi(1a) ® fi(1a)) — fi(lq) @ fi(1lq)
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where the left arrow is induced by the counit of (fy, f*), and the right arrow is induced by the unit.
The counit M(G) — 1 is fyf*(1x) — 1g. If one regards Sym"(M;(G)) as a direct summand

a8m
of M1(G)®", then M(G) — M(G)®" & M(G)®" factors as M(G) Yy Sym"(M;(G)) —
M (G)®™. On the other hand, ¢,, : Sym”™(M;(G)Y) — Mg is induced by X,,-equivariant morphism

v (a)®
(Mi(G)Y)®m =
n-fold multiplication. To prove our assertion of this Lemma, it is enough to show the following

Mg" — Mg where M has the trivial action, and the second arrow is the

general fact:

Lemma 5.22. Let X be a smooth scheme separated of finite type over k. The multiplication
morphism Mx @ Mx — Mx is a dual of the comultiplication morphism M(X) — M(X)®@ M (X)
given by the diagonal in h(DM(k)) through the isomorphism Mx ~ M(X)Y. (We remark that
M (X)) is also dualizable in DM® (k) since we work with coefficients of characteristic zero.)

Proof. We here write 1 := 1x and the structure morphism f : X — Speck. Remember
that the multiplication Mx ® Mx — Mx is given by the composition

(1)@ f(1) = £ (f(1) @ fo(1) = £(f7 (1) @ f71(1) = £(1 @ 1) = [i(1)

such that the left arrow is induced by the counit of the adjunction (f*, fi), and the right arrow
is induced by its counit. The canonical isomorphism 1 : M(X)¥ & My is defined as follows
(see the proof of Proposition 3.4). For M € DM(X), consider the unit M — f*fy(M). Taking
the dual and f,, we have f.f*(fy(M))Y ~ fu(f*f1(M))Y — f.(M"). Composing with the
unit (fy(M))Y — fuf*(fs(M))Y we obtain nas : (fy(M))Y — fo(M") which determines an
isomorphism 7 = 71, : M(X)Y = Mx. We will check that the dual of f;(1) — f4(1) ® f3(1) is
f+(1)® f.(1) — fi(1) through n : f3(1)¥ ~ f.(1). By using the counit of (f*, f) and its counit-
unit equations, we see that the dual f*fy(M)Y — MY of M — f*fy(M) is f*(fy(M)Y) I ()
f*f«(MY) — MV where the final arrow is the counit of (f*, f.). When M = 1, we deduce that
the unit s : 1 — f*f;(1) is the dual of the counit ¢ : f*f,(1) — 1 through the isomorphism
n: fz(1)Y =~ fi(1). It follows that its tensor product s®@s:1® 1 — f*f4(1) ® f*f3(1) is the
dual of t @t : f*fu(1) ® f*f(1) = 1 ® 1 through the isomorphism through the isomorphism
n: fy(1)Y =~ f,(1). Thus the triangle in the following diagram commutes.

(fo(1) @ fi(1)Y —%= (fuf*(f2(1) © f(1)))Y —2= fo(1)V

Ni nf*(fu(1)®fu(1>)i

f(1)Y @ fy(1)Y —— £ f ()Y @ f2(1)Y) "
| o
nen fef* (n@m)
o) @ £(1) — = Lo (£o() @ fu(1)) s (1)

Here a is induced by the dual of f;f* — id, and b is induced by the dual of s®s:1®1 —
[ (1) @ f*fi(1) = f*(fs(1) ® fy(1)). Note that the composite of the upper horizontal arrows
is the dual of comultiplication M(X) — M(X) ® M(X). Both ¢ and d is induced by the unit
id — f.f*. The composite of lower horizontal arrows is the multiplication Mx® Mx — Mx. The
commutativity of other squares follows from the contravariant functoriality of nys with respect
to M, the functoriality /naturality of id — f, f*, and the counit-unit equations for the adjunction
(fy, f*). Thus, we have a commutativity of the outer square, which completes the proof. O
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Remark 5.23. The unit map 1 — Mx is nothing but a dual of the morphism M (X) —
M (Spec k) = 1y, induced by f.

5.3 Curves

5.3.1 We consider a once-punctured smooth proper curve, that is, C' = C — {p} obtained by
removing a k-rational point p from a connected smooth proper curve C over the perfect field k.
Let j : C — C be the open immersion. The genus of C'is g > 1. If k = C, the fundamental group
of the underlying topological space C' = C' — {p} is the free group generated by 2g elements (cf.
[49]|p. 102]).

Let M(C) ~ My(C) @& M;(C) & M2(C) be a (Chow-Kiinneth) decomposition of M (C') such

that My(C) ~ 1 and My(C') ~ 1;(1)[2] (see the first paragraph of the proof of Lemma 5.28 for

the precise formulation). (In this case, M(C') is equivalent to My(C') & M;(C') as an object in
DM(k).) We put MZ := M;(C)¥ so that Mg ~ ®7_oM%. Let

Ag=1 > A1 Ay — - = Ay > Ay — -+

be the inductive sequence in CAlg(DM®(k)) /M. associated to the unique morphism 1, — Mc
in CAlg(DM®(k)) (cf. Section 5.1.5). By Lemma 5.15, the colimit lim o An >~ Mc.

Theorem 5.24. We denote by F the free algebra functor DM(k) — CAlg(DM®(k)). The first
three terms Ay, Ao and Az are computed as follows:

(1) Ay is ]F(M%), and f1 : A1 — Mc is classified by Mé — M%GB M%EB M% ~ Mg s Me.

(2) f1: A1 — Mc is the composite Maw, u Mg ]—*> Me up to an equivalence F(M%) >~ Malbg,
where v : C' — Albg is the Albanese (Abel-Jacobi) morphism into the Albanese variety,
which carries p to the origin.

(8) Let W7 be @?22 Symi(M%). Let F(W7) — Ay be the morphism in CAlg(DM®(k)) that is
classified by the inclusion W1 — Ay ~ @i>0 Symi(M%) in DM(k). Then As is the pushout
A1 @rwy) 1k,

(4) Let Wy be the object in DM(k) which will be defined just before the proof (Section 5.3.3).
Then As has the form of the pushoul Az Qpyy,) 1k

Remark 5.25. The symmetric product SymN(M%) is zero for N > 2g (see the proof of
Lemma 5.28). Thus A; = ®;>0 Symi(Mé) = EB?iO Symi(Mé).

Remark 5.26. As mentioned in Introduction, the sequence {4, },>¢ can be viewed as a step-
by-step description of the “non-abelian structure” of C'. To give a feeling for this, let us make
the following observation. Suppose that c¢ is a k-rational point on C, and let Mo — 1; be the
induced augmentation. The sequence {A,}n>0 is promoted to a sequence to CAlg(DM®(k)) 1,
in the obvious way. By applying the construction in Section 3.5 to A, — 1j, we obtain the
sequence of cogroup objects in CAlg(DM®(k)), which we denote by {1y ®a4, 1x}n>0 (We abuse
notation since 1; ® 4, 11 is the underlying object). Now consider the “topological aspect” of this
sequence. For this purpose, suppose further that £ C C. Let R,, — Q be the image of A, — 1
under the singular realization functor. Let R — Q be the image of Mc — 1j. Then {R,}n>0 is
the inductive sequence associated to Q — R (cf. Remark 5.16), and the image of {1;®4, 1% }n>0
under the realization is {Q ®p, Q},>0 (we abuse notation again). Taking the 0-th cohomology,
we have the sequence of the pro-unipotent algebraic groups

... — Spec H(Q ®gr, Q) — - — Spec HO(Q ®pr, Q) — Spec HO(Q ®pr, Q) >~ Spec Q.
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Define G,, := Spec H'(Q ®p, Q). In this case, by Theorem 5.24 (i), G is a commutative
unipotent group of rank 2¢ (in fact, F(Mé[l]) maps to Q ®g, Q ~ Fo(Q¥%) ~ HY(Q ®p,
Q)). Recall that G := Spec H'(Q ®g Q) is the pro-unipotent completion m1(C?,¢) of Ct (cf.
Section 7). By a standard argument in rational homotopy theory, each morphism G,+1 — G,
is a surjective morphism with a commutative kernel, and the canonical morphism 7 (C?, ¢)yni ~
G — l'&ln>0 G, is an isomorphism of pro-unipotent algebraic groups.

Example 5.27. Let C be an elliptic curve and let C = C — {0} be the open curve obtained
by removing the origin 0. Then by Theorem 5.24, one can easily see that Ay = F(M%), Ay =
IE‘(M%) ®F(1,(~1)[—2)) 1k, and As is equivalent to 1 @ M% ® Mé(—l)[—l] @ 1x(—2)[-3] as an
object in DM(k). We have Wy = Mé(—l)[—l] ® 1;(—2)[—3], and the third term Aj is of the
form Ao QF(Wa) 1;.

5.3.2

Lemma 5.28. The multiplication map Mc ® Mc — Mc in the homotopy category h(DM(k)) is
m: (1, @ ML ~ 1, @1, © 1, @ M5 & ME® 1 & (M5)®? — 1, & M5

defined as a coproduct of m|(ML)®2 = 0 and “dentities” 1, @ 1 — 1, 1 ® Mé — M%,
C
Mé ®R1, — Mé Namely, M is the trivial square zero extension of 1j by Mé in h(DM(k)).

Remark 5.29. The unit 1, — M¢c may be identified with the morphism 1 = Mgpecr — Mc
determined by the structure morphism C' — Speck. By the construction of the decomposition
(see below), it is the inclusion 1; — 1; & Mé Thus the non-trivial part of the Lemma is

m‘(Mé)®2 =0.

In the proof of the above Lemma, we discuss decompositions of motives and use the category
Chowy, of Chow motives with rational coefficients, cf. [45, Section 1], [40, Section 2.2|. We
choose the contravariant Chow motives since we will refer to [45] and [40] in which the authors
adopt the contravariant formulation. But DM(k) is a covariant theory in the sense that there
is the canonical covariant functor Smy — DM(k) given by X +— M (X) while Chowy has a
contravariant functor SmPr; — Chowy given by X +— ch(X). Here SmPry, is the category of
connected smooth projective varieties over k, and following [40] we denote by ch(X) the Chow
motive of X (that is A(X) in [45]). The relation between DM(k) and Chowy, is quite well-known,
but the difference between the covariant and the contravariant formulations is likely to cause
unnecessary confusion. We thus give some remarks. There is a fully faithful Q-linear functor
Chow;” — h(DM(k)) that is symmetric monoidal, [37, 20.1, 20.2], [40, 9.3.6]. It carries ch(X) to
M(X). The Lefschetz motive L. maps to 1x(1)[2]. As the level of hom sets,

Homchow, (ch(Y), ch(X)) = CHY(Y x X) "¢ CHY(X x V)
~  Homypmp) (M(X x Y),1,(d)[2d])
~  Homypmr)(M(X), M(Y)" ® 1,(d)[2d))

~ Homy,ipmr)) (M (X), M(Y))
where d and e are the dimensions of Y and X, respectively. For f : X — Y, we write f* :

ch(Y) — ch(X) for the class of the transposed graph Ty in CHY(Y x X). We also use f, :
ch(X) — ch(Y) ® L& that corresponds to the class of 'y in CH"(@=¢)(X x Y). The functor
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Chow;” — h(DM(k)) carries f* : ch(Y) — ch(X) to M(X) — M(Y) induced by the graph of f,
that is the dual of f*: My — My (the final f* is defined in Section 3.2).

Proof of Lemma 5.28. For ease of notation, we put X = C. We first recall the decomposition
ch®(X) ® ch!(X) @ ch?(X) ~ ch(X). We define the retract ch(Spec k) % ch(X) v ch(Speck)

given by p : Speck = {p} — X and the structure morphism s : X — Speck. There is also the

retract defined by L P-QL ch(X) 2% L. The components ch®(X) = 1, and ch?(X) arise from

the first retract and the second retract, respectively. Here we abuse notation by writing 1, for
the unit object in Chowy, because it corresponds to the unit object in DM(k). The component
ch!(X) can be described as the Picard motives in the sense of J.P. Murre [40, Section 6.2], [45,
Section 4]. Let Albx be the Albanese variety of X and let Picx be the Picard variety of X.
Note that

CHY(X x X) D> Hom*((X,p), (Picx, 0)) ~ Homay (Albyx, Picx)

where Hom™ indicates the set of morphisms that preserve base points, and Hom 4y indicates
the set of morphisms of abelian varieties. Here we implicitly use the Albanese morphism
(X,p) — (Albx,0). The set Hom*((X,p), (Picx,0)) corresponds to the subgroup of CH! (X x X),
that consists of those classes of divisors D € CHY(X x X) such that (idx x p)*(D) = 0
and (p x idx)*(D) = 0 in CH'(X). We will call such divisors p-normalized divisors and
denote by CH%p) (X x X) the subgroup of p-normalized divisors. Consider the isomorphism
0 : Albx = Picx defined by the theta divisor. By [40, Lemma 6.2.6] the element m; in
Homcpow, (ch(X),ch(X)) = CHY(X x X) ®z Q corresponding to 6 is an idempotent morphism
of ch(X). We define ch!(X) to be the object corresponding to 71, namely, ch’(X) — ch(X)
is Ker(id — 71) — ch(X). Let My(X) @ M1(X) @ My(X) ~ M(X) be the decomposition that
arises from the decomposition of ch(X) ~ ch!(X) @ ch'(X) @ ch?(X). Put M% = M;(X)" and
let Mg( eM )1( S3) M)Q( ~ Mx be the decomposition obtained by taking the dual. We remark that
MY ~1; and M% ~ 1,(-1)[-2].

Next we construct a Picard motive ch!(Albx) by using the Albanese (Abel-Jacobi) map
u : X — Albyx which carries p to the origin. Consider the isomorphisms Picapy 5 Picy <i
Albx 5 Alba, . The third morphism induced by the functoriality is an isomorphism because
of the universal property of Albanese vatieties, and the first morphism is its dual. Let o :
Albam,, — Picam, be the inverse of the composite. If we denote by CH%O) (Albx x Alby)
the subgroup of O-normalized divisors (0 is the origin), we have the canonical isomorphisms
HOInAv(Alele,PiCAle) >~ HOHlAv(Albx,PiCAle) ~ CH%O)(Ale X A]bx). Let Z be the
divisor that corresponds to ¢ and let ¢ : ch(Albyx) ® L®'"9 — ch(Albx) be the morphism
defined by Z € CHl(Ale x Albx). Let w; : ch(Albx) — ch(Albx) be the composite

ch(Alby) % ch(X) ™ ch(Alby) @ L¥19 % ch(Alby).

We can apply the proof of [40, Lemma 6.2.6] and see that w; is an idempotent map. We define
ch!(Alby) to be Ker(id — wy).
We now claim that the composite

ch!(Albx) — ch(Alby) % ch(X) — ch!(X)

is an isomorphism where the first arrow is the canonical monomorphism and the final arrow is the
“projection”. As observed in [40, proof of Lemma 6.2.6], the equality (E) : pou,ou*opou, = ¢ou
holds (indeed, wjow; = wy is a direct consequence of (E)). Thus, u*opou,ou*opou, = u*opous.
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Namely, u*ogou, : ch(X) — ch(X) is an idempotent morphism. The morphism 7 coincides with
u*opou,. Actually, again by the observation in [40, proof of Lemma 6.2.6], u* o pou, corresponds
to the composite Alby = Albajpy 5 Pica, — Picy, that is 6, through CHY(X x X) D
Hom™((X,p), (Picx,0)) ~ Homay (Albx,Picx). Let F := (u* o ¢ o uy) o u* o (¢ o uy o u*)
and G 1= (¢pouxou*)o¢pou,o(uo¢pou). To prove our claim, it will suffice to show
FoG=u"o¢ou, and Go F = ¢ ou, ou*. These equalities follow from (F). We also see that
¢ o uy induces ch!(X) — ch(X) 0oy ch(Alby) — ch!(Alby) is an isomorphism.

Let Fchow, (ch' (Albx)) = @p>0 Sym”(ch!(Alby)) be the free commutative algebra object in
Chowy, and let h : FChowk(chl(Ale)) — ch(Albx) be the morphism of commutative algebra
objects that is classified by ch!(Albyx) — ch(Albx). Here ch(Albx) admits the commutative
algebra structure defined by ch(Speck) — ch(Albx) induced by the structure morphism and
ch(X) ® ch(X) — ch(X) induced by the diagonal. We will show that A is an isomorphism. Let
Ry : Chowy, — GrVect be the (symmetric monoidal) I-adic realization functor to the category of
Z-graded Q;-vector space (the symmetric monoidal structure on GrVect adopts the Koszul rule).
For a projective smooth variety U, it carries ch(U) to the Z-graded Q-vector space Hx, (U x xk, Q;)
of étale cohomology (k is a separable closure). Then H (Alby Xy k, Q) is the free commutative
graded algebra generated by H} (Albx xj k,Q;) placed in degree one. By [40, Theorem 6.2.1],
Ri(ch!(Alby)) is H} (Albx xj k,Q;) placed in degree one, and R;(ch*(Albx) — ch(Alby)) is
H} (Albx xp k,Q;) < Hi (Albx xj k,Q;). We then conclude that R;(h) is an isomorphism.
Since Sym® (ch!(Albx)) = Sym” (ch! (X)) = 0 for N > 2g (see e.g. [29]), Fcnow, (ch!(Albx)) =
@29, Sym™ (ch!(Albx)). Both ch(Albx) and Fepew, (ch!(Albx)) are Kimura finite (see e.g. [40]
for this notion). Thanks to André-Kahn [4, Proposition 1.4.4.(b), Theorem 9.2.2] (explained also
in [2, Theorem 1.3.1]), we deduce from the isomorphism R;(h) that h is an isomorphism. (We
remark that h is not necessarily compatible with the equivalence in Proposition 5.17.)

Next consider the composition

¥ : Fohow, (ch! (Alby)) = &9, Sym'(ch!(Alby)) L ch(Alby) % ch(X) ™ ch(X).

We will show that for i # 1, Sym‘(ch!(Albx)) < ch(Albx) 4 ch!(X) is zero. Let w; :
ch(Albx) — Sym’(ch!(Albx)) — ch(Albx) denote the idempotent map arising from the sum-
mand Sym‘(ch!(Albx)). Note that w; : ch(Albx) — ch(Albx) equals to

ch(Albx) % ch(X) ™ ch!(X) < ch(X) 2% ch(Alby).

Indeed, the equality (E) implies that ¢ o u, o m o u* = ¢ o uy o u* = wy. Suppose that
Sym‘(ch(Albx)) — ch!(X) induced by 1 is not zero. It follows that w; o w; is not zero be-
cause ¢ o u, induces the isomorphism ch!(X) ~ ch!(Albx) C ch(Albx). For i # 1, this con-
tradicts the orthogonality w; o w; = 0. Hence Sym’(ch(Alby)) — ch'(X) is zero for i # 1.
Remember that ch(X) has a commutative algebra structure (in Chowy) that is defined by
the structure morphism and the diagonal in the same way as ch(Alby). In addition, u* is
a homomorphism of commutative algebras. The homomorphism u* induces an isomorphism
ch!(Alby) ~ ch!(X). Taking account of the compatibility of multiplications, we see that the mul-
tiplication ch(X)®ch(X) — ch(X) ~ ch}(X)@®ch!(X)®ch?(X) sends ch! (X)®ch!(X) to the di-
rect summand ch?(X) C ch(X). Namely, the composition ch!(X)®ch!(X) < ch(X)®ch(X) —
ch(X) — ch(X) is zero (by the compatibility of the unit maps the projection to ch®(X) is also
zero). Now move to h(DM(k)). The commutative algebra ch(X) corresponds to the cocommu-
tative coalgebra M (X) whose coalgebra structure is determined by the structure morphism and
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the diagonal. Take the dual of M(X), that is, Mx in h(DM(k)). According to Lemma 5.22,
the algebra structure of Mx (in h(DM(k))) given by the coalgebra structure of M (X)) coincides
with that of Mx induced by the cohomological motivic algebra. We have proved that the mul-
tiplication Mx ® Mx — Mx sends the component M )1( QR M )1( to the direct summand M)2< If
j : C — X denote the open immersion, then we have the dual of the Gysin distinguished triangle
[37, 14.5]

1.(~1)[-2] & My 5 M —

in h(DM(k)). By the exact sequence CH®(Speck) 25 CH'(X) £ CHY(C) — 0, we see that the
composite 1,(—1)[-2] S Mx L+ Mc is zero where e is the dual of the morphism M (X) —
1;(1)[2] corresponding to the class of p in CH!(X). Since e is non-trivial and

Endy,pmr)) (1k(—1)[-2]) = Q

thus we may suppose that e = 7. Consequently, 1 is the canonical inclusion 1x(—1)[—2] ~
M% — MY% @& MY @ M%. Tt follows that j* is identified with the projection My ~ MY @
M)1( <) M)2( — Mg( @ M} ~ Mc (with respect this decomposition). Therefore, the multiplication
Mo ® Mo — Mo sends the component M}( ® M)l( C Mc ® Mc to zero. O

Remark 5.30. One can ask whether or not Mg is a trivial square zero extension of 1; by some
motive M in DM(k) (not only at the level of h(DM(k))). It would be an interesting problem.
We refer to [33, 7.3.4| for the notion of trivial square zero extensions in co-categorical setting. If
My is the trivial square zero extension at the level of DM(k), it should be regarded as formality
of Mc. Suppose that we are given a connected affine smooth curve C over C. Write C* for
the underlying topological space of C. Then Apr(C?) is equivalent to the square zero extension
QaH'(C',Q)[-1] of Q = H(C',Q) by H'(C*,Q)[—1] in CAlgg. (Namely, Apr(C") is formal.)
The problem about formality of M¢ makes sense for arbitrary (geometrically connected) affine
smooth curves.

5.3.8 Before the proof of Theorem 5.24, we will define W5. Let K be the standard rep-
resentation of GLg4, that is, the 2g-dimensional vector space V endowed with the canoni-
cal action of Aut(V) = GLg,. We usually consider K to be the complex concentrated in
degree zero, that belongs to either Comp(GLgy) or Rep(GLagy). Let Foompar,,)(K[—1]) is
the free commutative algebra object in Comp(GLyg), that is isomorphic to @?ﬁo Sym‘(K[—1])
as an object of Comp(GLyy). We put U; = @?22 Sym‘(K[—1]) and consider the inclusion
a U = @72 Sym'(K[-1]). We let ¢a : Foomp(Gra,)(U1) = Foomp(ara,) (K[—1]) be the
morphism classified by a and let Foomp(ar,,) (K [—1])(a) be the homotopy pushout (cf. Propo-
sition 5.5). Consider Fomp(aL,,)(K[—1])(a) as an object in Comp(GLz,4). Then by the explicit
presentation in Remark 5.6, we find that its 0-th cohomogy is the unit, and the first cohomology
is K. Thus, Foomp(aLy,) (K[—1]){a) is equivalent to 1 © K[—1] © Uy in Rep(GLg,y) where 1 is a
unit object in Rep(GLgyy), and Uy is concentrated in the degrees larger than one. (We remark
that in practice one can compute Us explicitly by means of the representation theory of GLgg.)
Note that the wedge product /\N(Mé[l]) = (SymN(Mé))[N] is zero exactly when N > 2¢g be-
cause Mé is equivalent to the dual of the direct summand M;(Albg) arising from ch®(Albgz)
(see the proof of Lemma 5.28), and Sym’(M;(Albg)Y) = 0 for N > 2g, see e.g. [29] for this
vanishing. Thanks to Proposition 5.2, there is a symmetric monoidal colimit-preserving functor
F : Rep®(GLgyy) — DM®(k) which carries K to M%[l] We define W5 to be F(Us).
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Proof of Theorem 5.2/. We first prove (1). For simplicity, we put X = C. Taking account of
the construction of the decomposition ch(C') ~ ch®(X)@®ch!(X) in the proof of Lemma 5.28, 1 =
Mspec: = Mc induced by the structure morphism C' — Speck is identified with the inclusion
1, = Mg)( — Mg( S3) M)1< Note that the unit algebra 1 is an initial object. Thus, the kernel of
Ao = 1 = M¢ in DM(k) is M%[—1], that is, Vo = M [—1]. Therefore A; = 1; (1)) Lk =
F(0 Uprt (1] 0) ~ F(M}%) (U indicates the pushout). The composite Mx — F(M%) — Mc is
equivalent to the inclusion M3 ~ OUpr1 -0 = Tplpp (0 = 1 &M % where the second arrow is
induced by 0 — 1j. Next we prove (2). Let M (Albx) — M;(Albx) be the morphism arising from
ch!(Alby) — ch(Alby) (see the second paragraph of the proof of Lemma 5.28). If one takes its
dual Mélbx = M;(Albx)Y — Ma,, then by Lemma 5.19, the induced map F(M/ilbx) — Maby
is an equivalence in CAlg(DM®(k)). By the isomorphism ch!(Albx) ~ ch!(X) in the third
paragraph of the proof of Lemma 5.28, the composite F(M}be) — Mamy LN Mx =N Me
induces an equivalence M}be — F(M}be) — M — M. Also, M}be — Mc — MY is null
homotopic. Consider F(M3,) ~ F(Mélbx) induced by ch'(X) =~ ch!(Albx). Then F(M%) ~

]F(Milbx) ~ Malby ]*—u; M is equivalent to A1 — Mg.

Next we prove (3). Let Vj is the kernel of 4y = F(M%) — M¢. Then Mk — F(M%) —
Mo~ 1, @M)l{ may be viewed as the inclusion. In addition, Lemma 5.28 shows that Mc® Mo —
Me kills M )1( QM )1( Thus, taking account of the commutative algebra structure of F(M )1() in
h(DM(k)) we deduce that F(M%) = @?io Sym‘(M%) — Mc ~ 1; @ M} can be identified with
the projection. Hence Vi — F(M%) is @29, Sym’ (ML) < @2¢, Sym’(M}). Let F(V;) — F(MY)
is the morphism classified by Vi — F(My). Thus Ay = F(M}) ®pvy) -

Next we prove the assertion (4). Note that we already defined an “explicit” model of Ay before
this proof. Namely, Ay is equivalent to the image of Fcomp(GL,,) (K [—1])(e) under CAlg(F) :
CAlg(Rep®(GLyy)) — CAlg(DM®(k)). Thus Ag ~ 156 MY & W,. Moreover, using the sequence
Ay — Ay — Mg we find that the composite r : 1 @M}( — 1 @M)l( O Wy ~ Ay — Mg ~
1. M)l( is an equivalence. Put h : Wy — 14 @M}( O Wy ~ Ay — Mg ~ 1, & M)l( Then
H=(—r"toh)®idw, : Wa = (1, ® M%) ® Wa ~ A is the kernel of Ay — M (we expect that
h is zero). Let F(W32) — Az be the morphism classified by H. Then A3 = Az ®p(y,) 1. O

6. Cotangent motives and homotopy groups

We introduce a cotangent motive of a pointed (smooth) scheme (X, x). Under a suitable condi-
tion, the dual of rational homotopy groups will appear as the realization of the cotangent motive.
The notion of cotagent motives is inspired by Sullivan’s description of rational homotopy groups
in terms of the space of indecomposable elements of a minimal Sullivan model. We may think of
cotangent motive as motives of (dual of) rational homotopy groups. In this section, the coefficient

ring of DM(k) is Q.

6.1 Let (X,z: Speck — X) be a pointed smooth scheme over k. It gives rise to an augmented
object x* : Mx — 1 = Mgpec- We will define an object of DM(k) by means of cotangent
complexes for CAlg(DM®(k)). For this purpose, we use the theory of cotangent complexes for
presentable oo-categories, developed in |33, Section 7.3]. This theory is a vast generalization of
cotangent complexes (topological André-Quillen homology) for E-algebras. Let us briefly recall
some definitions about cotangent complexes for the reader’s convenience. Let C be a presentable
oo-category and let A be an object in C. Let Sp(C/4) be the stabilization (stable envelope) of
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Cra (cf. [33, 1.4]). Let (C/4)+ denote the co-category of pointed objects of C,4: one may take
(C/a)x = (Cja)a;- Then Sp(C,4) is defined to be the limit of the sequence of co-categories

Q Q. Q.
w2 (Cra)s = (Cra)s =5 (Cra)s,

where (2, is informally given by S + %X g* (x is a final object). The stable co-category Sp(C4) is
also presentable. Another presentation of Sp(C,4) is given by the co-category of spectrum objects
of C relative to (C/4)«, see [33, 1.4.2]. There is a canonical functor Q% : Sp(C/4) — (C/a)x — C/a
where the first arrow is the projection to (C/4)« placed in the right end in the above sequence.
The second arrow is the forgetful functor. Let X5 : C/y — Sp(C/4) be a left adjoint to Q°°,
whose existence is ensured by adjoint functor theorem since 2°° preserves small limits and is
accessible. An absolute cotangent complex L4 of A is defined to be X°(A i A). If Ais an
initial object, then L4 is a zero object. We now take C to be CAlg(DM®(k)). By [33, 7.3.4.13],
there is a canonical equivalence Sp(CAlg(DM®(k)),4) ~ ModA(DM(k)) of oo-categories. Here
Mod 4(DM(k)) denotes the oo-category of A-module objects in DM(k). We refer to [33, 3.3.3,
4.5] for the notion of module objects over a commutative algebra object. We have the adjunction

£ : CAlg(DM®(k)), 4 = Sp(CAlg(DM®(k)) 1) =~ Mod 4(DM(k)) : Q.

We regard Ly = X°(A iq A) as an object of Mods(DM(k)). Let ¢ : A — B be a morphism
in CAlg(DM®(k)). Let (=) ®a B : Mod(DM(k)) — Modg(DM(k)) denote a left adjoint to
the forgetful functor Modg(DM(k)) — Mod4(DM(k)) induced by A — B. Then as in the
classical theory of cotangent complexes, there is a canonical morphism L4 ® 4 B — Lp. Indeed,
Ly®aB~XP(A 2 B) when A — B is thought of as an object of CAlg(DM®(k)),p (see [33,
7.3.2.14, 7.3.3, 7.3.4.18] and Remark 6.7). We define the relative cotangent complex Lp/a of
A — B to be a cokernel (cofiber) of Ly ®4 B — Lp in Modg(DM(k)).

Definition 6.1. Let (X, z) be a pointed smooth scheme separated of finite type over k. Let
x* i Mx — 1 = Mgpeck be the morphism induced by z. We define LM (x ;) to be Ly, @y
15 in DM(k). Here Ljs, belongs to Modys, (DM(k)), and (—) ®ary 1x @ Modas, (DM(K)) —
Mody, (DM(k)) =~ DM(k) is induced by x*. We shall refer to LM x . as the cotangent motive of
X at z. For i € Z and j € Z, we define [ [, ;(X, z) := Homy,pm(r)) (LM (x 2), 1k(—35)[—1])-

Remark 6.2. There is a canonical equivalence LM (x ;) = Ly @y 1k =~ Ly, /ar, [—1]. Indeed,
there is the distinguished triangle (cofiber sequence) arising from 1 — Mx — 1j:

Ly @py 1 — le/lk - le/MX -

in the homotopy category of DM(k), see [33, 7.3.3.5]. In addition, Ly, /1, =~ 0. It follows that
LMX ®MX 1, ~ le/MX[_l]-

Remark 6.3. The definition of the cotangent motives makes sense also when we work with an
arbitrary coeffiecient ring K of DM (k).

The main result of this section is the following;:

Theorem 6.4. Let X be a smooth variety over k and let x be a k-rational point. Suppose that k
is embedded in C and the underlying topological space X' of X Xgpec Spec C is simply connected.
Then the (singular) realization functor R : DM(k) — D(Q) carries LM (x 4 to

P (X, 2) ©7Q) V[~

2<i
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in D(Q) ~ Modg. Namely, there is an isomorphism
H'(R(LM(x 2))) = (mi(X",2) ©2 Q)"

Jori>2, and H'(R(LMx 1)) = 0 fori < 2. Here (m(X", ) ®z Q)" is the dual Q-vector space
of mi(X', x) @z Q.

Remark 6.5. Under the hypothesis of Theorem 6.4, the cohomology H*(X?, Q) is finite di-
mensional for any ¢ > 0. Indeed, the simply connectedness is not necessary for this finiteness.
In general, if S is a simply connected topological space whose cohomoogy H'(S,Q) is finite
dimensional for any i > 0, then 7;(S, s) ®z Q is finite dimensional for any i > 2.

6.2 The proof proceeds in several steps.

Lemma 6.6 (Cisinski-Déglise [12]). Let Rg : DM®(k) — D®(K) be the symmetric monoidal
realization functor associated to mized Weil theory E with coefficients in a field K of character-
istic zero. Let G be a right adjoint to Rg, that is lax symmeytric monoidal. Let G(K) be the
commutative algebra object (i.e., an object of CAlg(DM®(k))) where K is the unit algebra in
D(K). Consider the composition of symmetric monoidal functors

Modg,, (DM(k)) — Modg (D(K)) — Mod$.(D(K)) ~ D®(K)

(K) (G(K))

where the first arrow is induced by Rg, and the second arrow is given by the base change
(=) ®Rry(a(k)) K induced by the counit map Rp(G(K)) — K. Then the composite is an equiva-
lence, and Rg is equivalent to the base change functor

(=) ®1, G(K) : DM® (k) — Mod&

Gy (DM(k)) = D¥(K).

Proof. If we verify two conditions
e there is a set { M)} ecp of compact and dualizable objects of DM(k) such that the whole
category DM(k) is the smallest stable subcategory which contains { M)} cp and is closed
under small coproducts (that is to say, {M)}rea is a generator of DM(k)),
e cach Rg(M)) is compact, and there is some p € I such that Rg(M,) ~ K,
then our assertion follows from [26, Proposition 2.5]. For X € Smy and n € Z, M(X)(n) is
compact in DM(k), and the set {M(X)(n)}xesm, nez is a generator of DM(k). In addition,
M(X) is dualizable because it holds if X is projective, and we work with rational coefficients, so
that we can use the standard argument based on de Jong’s alteration (or one can directly apply
a very general result in |13, 4.4.3, 4.4.17]). Since Rg is symmetric monoidal and M (X)(n) is
dualizable, Rg(M(X)(n)) is also dualizable. In D(K), an object is compact if and only if it is
dualizable. Finally, Rg(M (Speck)) = Rg(1;) ~ K since Rg is symmetric monoidal. Hence the
above two conditions are satisfied. O

According to Lemma 6.6, under the setting of Theorem 6.4, we write P := G(Q) and identify
the (singular) realization functor R with (—) ®1, P : DM®(k) — Mod5(DM(k)) ~ D®(Q). The
multiplicative realization functor CAlg(R) : CAlg(DM®(k)) — CAlgq can naturally be identified
with

CAlg(DM®(k)) — CAlg(Mod3(DM(k)) ~ CAlg(DM®(k))p,

which sends A to P ~1; ® P — A® P. For the right equivalence, see [33, 3.4.1.7].
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We focus on cotangent complexes of commutative dg algebras, that is, objects of CAlgg.
Let C be an object of CAlgg. If we take C to be CAlgg in the above formalism of cotangent
complexes, we have the adjunction

2% 1 (CAlgg) e = Sp((CAlgg) ) = Mode(D(Q)) : Q.

Here we abuse notation by using X3°, Q% again. We define the absolute cotangent complex

Lc of C to be ¥ (C q C). Given a morphism C' — D we define Lp,c to be a cokernel of
D®cLc— Lpin MOdD(D(Q)).

Remark 6.7. Let C be cither CAlg(DM®(k)) or CAlgg = CAlg(D®(Q)). More generally, C
could be a presentable oo-category CAlg(D®) such that D® is a symmetric monoidal stable
presentable co-category whose tensor product D x D — D preserves small colimits separately in
each variable. Let A and B be objects of C. Let B — A be a morphism. Consider the adjunction

Ef : C/A = Sp(C/A) >~ MOdA(D) 1 Q.

If we regard B — A as an object of C/4, then ¥5° sends B — A to Lp ®p A, where (—) ®p A :
Modpg(D) — Mod 4(D) denotes the base change functor. It is a direct consequence of a functorial
construction of cotangent complexes by using the notion of a tangent bundle in [33, 7.3.2.14] and
a presentation of the tangent bundle by a presentable fibration of module categories [33, 7.3.4.18|.
Suppose that A is an initial object (that is, a unit algebra). The above adjunction is extended
to
D= C/A = Sp(C/A) ~ D

where the left arrow j : C/y = CAIg(D®)/A — D is the functor which carries ¢ : B — A to
the kernel (fiber) Ker(e) of B — A in D. The left adjoint D — C/4 to j sends M € D to
Fp(M) — Fp(0) >~ A determined by M — 0, where Fp : D — C is the free algebra functor,
see Definition 5.1. By the construction of Sp(C/4) ~ D (cf. [33, 7.3.4.13]), the composite

D ~ Sp(C / A) o C/a 5D is naturally equivalent to the identity functor. Thus X%° carries
F'D(M> — Ato M. Namely, L]FD(M) ®FD(M) A~ M.

Remark 6.8. If one considers z* : My — 1j to be an object of CAlg(DM(k))/q,, then its
image under X5° : CAlg(DM(k)),1, — DM(k) is LM x ;) (cf. Remark 6.7). The right adjoint
Q% : DM(k) — CAlg(DM(k)) 1, sends LM x .y to a square zero extension of 1y by LM x 4,
which is informally given by 1 & LM x 4 21y, see [33, 7.3.4] for square zero extensions. By
the adjunction, we have the unit map u: Mx — 1, @ LM x ) in CAlg(DM(k))/1,. Let M x be
the kernel (fiber) of Mx — 1j in DM(k). It gives rise to a morphism in DM(k)

h: MX — LM(X,(E)
induced by w. This morphism is a motivic version of the dual Hurewicz map.

Lemma 6.9. Let € : A — 1 be a morphism in CAlg(DM®(k)), that is, an augmented commu-
tative algebra object in DM(k). Let B := R(A) — R(1x) = Q be a the image of € in CAlgy under
the multiplicative realization functor. Let Lp be the (absolute) cotangent complex of B and let
Lp ®p Q be the base change that lies in D(Q). Then there is a canonical equivalence

R(Li®aly) ~LpepQ

in D(Q).
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Proof. As explained above, Lemma 6.6 allows us to identify the multiplicative realization
functor with CAlg(DM®(k)) — CAlg(DM®(k))p; ~ CAlgg. Then we have the pushout diagram

1, P
A——= AR P

in CAlg(DM®(k)), and B corresponds to the right vertical arrow P — A ® P which we regard
as an object of CAlg(DM®(k))p/. By [33, 7.3.3.8, 7.3.3.15], the absolute cotangent complex of
P — A® P regarded as an object of CAlg(DM®(k))p/ is equivalent to the relative cotangent
complex L ggp/p of the morphism P — A ® P in CAlg(DM(k)). It follows that Lagp/p >~ Lp
under the canonical equivalence Modagp(DM(k)) ~ Modp(D(Q)). The final equivalence is
induced by

Modagp(DM(k)) =~ Sp(CAlg(DM®(k)), asp)
Sp((CAlg(DM®(k))p/)/asp)
Sp((CAlgg)/B)

~ Modp(D(Q))

12

1

where the first and final equivalences follow from [33, 7.3.4.13], and the second one follows from
[33, 7.3.3.9]. Since A® P — 1, ® P ~ P corresponds to B — Q, we see that Lp ®p Q
corresponds to Lagp/p ®agp P in Modp(DM(k)) >~ D(Q). By the base change formula for
cotangent complexes [33, 7.3.3.7], Lagp/p ~ La ®4 (A ® P). Therefore, we obtain

Lagp/p ®agp P~ La®a(A®P)®@agp P~ (La®aly)® P.

Note that R(L4 ®4 1) ~ (L4 ®4 1) ® P in Modp(DM(k)). Hence our assertion follows. O

The following is a theorem of Sullivan [48, Section 8|, reformulated in terms of cotangent
complexes.

Lemma 6.10. Let (S,s) be a simply connected topological space S with a point s. Assume that
the cohomology H'(S,Q) is a finite dimensional Q-vector space for any i > 0. Let Apr, o0(S) be
the image of App(S) in CAlgy (see Section 4). Let App, o(S) — Q be the augmentation induced

by s. Then Lap, . (5) @app () Q= Da<i(mi(S, s) @z Q)Y [—i] in D(Q).

Proof. For ease of notation, we may assume that S is a rational space, so that m;(S,s) is a
Q-vector space for each ¢ > 2. Consider a Postnikov tower

S=8c——=85 —+S-1——5—=5].

We first show our assertion in the case of S,,. The case of n = 1 is trivial because S is contractible
and Ly, (s;) =~ 0. We suppose that our assertion holds for S;,—1. Consider the diagram

K(m,(S,s),n) ——= S,

| |
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where * is a contractible space, K (m,(.5, s),n) is an Eilenberg-MacLane space, and we here think
of the diagram with a pullback square in §. By a computation for the Eilenberg-MacLane space
[16, Section 15 Example 3, Section 12, Example 2|, Apy, oo (K (mn (S, s),n)) ~ Fo(m, (S, s)Y[—n])
where 7,(S, s)¥[—n] is the dual Q-vector space placed in cohomological degree n, that we consider
to be an object of D(Q), and Fg : D(Q) — CAlgg is the free algebra functor, see Definition 5.1.
By [16, Theorem 15.3|, Apr oo (K (7, (S, s),n)) is a pushout of Apr o (Sn) < APL.co(Sn—1) —
Q =~ Appoo(*) in CAlgg (the result found in [16] shows that it is a homotopy pushout in
CAlgfég). When S, and S, are equipped with (compatible) base points, Apr, oo (K (7,(S, 5),n))
is promoted to a pushout in (CAlgg)/q. Note that X5 : (CAlgg),p — Sp((CAlgg),q) ~ D(Q)
preserves small colimits. Taking account of Remark 6.7 we have a pushout diagram

LAPL,oo(Sn—l) ®APL,oo(5'n—1) Q— LAPL,oo(Sn) ®APL,oo(Sn) Q

| |

0 (S, 8)V[—n]

in D(Q). By the assumption, La,; _(5,_1)®4p; . (Sn_1)Q = B2<i<n—17i(5; 5)"[~i]. Then we see
that La,, _($,)®A4p; . (5.)Q is a cokernel (cofiber) of 7, (S, 5)¥[-n—1] — ©a<i<n-17i(S, 5)Y[~i].
Thus the case of S,, follows. Next we show the case of S. For simplicity, A := Apr, o(S) and
Ay = Apr.0o(Sn). As the above proof reveals, La, , ®4, , Q = La, ®4, Q can be identified
with the inclusion @o<i<n_1m; (S, 8)Y [—i] = Da<i<nmi(S, s)Y[—i]. It will suffice to prove that the
canonical morphism lim Ly, @4, Q — Ls®4Qis an equivalence in D(Q). Since X3° preserves
colimits, it is enough to show that the canoncial morphism hﬂn Aﬁ — A is an eqqivalence
CAIg@. For this we are reduced to proving the canonical map lim = H '(Sp,Q) = lim H "(Ap) —
H'(S,Q) = H'(A) is bijective for i« > 0. By applying Serre spectral sequence to the fiber sequence
Fon =% Xg, Sm — Sm — Sy for n <m < oo, we see that H"(S,,, Q) ~ H"(Sp41,Q) ~ ... ~
H"(S,Q), so that lim H(S,,Q) ~ H'(S,Q). O

Proof of Theorem 6.4. By Theorem 4.3 and Remark 4.4, the image of Mx — 1 can be
identified with Apr, o (X") — Q induced by the point x on X*. Write B := Ap[, oo(X"). Taking
account of Lemma 6.9, we see that R(LM(x ;) ~ Lp ®p Q. Now our assertion follows from
Lemma 6.10. O

We would like to relate cotangent motives with partial data of fundamental groups.

Theorem 6.11. Let (X, x) be a pointed smooth variety over k. Suppose that k is embedded in
C. Let mi(Xt x)uni be the pro-unipotent completion of the fundamental group m;(X', x) of X*
over Q. Then the Q-vector space HI(R(LM(X@))) gets identified with the cotangent space of the
unipotent affine scheme w1 (X, x)yn; at the origin.

Proof. As in the proof of Theorem 6.4, the image of Mx — 1 can be identified with
Aproo(X") = Q induced by the point z on X*. Write B := Apy, oo(X"). The image of 1, @, 1
under the multiplicative realization functor can naturally be identified with Q ® g Q. According
to Hochschild-Kostant-Rosenberg (HKR) theorem for B € CAlgg, we have Q @5 Q ~ Q ®p
B ®@pgp B ~ Fo((Lp ®p Q)[1]) (see e.g. |7, Prop. 4.4] for HKR theorem: strictly speaking,
the connectivity on B is assumed in loc. cit., but its proof shows that the nonconnective affine
case holds). It follows that HO(Q ®p Q) ~ H°(Fo((Lp ®5 Q)[1])) (keep in mind that the
dual of the base point H°(Q ®p5 Q) — H(Q ®g Q) ~ Q is identified with H*(Fo((Lp ®p
Q)[1])) — H°(Fg(0)) ~ Q induced by Ly ®5 Q — Lg =~ 0). Remember that H°(Q ®p Q)
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is isomorphic to the coordinate ring of the pro-unipotent completion 1 (X?, x)yn; of m1 (X%, z)
over Q, cf. Proposition 7.16. By Lemma 6.9, R(LMx ,)) ~ Lp ®p Q. Let us observe that
H°(Fo(R(LMx 4))[1])) ~ H(Fo((Lp ®p Q)[1])) is naturally isomorphic to the free ordinary
commutative Q-algebra F,.q(H'(Lg ®p Q)) generated by the Q-vector space H'(Lp ®p Q) ~
H°(R(LMx 4)[1]). Taking account of Lemma 5.19, we are reduced to showing that H'(Lp ®p
Q) =0 for i < 1. Thus, it will suffice to prove the following Lemma. O

Lemma 6.12. Let B be a commutative dg algebra over Q, which we regard as an object of CAlgg.
Suppose that we are given an augmentation B — Q. Assume that H*(B) = Q, and H (B) = 0
fori<0. Then H(Lg ®p Q) =0 fori < 1.

Proof. (This fact or equivalent versions is well-known, but we prove it for completeness.)
Let B=Q - By — --- — B, — --- — B be the inductive sequence associated to the canonical
morphism Q — B in CAlgg, see Section 5.1.5. By Lemma 5.15, ligln B, ~ B. It follows that
lim Lp, ®p, Q ~ Lp ®p Q. Therefore, it is enough to show that H'(Lp, ®p, Q) = 0 for
i < 1. We will prove, by induction on n > 0, that (i) H°(B,) = Q, HY(B,) = 0 for i < 0,
(ii) HY(B,) — HY(B) is injective, and (iii) H'(Lp, ®p, Q) = 0 for i < 1. For n = 0, this
is obvious. Assume therefore that all (i), (ii), (iii) hold for n. Let M be the kernel (fiber)
of B, — B in D(Q). Then H'(M) = 0 for i < 2 by the inductive assumptions (i) and (ii).
By definition, By4+1 = By ®py(ar) Q. By the explicit presentation of the homotopy pushout
B, @y Q (Propsition 5.5 and Remark 5.6), (i) holds for B,;. In addition, again by the
explicit homotopy pushout, we have an exact sequence 0 — H'(B,) — H'(B,.1) — H?*(M).
Comparing it with the exact sequence 0 — H'(B,) — H'(B) — H?*(M) induced by the cofiber
sequence M — B, — B, we see that H'(B,1+1) — H'(B) is injective. Note that Lp, , ®p,,, Q
is a cokernel (cofiber) of Ly (rr) ®Fy (1) Q — Lp, ®p, Q. By Remark 6.7, Ly, (1) ®rq (1) Q ~ M.
Taking account of the inductive assumption (iii) for B,,, we conclude that (iii) holds for B, +;. O

6.3 We use the explicit computations of cohomological motivic algebras in Section 5 to obtain

explicit presentations of cotangent motives.

Theorem 6.13. We have the following explicit presentations:

(1) Let P™ be the projective space over a perfect field k and let x be a k-rational point, see
Section 5.1.2. Then LMpn 5y =~ 13(—1)[=2] @ 1x(—n — 1)[-2n — 1].
(2) Let X = A™ — {p} and let x be a k-rational point, see Section 5.1.3. Then
LM(X,x) ~ 1k(—n)[—2n + 1]
(3) LetY =A™ —{p} —{q} (n >2) and let y be a k-rational point, see Section 5.1.4. Then
LMy, ~ 1;(—n)[=2n + 1]%% @ 1;(—2n)[—4n + 3] @ 1x(—3n)[-6n + 5] @ . ...

(4) Let G be a semi-abelian variety and let o be the origin, see Section 5.2. Then LM g o) ~
M (G)V.

Proof. 'We show (1). We use the notation in Section 5.1.2. By Propsition 5.9,

Mpn >~ F(15(=1)[-2]) ®F(1,(-n—1)[-2n-2]) Lk-
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Let x* : Mpn — 1j be the morphism induced by the k-rational point z. Note that F(1;(—1)[—2])
— Mpn 5 15 is equivalent to F(1;(—1)[—2]) — F(0) ~ 1; determined by 1;(—1)[—2] — 0.
Indeed, the morphism F(1;(—1)[-2]) — 1 in CAlg(DM®(k)) is classified by the composite
15(—1)[~2] = F(1x(—1)[-2]) = 1% in DM(k), which is null-homotopic because CH!(Spec k) =
0. Similarly, F(1x(—n — 1)[-2n — 2]) — Mpn — 1 is equivalent to F(1z(—n — 1)[-2n —
2]) — F(0) determined by 1x(—n — 1)[-2n — 2] — 0. Since X% : CAlg(DM®(k))/1, —
Sp(CAlg(DM®(k)) /1, ) ~ DM(k) preserves small colimits, thus we have the pushout diagram

Ly, (—n—1)[~2n—2)) OF1x(—n—1)[-2n—2]) Lk = L, (-1)[-2)) OF1x(-1)[-2) 1k

| i

Ly, LMpn 4

in DM(k), cf. Remark 6.7. Moreover, again by Remark 6.7, the upper left term (resp. the
upper right term) is equivalent to 1x(—n — 1)[—2n — 2] (resp. 1x(—1)[—2]). The/any mor-
phism 1;(—n — 1)[-2n — 2] — 1;(—1)[—2] is null-homotopic. Combining this consideration
with Ly, =~ 0, we conclude that LMpn ;) ~ 1x(=1)[-2] ® 1x(—n — 1)[-2n — 1]. The cases
(2) and (4) are easier than (1) (cf. Proposition 5.12 and Proposition 5.17). We treat the case
(3). Recall from Proposition 5.14 that My is equivalent to li z‘Ai where we can compute A;
in an inductive way: Ag = 1x, 41 = F(1x(—n)[—2n + 1]692), Ay = Ay QF (1, (—2n)[-4n+2]) Lk,
A3 = A2 ®]F(1k(—3n)[—6n+4}€92@1k(—4n)[—8n+5]) 1. It will suffice to compute hng(LAL ®Ai 1k)-
Using pushout diagrams as above, we have La, ®a, 1 =~ 1x(—n)[—2n + 1]%2 La, @4, 1} ~
1 (—n)[—2n+1]P2 @ 1;(—2n)[-4n+3], and L, ®a, 1x = 1x(—n)[—2n+1]P2 @ 1(—2n)[—4n +
3] @ 1(—3n)[—6n + 5]%% & 1,(—4n)[—8n 4 6]. We then find the first few terms of LMy,,). O

Remark 6.14. Let us consider a meaning of the presentation of the case of projective spaces.
In light of Theorem 6.4, if £ C C, we have

R(1x(—1)) ~ (m(CP", 2) ®2 Q)Y, R(1x(—n —1)) ~ (12,11 (CP", 2) @7 Q)".

Thus, it is natural to think that 1x(1) is a motive for mo(CP", ) ®7 Q, and 1x(n+ 1) is a motive
for 7T2n+1((CIPm, x) ®7 Q.

Remark 6.15. According to Theorem 6.13 (4), the cotangent motives may also be viewed as a
generalization of (the dual of) 1-motives of semi-abelian varieties.

7. Motivic Galois action

Let K be a field of characteristic zero. Let Rg : DM®(k) — D®(K) be the realization functor
associated to a mixed Weil cohomology theory E. In [24] (see also [25], [26]), we constructed a
derived affine group scheme MGg over K out of Rg, which we refer to as the derived motivic
Galois group with respect to E. It has many favorable properties such as the consistency of
motivic conjectures. The most important property of MGg for us is that it represents the
automorphism group of the symmetric monoidal functor Rg, see Definition 7.9 or [24] for the
formulation. Moreover, we have the usual affine group scheme M Gg associated to MGg which
we call the motivic Galois group with respect to E.

The goal in this section is to construct canonical actions of M Gg on the pro-unipotent com-
pletions of fundamental groups and higher homotopy groups, see Theorem 7.17, Corollary 7.18
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(in Corollary 7.18, E is singular cohomology theory). It seems difficult to construct them in a
direct way. Our strategy can be summarized as follows:

(1) First we will construct an action of MGg on CAlg(Rg)(Mx). Note that a symmetric
monoidal natural equivalence from Rg to itself induces a natural equivalence from

CAlg(Rg) : CAlg(DM®(k)) — CAlgg

to itself. Actually, there is a canonical morphism from the automorphism group of Rg to
the automorphism group of CAlg(Rg). Since My belongs to CAlg(DM®(k)) for a smooth
scheme X, the automorphism group of CAlg(Rg) acts on the image of Mx, e.g. Apr, oo (X1
in CAlgg. Consequently, it gives rise to an action of MGg on the image of Mx. We will
carry it out in Section 7.1.

(2) In the next step, we focus on the situation of a cosimplicial diagram in CAlg(DM®(k)) (cf.
Section 7.2). The motivating cases come from Section 3.5 and Section 4.5. It yields an
action of MGg on the derived affine group schemes Gg) (X, z) in Definition 4.7.

(3) In Sections 7.3 and 7.4, we will show how to obtain actions of M Gg on the pro-unipotent
completions of homotopy groups (and related affine group schemes @g) (X, z)) from those
of MGg on Gg‘)(X, x).

7.1 Our first task is to construct motivic Galois actions on the images of multipilicative real-
ization functors such as App(X?).

7.1.1

Definition 7.1. Let 7 be an oco-category and D : 7 — Cat., a functor. Suppose that Z has
an initial object . Let C' be an object of D(). Let (=) : Catoo — S be the functor which
carries an oo-category C to its largest Kan subcomplex C~. Namely, it is the right adjoint to the
inclusion § — Cat,. Let Fp — Z be a left fibration obtained by applying the unstraightening
functor or relative nerve functor [32] to Z — Cato, — S. By [32, 3.3.3.4], a section Z — Fp of
Fp — 1 corresponds to an object in the limit @ieID(i): in S. Welet s :Z — Fp be the
section that corresponds to the image of C' under the canonoical functor D(§)~ — lim, D(i)~.
Through the correspondence between left fibrations over Z and functors Z — S (cf. [32, 3.2,
4.2.4.4]), Fp — T endowed with the section s amounts to the functor (=)~ o D : Z — S with a
natural transformation * — (—)~ o D from the constant functor * : Z — S taking the value AY.
By the adjunction, the natural transformation is described as a functor Dy : T — S := Spo/ C
Fun(A!, S) such that the composition Z — S, — S with the forgetful functor is (=)~ o D. We
shall refer to D, as the functor extended by C. Let Grp(S) denote the category of group objects
in S (see e.g. [32, 7.2.2.1], |24, Definition A.2]). Let Q. : S — Grp(S) be the functor which
carries the based space S to the based loop space Q.(S). We define the automorphism group
functor of C' over Z to be the composite

Autz(C) : T 25 S, 25 Grp(S).

We usually write Aut(C) for Autz(C).

A
Remark 7.2. For any object ¢ in Z, the composition 7 ut—I>(C) Grp(S) — S with the for-

getful functor sends i to the oo-groupoid (space) that is equivalent to the mapping space
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Map p; (f(C), f(C)) where f : £ — i is the canonical functor from the initial object. Indeed, the
composite Z — S sends i to the fiber product A° X D)~ A% in S, defined by the map A — D(i)
determined by f(C). The fiber product A® x D)= AY is explicitly given by the fiber product
{f(C)} X p(iy~ Fun(A, D(i)¥) X psy= {f(C)} of (genuine) simplicial sets, that is a model of the
mapping space (cf. [32, 1.2.2, 4.2.1.8]).

Replacing the universe U by a larger universe U € V, we define the co-category (/];coo of
V-small co-categories.

Definition 7.3. Let CAlg_ : CAlgy — (/Ea\too be the functor which carries A to CAlg, where
CAlg 4 is the oo-category of commutative ring spectra over A, that is, commutative algebra
objects in Mod% (a morphism A — A’ maps to CAlg, — CAlg,, given by the base change ®44’,
see Section 7.1.3 for the formulation). Let C' be an object of CAlgy. We apply Definition 7.1 to
CAlg(f) : I =CAlgg — (/3;500 and C' after replacing Cato, and S by @coo and §, respectively.
We then define Autcag, (C) : CAlgg — Grp(g) to be the automorphism group functor of C
over CAlg .

Let L be an oo-category. Let (—)U : @OO — 6;500 be the functor which carries C to
Fun(L,C). Namely, it is given by cotensoring with L. Let h : L — CAlgy be a functor (which
we will consider to be a diagram in CAlgj indexed by L). Consider the composition

CAlg(y) =~ ()F 7=
pr : CAlg, — ~ Catye — Cateo.

~

Applying Definition 7.1 to pur and h, we define Autcag, (h) : CAlgg — Grp(S) to be the
automorphism group functor of h over CAlgy. Notice that Autcalg, (C) is the special case of
Autcalg, (h). We usually write Aut(C) and Aut(h) for Autcalg, (C) and Autcayg,. (h), respec-
tively.

Definition 7.4. Let Mod(_y : CAlgg — @coo be a functor which carries A to Mody (a
morphism A — A’ maps to Mods — Mod 4/ given by the base change ®4A’, see Section 7.1.3
for the formulation). Let P be an object of D(K) ~ Modf. Applying Definition 7.1 to Mod_ :
CAlgy, — Catos and P, we define Aut(P) = Autcalg, (P) : CAlgg — Grp(S) to be the
automorphism group functor of P over CAlgy.

Let Rg : DM®(k) — D®(K) = Mod% be the realization functor associate to a mixed Weil
cohomology theory E with coefficients in a field K of characteristic zero. The coefficient field
of DM(k) will be K, but one can also adopt the setting where the coefficient field of DM(k) is
Q (one may choose either one depending on the purpose). Let MGg = Spec B be the derived
affine group scheme over K which we call the derived motivic Galois group with respect to E
(see [24]). Here the fundamental property of MGy for us is that it represents the automorphism

~

group functor Aut(Rg) : CAlgy, — Grp(S) of the realization functor Rg (see Definition 7.9 for

its definition). Namely, if one regards MGy as a functor CAlg, — Grp(S), then we have an
equivalence MGg ~ Aut(Rg).

Proposition 7.5. Let C be an object of CAlg(DM®(k)). There is a (canonical) action of MGg on
CAlg(Rg)(C). (Recall that CAlg(Rg) : CAlg(DM®(k)) — CAlgy is the multiplicative realization

functor, Section 4.) More precisely, there is a morphism

-~

in Fun(CAlgy, Grp(S)). In particular, we have a (canonical) action of MGg on CAlg(Rg)(Mx).
Moreover, the following properties hold:
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(1) The actions are functorial in CAlg(DM®(k)): More precisely, if we let
p: L — CAlg(DM®(k))

be a functor from an oco-category L and let h : L — CAlg(DM®(k)) CAlB(Re) CAlgy
be the composition with the multiplicative realization functor, then there is a morphism
MGg — Aut(h). For a functor g : M — L of co-categories, the action (morphism)
MGg — Aut(h o g) is naturally equivalent to MGg — Aut(h) — Aut(h o g) where the the
first arrow is given by the action on h, and the second arrow is induced by the composition
with M — L.

(2) The action is compatible with the formation of colimits: Let p : L — CAlg(DM®(k))
be a functor from a small co-category, and p : L> — CAlg(DM®(k)) a colimit diagram
of p (here (=) indicates the right cone [32]). Let C be the colimit in CAlg(DM®(k)),
that is, the image of the cone point. Let q : L — CAlgy and g : L* — CAlgy be the
composites CAlg(Rg) o p and CAlg(Rg) o p, respectively. Then the (action) morphism
MGg — Aut(CAlg(Rg)(C)) factors through the morphism MGg — Aut(q) in the sense
that the restriction to L induces an equivalence Aut(g) = Aut(q), and the composite

MGg — Aut(q) ~ Aut(q) — Aut(CAlg(Rg)(C))

is naturally equivalent to the “action” MGg — Aut(CAlg(Rg)(C)). Here the final arrow is
induced by the restriction to the cone point of L.

(8) There is a (canonical) action of MGg on Rg(C'), that is a morphism MGg — Aut(Rg(C)).
We here distinguish the underlying module Rg(C) in D(K) from CAlg(Rg)(C) in CAlgy.
The action on CAlg(Rg)(C) is compatible with that on Rg(C) in the sense that there is
a canonical morphism Aut(CAlg(Rg)(C)) = Aut(Rg(C)) induced by the forgetful functor,
and MGg — Aut(Rg(C)) is equivalent to the composite MG — Aut(CAlg(Rg)(C)) —
Aut(Rg(C)).

Corollary 7.6. Suppose that k is embedded in C. Let Xt be the underlying topological space of
X Xsgpeck SpecC. If MG denotes the derived motivic Galois group with respect to the singular
cohomology theory, there is a canonical action of MG on App oo(X") ~ Tx. See the discussion
before Proposition 4.1 and Theorem 4.3 for Apr oo(X") and Tx.

Proof. Combine Proposition 7.5 and Theorem 4.3. O

Remark 7.7. Let A € CAlgj and let g : A® — MGg(A) be an “A-valued point”. Through
the equivalence MGg(A) ~ Aut(Rg)(A), g may be viewed as an automorphism of the composite

A . . . .
DM® (k) Ry Mod% RS Mod%. It gives rise to an automorphism u of the composite

CAlg(DME(k)) “ER?) cAlg, “5 CcAlg ,

(see Section 7.1.2 below). The image A’ — Aut(CAlg(Rg)(C))(A) of g under the “action”
MGEg(A) — Aut(CAlg(Rg)(C))(A) is a class of an equivalence

CAlg(Rp)(C) ®x A S CAlg(Rg)(C) @k A

in CAlg, obtained from the automorphism w by evaluating at C' (composing with the map
A% — CAlg(DM®(k)) determined by C').
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Remark 7.8. One can replace DM®(k) = C® by a stable subcategory £ C DM®(k) that is
closed under small colimits and is generated by a small set of dualizable objects. Again by the
main result of [24] there is a derived affine group scheme MG ¢o that represents Aut(Rg|se),
and for C' € CAIg(£¥), MGg go acts on CAlg(Rg(C)). In certain good cases, one can obtain
MG ¢e by means of equivariant bar constructions, see [25], [26], [47].

7.1.2 We start with some oo-categorical preliminary constructions. To make things elementary,
we make some efforts to use the machinery of simplicial categories, i.e., simplicially enriched
categories, whereas in the preliminary version of this manuscript in 2016, many constructions
heavily rely on the theory of left /(co)Cartesian fibrations.

Let Catfgon’A be a simplicial category defined as follows. The objects of (]autf}(\)/[on’A are
symmetric monoidal small co-categories C® — I'. Give two symmetric monoidal co-categories
C® — T and D® — I, we define Fun (C®, D®) to be the full subcategory of Funp(C®, D¥) that
consists of symmetric monoidal functors (cf. [33, 2.1.2]). We define the mapping simplicial set
Map®(C®, D¥) := Map ., shon.a (C®,D%) to be the largest Kan subcomplex of Funf (C®, D®).
The composition is defined by the restriction of composition of function complexes. The oo-
category CatSM° is defined to be the simplicial nerve of CatSMon4,

We let Catvo be the simplicial category defined as follows. Objects are co-categories, and
given two oo-categories C and D, the simplicial set Map(C, D) is the largest Kan subcomplex of
Fun(C, D). By definition, the simplicial nerve of Cat4 is Cato,.

Let Kan® be the simplicial full subcategory of Catvo that consists of Kan complexes. For
a symmetric monoidal co-category C%, the assignment D® s Map®(C®, D®) determines a sim-
plicial functor hCA® : Catsog/lon’A — Kan® in the natural way. Taking the simplicial nerve, we
obtain hee = N(hCA®) : CatMon — N(CatsMom2) — N(Kan®) = S. We remark that it is equiv-
alent to the functor CatM°" — S corepresented by C® defined in [32, 5.1.3] (in the dual form).
Similarly, for an co-category C, the assigment D +— Map(C, D) determines a simplicial functor
h : Caty — Kan®. Taking the simplicial nerve, we obtain he := N(h&) : Cats, = N(Cat5)) —
N(Kan®) = S.

Next we construct a functor CAlg : Cat®M°" — Cats, from the co-category of symmetric
monoidal (small) co-categories to the oco-category of co-categories, which sends C® to CAlg(C®).
For this purpose we construct a simplicial functor

CAlg? : CatMoma . Catsy

which carries C® — T' to CAlg(C®) = Funi®™(I',C®) where Funf®*(—, —) indicates the full sub-
category of Funp(—, —) that consists of lax symmetric monoidal functors. To do this, given two
symmetric monoidal oco-categories we will define a map of simplicial sets

Map®(C%, D¥) — Map(CAlg(C®), CAlg(D®)).

Let K be a simplicial set and f : K — Map®(C®, D®) a map of simplcial sets. The map amounts
to a map of marked simplicial sets ¢ : C® x K¥ — D® over I' where K* denotes the marked
simplicial sets such that all edges are marked. To the map ¢ we associate a map of simplicial sets
CAlg(C®)x K — CAlg(D?®), equivalently K — Fun(CAlg(C®), CAlg(D®)) as follows. Note that
for a simplicial set S, S — Funp(I',C® xp (I' x K)) corresponds to a pair of maps S x I' — C®
over ' and S xI' =+ K. To S — CAlg(C?®) x K corresponding to ¢ : S x I' — C® over I' and
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1 : S — K we associate S — Funp(T,C® xr (I x K)) corresponding to the pair ¢ : S x ' — C®
over I'and S x ' 2} § KTt gives rise to a map

r: Fun®(T, C%) x K — Funp(I,C% x K).

Let ¢ : Funp(T,C® x K) x Funp(C® x K,D®) — Funp([,D%) be composition. Let ¢ : A? —
Funp(C® x K,D?®) be the map determined by C® x K — D® over I' that corresponds to f.
Consider the following composite

Funl®(I',C%®) x K ~ (Funi®(T,C®) x K) x A X% Funp(T,C® x K) x Funp(C® x K, D%)
s Funp(T', D®).

The image of composition is contained in Funl*(I", D®). Therefore we obtain CAlg(C®) x K —
CAlg(D?®) from f. According to the functoriality with respect to K it yields

Map®(C®, D¥) — Fun(CAlg(C®), CAlg(D®)).

Since Map®(C®, D®) is a Kan complex, its image is contained in Map(CAlg(C?®), CAlg(D?®)). It
is straightforward to see that C® ~ CAlg(C®) and Map®(C®, D®) — Map(CAlg(C®), CAlg(D?))

A, sMon,A
: Catl)

determine a simplicial functor CAlg — Catvo. Taking the simplicial nerves we

obtain a functor of oco-categories
CAlg : CatMo" — Cate.

There is another obvious simplicial functor For® : CatsM°™® — Cat% which carries any
symmetric monoidal oco-category 7 : C® — T to the fiber 771((1)), i.e., the underlying oo-
categories C. There is the forgetful functor CAlg(C®) — C which is defined as Fun®X(T,C%) —
Funr({(1)},C®) induced by composition with {(1)} — T'. It gives rise to a simplicial natural
transformation CAlg® — For®.

——sMon

7.1.8 Recall that 6;500 denotes the co-category of V-small co-categories. We shall write Cat
for the oco-category of symmetric monoidal V-small oco-categories. The above construction of
CAlg/gatsogdon — Cato also yields @g : C/Ja\ti/[on — 6\atoo. But for simplicity we write CAlg
for CAlg.

Let O : CAlgx — (/)a\ti\fon be a functor which carries A to Mod§ where Mod? is the
symmetric monoidal co-category of A-module spectra (see [33], [24, Appendix A.4] for the precise
construction). Any morphism A — A’ maps to the symmetric monoidal functor Mod% — Modf,

———sM —
informally given by the base change ® AA’ Let N(For ) : CatsOo s Cateo be the forgetful
functor. We define Mod(_) : CAlgg — Catoo to be the composite of Ok and the forgetful

Mon
functor. We define CAlg(_y to be the composite CAlgy Ox, Cat Cat, Y Cat Cato.

——sMon hDM

Definition 7.9. Let p : CAlgy O Cat “ S denote the composite which carries A to
Map®(DM®(k),Mod?%). Let Rg : DM®(k) — D®(K) = Mod% be the realization functor. It may
be viewed as an object of Map®(DM®(k),Mod%.). Applying Definition 7.1 to p : CAlgy, — S
and Rg we define the automorphism group functor Aut(Rg) : CAlgg — Grp(S) of Rg over
CAlgy.
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Remark 7.10. The definition of Aut(Rg) is apparently different from that in [24] because in
loc.cit. we use the full subcategory DM (k) spanned by compact (dualizable) objects instead of
DM® (k). But this point is neglective. Since DM® (k) is canonically equivalent to the symmetric
monoidal oo-category Ind(DM¥ (k)) of Ind-objects, thus by the (symmetric monodial) Kan ex-
tension, we see that there is a canonical equivalence Aut(Rg) ~ Aut(R E|DM§(k)) induced by the
restriction to DM¥ (k) € DM® (k).

7.1.4 Construction of the action/Proof of Proposition 7.5. Let L be an oco-category. Consider
the following three simplicial functors:

A ——sMon,A — A . . ®
e Put a® = hpye Dk : Cat — Kan . It sends a symmetric monoidal co-category D
to the Kan complex Map®(DM®(k), D®).
Mon,A —
o Let B2 : Cats **% s Kan~ be a simplicial functor that carries D® to Map(L, CAlg(D®)).
——sMon,A CAlg® /\A — A
It is defined as the comp051te Cat 25 C —> Kan .
Mon,A
o Let 42 : Cats R Kan be a sunplicial functor that carries D® to Map(L, D). It is
——sMon,A Ford ——A p; —A
defined as the composite Cat — Cat, — Kan .

For each D®, the simplicial functor CAlg® induces a map of simplicial sets
Map®(DM®(k), D®) — Map(CAlg(DM®(k)), CAlg(D®)).

It is easy to check that these maps determine a simplicial natural transformation

A A
™ = Boalg(DME (k)"

Similarly, For® induces a map of simplicial sets
Map®(DM®(k), D¥) — Map(DM(k), D).

It gives rise to a simplicial natural transformation a® — v&,, . (k) Let L — CAlg(DM®(k)) be a

functor. The composition induces simplicial natural transformation 2 — ,Bf. Also,

L — CAlg(DM®(k)) fo—g>6t DM(k) induces 'VDM(k) — ’yL.

———sM ~
A we obtain a = home k) Ca‘csoO 538

CAlg(DM® (k))

Now applying the simplicial nerve functor to «

——sM ~
Similarly, we obtain Br,~r : Catsoo " 5 S from ﬁLA and ’yLA. Consider the simplicial natural

A — BLA. It determines a natural transformation from « to

Mon,A
Br. In fact, we think of a® — B2 as a simplicial functor [1] x Cats 2 5 Kan® such that

transformation o~ — ﬁéAlg(DM®(K))

[1] = {0,1} is the linearly ordered set regarded as a (simplicial) category, and the restriction
Mon,A M A
to {0} x Cats T Kan® (resp. {1} x Cats et Kan®) is o®
——sMon Mon,A
the simplicial nerve functor preserves products, Al x Cats - N({0 — 1} X Cats o ) —

(resp. f3%2). Since

N(@A) = & defines a natural transformation from « to 3, that is, Al x Catc>o " 8 such
that {0} x @ciﬁon — Sis a, and {1} x @ci/lon — 8 is 8. Similarly, a® — 'ySM(k) — 4P
determines a natural transformation from « to ~r,.

Next for p : L — CAlg(DM®(k)) and h = CAlg(Rg) o p, we construct an action of MGg on
Aut(h) (cf. Definition 7.3). If C' is an object of CAlg(DM®(k)), the automorphism group functor
Aut(CAlg(Rg(C))) of CAlg(Rg(C)) over CAlg, is nothing but Aut(h) where L = A®, and the
functor p : AY — CAlg(DM®(k)) is determined by C. Let A® x 6\%2\}/{@ — & be the natural
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transformation from « to 8z, defined above. Composing with O, we have A x CAlg — S , that
is a natural transformation from p = a0 Ok to (=)~ o uy, = B, 0 O (we here use the notation
in Definition 7.3, 7.9). Remember that Rg is an object of Map®(DM®(k),Mod% ). Thus, as

——sM ~
in Definition 7.1, both « and (r, are respectively promoted to functors au, i« : Catio RN Si

extended by Rg and h € Map(L, CAlgy), and Al x CAlg, — S is promoted to a natural
transformation Al x G\ati/lon — 3* from ay to Br.. Composing €, : 3* — Grp(g) and O, we
obtain

Al x CAlgy — Al x Catr ™ =+ & — Grp(8)

that is a natural tranformation from Aut(Rg) to Aut(h) (cf. Definition 7.3, 7.9). The equivalence

MGg ~ Aut(Rg) defines a morphism MGg ~ Aut(Rg) — Aut(h) in Fun(CAlg, Grp(S)). An
action of MGg on h is defined to be this morphism.

We prove the property (1) of Proposition 7.5. For a map g : M — L, there is a simpli-
cial natural transformation BLA — BAA/[ induced by the composition with g. Therefore, by our
construction the functoriality is obvious.

Next we prove the property (2) of Proposition 7.5. Let K < Fun(L”, CAlg,) be the full sub-
category that consists of those functors F' : L — CAlgj such that the image of the cone point of
L is a colimit of the restriction F|r. Then by taking account of left Kan extensions [32, 4.3.2.15]
(keep in mind that CAlg, admits small colimits), the map Fun(L”, CAlg,) — Fun(L, CAlg,)
given by the restriction induces an equivalence X = Fun(L,CAlg,) of oco-categories. Note
that p : L” — CAlg(DM®(k)) is a colimit diagram (of L — CAlg(DM®(k))). The composite

g : L — CAlg(DM®(k)) CAlE(Rz)) CAlgy is also a colimit diagram because CAlg(Rg) is a left
adjoint. Also, the base change @A : CAlgy — CAlg, is a left adjoint. Thus, the composite

L> % CAlg;; — CAlg, belongs to K. By these observations, we see that Aut(g) — Aut(q)
induced by the restriction is an equivalence in Fun(CAlgy, Grp(g)). By the functoriality (1),
we have the desired factorization of the action.

Finally, we prove (3). One can define MGr — Aut(Rg(C)) by using a® — VSM(k) —

A

78 and Rp in the same way as we constructed MGp — Aut(CAlg(Rg)(C)) from o® —

ﬁ§M® " BLA and Rg. There is a simplicial natural transformation Bf — *)/LA which is given
by Map(L, CAlg(D®)) — Map(L,D)) induced by the composition with the forgetful functor
CAlg(D®) — D for each D®. By the simplicial nerve fucntor and the construction in Defini-
ton 7.1, it gives rise to Aut(CAlg(Rg)(C)) — Aut(Rg(C)). Note that the simplicial natural
transformation BLA — 'yf commutes with a® — ﬂLA and o® — fyLA. By this commutativily we see
that MGg — Aut(CAlg(Rg)(C)) — Aut(Rg(C)) is naturally equivalent to MGg — Aut(Rg(C)).

O

Remark 7.11. Let M be an object of DM(k). Let Fpwy (M) in CAlg(DM®(k)) be the free
commutative algebra object generated by M (see Definition 5.1). Let us observe that the action
of MGg on CAlg(Rg)(Fpmk) (M)) is essentially determined by the action of of MGg on Rg(M).
Since the realization functor is a left adjoint, there is a canonical equivalence Fg (Rg(M)) ~
CAlg(Rg)(Fpm(k) (M)) where Fg := Fyoq,, is the free algebra functor Modgx — CAlgy, i.e., the
left adjoint to the forgetful functor. Let S be a space that belongs to S. Let f: S — MGg(K) ~
Aut(Rg)(K) be a morphism (in S). Let

g:S — Aut(CAlg(Rg)(Fomu (M))) (K)
~ Mapcayg, (CAlg(Re) (Fom) (M)), CAlg(Re) (Fomp) (M)))
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be a class of the map induced by the action of f. The forgetful functor induces morphisms

Mapg g, (CAlg(RE) (Fomw (M)), CAlg(Re) (Foma) (M)))
— Mapyjoq,. (CAlg(RE) (Fomey (M))?, CAlg(Re) (Fomp (M))*)
~ Mapyjoay, (Fx (Re(M))?, Fi(Rp(M))F)

in S where (—)* here indicates the underlying object. By the compatibility (3) in Proposition 7.5,
the image of g is equivalent to the map

h: S — Aut(Fg (Rp(M))*)(K) ~ Mapyjoq, (Fx(Re(M))?, Fx (Rg(M))?)

that is determined by the action of f on Fg(Rg(M))!. The composition with the canonical
(unit) map Rg(M) — Fx (Rg(M))? yields the morphisms

Mabyjod, (Fx(RE(M))!, Fx(Rp(M))*)  —  Mapygea, (Re(M), Fx(Rp(M))?)
& Mapyjoq, (Re(M),Rg(M))

in §. Taking account of the functoriality similar to (1) in Proposition 7.5, we see that the image of
h in Mapyjoq (Re(M),Fg(Rg(M))?) is equivalent to the image of r : S — Aut(Rp(M))(K) ~
Mapyjoq, (Re(M), Rg(M)) that is determined by the action of f on Rg(M). Note that by the
adjunction, the composition gives an equivalence

Mapcag,, (CAlg(Re) (Fomgy (M), CAlg(Re) Fome) (M))) = Mapyea, (Re(M), Fx (Re(M))F)

in S. Also, the left arrow 4 is a fully faithful functor since Rg(M) — Fx(Rp(M))* defines a
direct summand of Fx (Rg(M))®. The image of g in MapMOdK(RE(M),FK(RE(M))ﬁ) lies in the
essential image of ¢. The image of ¢ is equivalent to the image of r under . One can apply this
argument to not only K but arbitrary A € CAlgy. We remark that any object of CAlg(DM®(k))
is constructed from free commutative algebra objects by forming colimits, see Section 5.1.5.

7.2 Let Fun(N(A), Aff ) be the oo-category of simplicial diagrams in Aff . The co-category
of group objects in Affg, i.e., derived affine group schemes, is its full subcategory consisting of
those simplicial diagram satisfying the condition of group objects (cf. Section 4.4, see also |24,
Appendix]). In Section 7.2 we focus on actions on such objects. We continue to use the notation
in Section 7.1.

Let € : N(A) — CAlg(DM®(k)) be a functor which we regard as a cosimplicial diagram
of commutative algebra objects in DM® (k). Suppose that €7 : N(A)? — CAlg(DM®(k)) is
a group object. One of our main examples is the opposite of the group object Q(”H)(X LX)
N(A)? — CAlg(DM®(k))°P introduced in Section 3.5. The multiplicative realization functor
CAlg(Rg) preserves coproducts and sends a unit to K € CAlgy. It follows that the composite

Ga : N(A)? &5 CAlg(DM® (k))r T8 calg® = Affy

is a group object, that is, a derived affine group scheme over K. We denote it simply by G.
Invoking Proposition 7.5 (see also Definition 7.3) to the opposite of the group object G¢¥' =
h:N(A) =L — CAlgg, we get a morphism

MGg — Aut(Gfp)

in Fun(CAlgy, Grp(S)), that is, an action of MG on G&. Put Aut(G) := Aut(GSP). Thus we
have
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Proposition 7.12. Let €% : N(A)? — CAlg(DM®(k))P be a group object. Let G be the derived
affine group scheme over K that is induced by €°P. Then there is a (canonical) action of MGg

~

on G, that is a morphism MGg — Aut(G) in Fun(CAlgg, Grp(S)).

Remark 7.13. We remark that informally Aut(G¢’) is the automorphism group of the cosim-
plicial object Go¥ in CAlgy. Therefore, by our convention Aut(G) = Aut(GJ’), the morphism
MGEg — Aut(G) should be viewed as the “right action” on G that corresponds to the “left action”
on GZ.

Remark 7.14. The action is functorial with repect to a morphism of derived affine group
schemes. Let €% : N(A)? — CAlg(DM®(k))° be another group object and G : N(A)? —
CAlg?? = Affi the derived affine group scheme induced by the composition with the mul-
tiplicative realization functor. Suppose that there is a morphism (i.e., a natural transforma-
tion) €% — €', It gives rise to § : A! x N(A) — CAlg(DM®(k)) — CAlg, such that
{0} x N(A) — CAlgy is G/.Op, and {0} x N(A) — CAlgy is G¢. By (1) of Proposition 7.5
the actions of MGg on G¢¥ and G/.Op are simultaneously promoted to an action on Aut(6), i.e.,
MGg — Aut(0).

Example 7.15. Let (X,z : Speck — X) be a pointed smooth variety over k. As discussed in
Section 4.5 it gives rise to a derived affine group scheme ng) (X,z) : N(A)? — Aff . Therefore,
MGEg acts on Ggl)(X, x).

7.3 In [24] we defined the motivic Galois group M Gg of DM(k) (with respect to E) to be a
usual affine group scheme over K (i.e., a pro-algebraic group) obtained from MGg. Also, we can
construct a usual affine group scheme ég) (X, z) from Gg) (X,z), Example 7.15. In general,
if G is a derived affine group scheme over the field of characteristic zero K, one can obtain a
usual affine group scheme (i.e., pro-algebraic group) G over K from G, which we will call the

underlying affine group scheme (cf. [24]). We briefly review the procedure.

Let CAlg;lg be the category of commutative dg algebras C over K (cf. Section 2). Let
CAIg??’ZO be the full subcategory of CAIgi(g that consists of those objects C such that H*(C') = 0
for 7 < 0. It admits a combinatorial model category structure such that a morphism f: C' — C’
is a weak equivalence (resp. fibration) if the underlying map is a quasi-isomorphism (resp. a

surjective in each degree), see [41, Proposition 5.3| or [17, Theorem 6.2.6]. Any object is fibrant.
dg,>0

Any ordinary commutative algebra over K is a cofibrant object in CAlg;?’=" when it is regarded
as a commutative dg algebra placed in degree zero. The inclusion CAlgCIlg’ZO — CAlgf,l(g is a right

Quillen functor. Its left adjoint 7 : (]Alg}iéJ — CAlg}ig’ZO carries C' to the quotient of C' by the

differential graded ideal generated by elements x € C* for i < 0. Namely, we have a Quillen

adjunction 7 : CAlgCIl(g = CAlgfg’Zo. We shall write CAlgIZ(0 for the oo-category obtained from
the full subcatgory of cofibrant objects in CAlgCIl?’ZO by inverting weak equivalences. The Quillen

adjunction induces an adjunction of co-categories
. — >0
7 : CAlgy = CAlgy

[36] where by ease of notation we write 7 also for the induced left adjoint functor CAlg, —
CAlgIz(O. We let G = SpecC be a derived affine group scheme over K such that C' € CAlgy.
The functor 7 preserves colimits, especially coproducts. We put Aff%o = (CAlglz(O)"p. We
write Spec R for the object in Aﬁ%o corresponding to R € CAIg%O. Then Spec7C' inherits
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a group structure from G = SpecC. Namely, Spec7C is a group object in Afflz{o. There
is a fully faithful left adjoint CAlg}i(iS — CAlgIZ{O induced by the natural inclusion from the
category of ordinary commutative K-algebras to CAlgCIl(g’ZO. Its right adjoint CAlgIZ(O — CAIg?}S

is given by taking the cohomology C' — H(C). The inclusion CAlgd® — CAlgy is canonically
equivalent to the composite CAIg%is — CAlgIZ(O — CAlgy. Also, the left adjoint 7 is compatible
with inclusions CAlgd® ¢ CAlgj and CAlgds ¢ CA]gIZ{O (use the fact that any object C' in
CAlgIZ(O is the limit of a cosimplicial diagram of ordinary K-algebras). Interpret G as a functor
CAlgy — Grp(S). Its restriction G° := G‘CA]g?}S : CAlg®s — Crp(S) is naturally equivalent

to the functor given by A +— Map Al (tC, A). The structure of a commutative Hopf ring
K

spectrum on 7C over K (that is, the “dual” of the group structure on Spec7C' in AH’IZ(O, see
[24, Appendix|) gives the structure of a commutative Hopf ring on H°(7C) over K. Namely,
the comultiplication 7C' — 7C ® g 7C, the counit 7C' — K and the antipode give rise to the
structure of comultiplication H(7C) — H%(7C @k 7C) ~ H(7C) @k H(1C) of H(7C),
etc. We denote the associated affine group scheme by G = Spec H(7C). We shall refer to G
as the underlying affine group scheme of G (or the coarse moduli space for G as in [24]). The
assignment G — G is functorial and we actually have a functor Grp(Affi) — Grp(AffES) which
sends G to the associated affine group scheme G. By the adjunction, the natural morphism
7 : SpecTC' — G = Spec H’(7C) is universal among morphisms to ordinary affine schemes over
K in h(Aﬁ“[Z(O) (note that Aﬂ?lz(0 contains Aff{ as a full subcategory). Namely, if ¢ : Spec 7C' — H
is a morphism to an ordinary affine scheme H in h(AffIZ(O), there is a unique morphism v : G — H
such that ¢ = ¥ ow. In addition, H is an affine group scheme and ¢ : SpectC — H is
a homomorphism to the affine group scheme over K, then there is a unique homomorphism
Y :G — H in h(Grp(Aff[z{O) such that ¢ =1 o .

As mentioned above, we define M G g to be the underlying affine group scheme of MGg. For
the properties of MG we refer to [24], [25], [26], [27].

We define G (X,z) := é(;) (X, z) to be the underlying affine group scheme of G(En) (X, )
(cf. Section 4.5).

We consider a geometric interpretation of é(n) (X, z). Suppose that K = Q and the base field

k is embeded in C. We consider the case when the realization functor is associated to singular
cohomology theory.

Proposition 7.16. Let (X,x : Speck — X) be a pointed smooth variety over k. Let m;(X*, x)
be the homotopy group of the underlying topological space Xt = X Xspeck Opec C. For anyn > 1,
the affine group schemes é(n) (X, z) is a unipotent group scheme (i.e., a pro-unipotent algebraic
group). Moreover, é(l)(X, x) is the pro-unipotent completion of w1 (X, ) over K = Q. Suppose
further that the topological space X' is nilpotent and of finite type (e.g. simply connected smooth
varieties). Then G (X, z) is a pro-unipotent completion of m, (X%, ) for n > 2.

Before proceeding to the proof, we briefly recall the notion of affinization (affination in French)
studied in [49] (in [49], cosimplicial algebras are used instead of dg algebras, see |17, 6.4] for
the comparison as a Quillen equivalence between the model category of cosimplicial algebras

——>0 — >0
and Cﬁlgfg’zo). Let CAlgy be the V-version OEOCAlgIZ(O (cf. Section 7.3). \>7\(/)rite At =
(CAlgy ). We write Spec R for an object of Affz corresponding to R € CAlgy . There is an

adjunction
PN — >0
O : Fun(CAlgds S) = Aff
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where O is a left Kan extension of the inclusion Aff$S < ﬁfio along the Yoneda embedding
Affdls — Fun(CAlg‘}{is,g) (cf. [49, Section 2.2]). The right adjoint sends R € CAlglz(O to the
functor hp : CAlg}i{is -8 informally given by A — MapCAlgIZ(O (R, A). The restriction Aff%o =
(CAlgZ")? — Fun(CAlg$¥,S) of the right adjoint is fully faithful. Let F : CAlgl® — S be a
functor. If O(F') belongs to Aﬂ“lz{0 (not to ﬁf?), we refer to O(F) as the affinization of F.. An
object P in S can be viewed as the constant functor CAlg}l{iS — & with value P. One can consider

A —~ >0
the affinization of the space P € S. The composite S = Fun(A°, S) — Fun(CAlgis, S) — Aff;
preserves small colimits and sends a contractible space to Spec K, where the first arrow is the

functor given by the composition with CAlg‘}(is — A% Consequently, the composite carries the
space S € S to Spec K° where K¥ is the cotensor with the space S. By Proposition 4.1 and
Remark 4.2, we conclude that S — Afflz(o — Affi is equivalent to Apr . By Theorem 4.3,
SpecTx in Affi is the affinization of X*.

Proof. There are several ways to prove the assertion, and we will give one of them. We
treat the case n = 1. Let GM(X,z)° : CAlgd ¢ CAlg; — Grp(S) denote the restriction.
It carries A to Q. SpecTx(A), where SpecTx(A) is the space of A-valued points on Spec T,
and Q, SpecTx (A) is its base loop space (the base point comes from x4 : Spec A — Spec K —
SpecTx). We let Ggl)(X,x) : CAlgds — Grp(Set) be the sheaf of groups with respect to
fpgc topology associated to the presheaf A — mo(€ SpecTx(A)) ~ m1(SpecTx(A),z4). Then
according to [49, 2.4.5] (or [34, 4.4.8]), Ggl)(X, x) is represented by a unipotent affine group
scheme (i.e., a pro-unipotent algebraic group). (We remark that there is a canonical equivalence
Mapcajg, (Tx, A) =~ MapcAlg}%o(KXt,A) for any A € CAlgd, see [41, 7.2].) Note that the

natural morphism G(l)(X ,x)° — Ggl)(X ,x) is universal among morphisms to sheaves of groups
on CAlgds. On the other hand, there is the natural map G (X, z)° — é(l)(X, x) (recall that
if GM(X,z) = SpecC, the restriction G (X, x)° is represented by SpecC). Consequently,
by the universal property there is a natural morphism Ggl) (X,z) — é(l)(X ,x) of affine group
schemes over K. We wish to show that it is an isomorphism. Since K = Q is characteristic
zero and Ggl)(X ,T) = é(l)(X ,x) is a morphism as affine group schemes over K, it is enough to
prove that for any algebraically closed field L, the induced map Ggl)(X ,x)(L) — 6(1)(X ,x)(L)
of sets of L-valued points is bijective. In fact, according to |24, Theorem 5.17| (its proof that
works also for G (X, z) instead of MGg) and [34, VIII 4.4.8], we see that Ggl)(X, z)(L) —
é(l)(X, x)(L) is bijective. It follows that é(l)(X, x) is a unipotent affine group scheme. By [49,
2.4.11] and Theorem 4.3, the group scheme G((Jl)(X,x) o~ é(l)(X, x) is naturally isomorphic to
a pro-unipotent completion of w1 (X, z) (that is endowed with the morphism form the constant
functor with value 7 (X, z)). The case of n > 2 is similar. If G (X, z)° : CAlgd® ¢ CAlg, —
Grp(8) denotes the restriction of G™ (X, z), it carries A to the n-fold loop space Q7 Spec Tx (A).
As in the case of n = 1 ([49, 2.4.5]), we observe that the sheaf associated to the presheaf
A — m,(Spec Tx (A),z4) is isomorphic to G (X, z). Then the final assertion follows from [49,
2.5.3]. O

7.4 We will construct an action of the motivic Galois group MGE on the group scheme

G (X,z) = é(bi‘) (X, x). Unfortunately, if one does not assume motivic conjectures that imply
the existence of a motivic ¢t-structure, it seems difficult to obtain an action of M Gg on a" (X, x)
from that of MGy on G™ (X, z) in a purely categorical way. To overcome this issue, we use a
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method of homological algebras, which yields a natural action of M Gf on ég) (X, z).

For a usual affine group scheme H over K, we let I'(H) be the (ordinary) coordinate ring on
H, that is a commutative Hopf ring over K. We let Aut(H) : CAlg®® — Grp(Set) be the functor
which assigns A to the group of automorphisms of the commutative Hopf ring I'(H) ®x A =
I'(H) @k A over A.

Theorem 7.17. Let (X, x) be a pointed smooth variety over k. Then there is a (canonical)
morphism MGgp — Aut(é(n) (X, x)) in Fun(CAlgd®, Grp(Set)), that is, an action of MG on

a" (X, x). In other words, the action is described as an action on the scheme g (X, x)
A" (X,2) x MGp — G (X, )

which is compatible with the group structure. Moreover, the following properties hold:

(1) The action is functorial: Let ¢ : (X,x) — (Y,y) be a morphism of smooth varieties over
k that sends x to y. Let ¢y : a™ (X,z) — a™ (Y,y) be the induced morphism of group
schemes. Then the action of MGE commutes with ¢..

(2) The action has a moduli theoretic interpretation in a coarse sense (see Remark 7.19).

Corollary 7.18. Suppose that k is embedded in C and consider the case of singular realization.
Let mi( X, x)uni be the pro-unipotent completion of m;( X', x) over Q. Then we have a canonical
action

7'1'1()(757 a:)um x MG — 7['1(Xt, x)um

If Xt is nilpotent and of finite type, there is a canonical action of MG on m, (X, 2)uni forn > 2.

Proof. 1t follows from Theorem 7.17 and Proposition 7.16. a

Construction of an action/Proof of Theorem 7.17. Let G (X, 2) : N(A)P — Affx be the de-
rived affine group scheme over K, associated to (X, x) (see Section 4.5). Let I'(G™ (X, x)) be the
image of [1] under G (X, ) : N(A) — CAlgy. (Namely, I'(G"™ (X, z)) is the underlying alge-
bra of commutative Hopf algebra object G (X, )% in CAlgy.) Let MGg = Spec C. The iden-
tity MGg — MGg determines a component of the space (oo-groupoid) MGg(C). The action on
G (X, x) (cf. Proposition 7.12 and Example 7.15) induces its image in Aut(G™ (X, z))(C). The
equivalence class of the image in Aut(G™ (X, z))(C) gives rise to a morphism I'(G™ (X, z)) @
C S T(G™(X,z)) @k C in CAlge (cf. Remark 7.2). Composing with the unit K — C, we have

0:T(G™(X,z) =T(G™(X,z)) 9 K — T'(G™(X,z)) 9 C S T(G™ (X, z)) @k C.

The composite is a coaction of C' on I'(G"(X,z)) at the level of the homotopy category
h(CAlgy). Namely, if we think of C as a coalgebra in h(CAlgy ) determined by the class of
comultiplication C' — C ®f C and the unit C — K, then T(G"™ (X, z)) = I(G™ (X, z)) @k C
is an (associative) coaction on T'(G(™(X,x)) in the obvious sense. Also, it commutes with the
structure of coalgebra on T'(G (X, x)) at the level of homotopy category. Let B := 7C' (see
Section 7.3 for 7). Applying 7 to 6§ we obtain

p: T(T(GM (X, 2))) = 7(D(G™ (X, z))) @k B> 7(D(G™ (X, 2))) @k B.
Taking the cohomology in the 0-th term we have

£ H'(r(T(G™ (X, 2))) = H'(r(I(G™(X,2)) ®x B) = H°(r(I'(G™(X,x))) ®x B)
H(r(I(G™ (X, z))) @ H(B).

12
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Recall that the commutative Hopf ring F(é(n)(X, x)) of é(n)(X, z) is HO(r(T(G™ (X, x))))
equipped with the structure of commutative Hopf ring that comes from the structures on
I'(G™(X,x)). Moreover, MG = Spec H’(B). The morphism ¢ is a coaction of H°(B) on
the commutative K-algbera HO(7(I'(G"™ (X, z)))) = F(é(n) (X, z)) which is compatible with the
structure of coalgebra on the 0-th cohomology HO(7(I'(G™ (X, x)))). It gives rise to an action

G"(X,2) x MGy — G™ (X, 2).

The functoriality (1) is obvious from the construction. O

Remark 7.19. The affine group scheme M Gp is a coarse moduli space for MGg. It has a coarse
moduli theoretic interpretation: for any field L over K, MGy — MG induces an isomorphism
m0(MGg(L)) = MGE(L) of sets where mo(MGg(L)) is the set of connected components, i.e.,
the set of equivalence classes of L-valued points on MGg (cf. [24, Theorem 1.3|). By MGg ~
Aut(Rpg), the set MGg(K) is naturally identified with the set of equivalence classes of the
automorphism of Rg : DM®(k) — Mod}‘%. Suppose that ¢ € MGEg(K) corresponds to an

automorphism o of Rg. The automorphism of é(n) (X, z) induced by ¢ is the automorphism
induced by o. Recall that ¢ induces an automorphism of the multiplicative realization functor
CAlg(Rg) : CAlg(DM®(k)) — CAlgy (cf. Section 7.1). It gives rise to an automorphism on
G (X, )P : N(A) — CAlgj (cf. Section 7.2). The induced automorphism I'(G™ (X, z)) =
(G™ (X, x)) gives rise to a : HO(tT(G(X,z))) = HO(+T(G(X,z))). By our construction, the

action of ¢ is equal to a. This interpretation holds also for any field L over K.

8. Motivic homotopy exact sequence for algebraic curves

Let X be a geometrically connected scheme of finite type over a perfect field £ and let Xz be
the base change to a separable closure k. Let G denote the absolute Galois group Gal(k/k) =
7 (Spec k, Spec k). We write n{'(—,a) for the étale fundamental group of “(—)” with a base
point a. Let Z : Speck — X be a geometric point and let x : Speck — X be the composite.
There is an exact sequence of profinite groups

1 — 78X, 7) = 78 (X,2) = G — 1

induced by Xj = X Xgpeck Speck — X — Speck. It is usually called the homotopy exact
sequence because it can be thought of as a fairly precise analogue of the long exact sequence
that comes from a homotopy fiber sequence of topological spaces. The higher homotopy groups
of étale homotopy type of Speck in the sense of Artin-Mazur are trivial, and the above exact
sequence may be understood as a part of a long exact sequence. In this section, combining
the results of this paper with the Tannakian theory developed in [26] we formulate and prove a
motivic counterpart of a homotopy exact sequence when X is a smooth curve (Proposition 8.12).
The coefficient field of DM(k) and its full subcategories will be Q, whereas K will be a coeffcient
field of Weil cohomology theory.

Let C be a smooth curve, that is, a connected one dimensional smooth scheme separated of
finite type over a perfect field k. Let j : C' < C be a smooth compactification of C'. Namely, C
is a smooth proper curve over k, and j is an open immersion with a dense image. Let Z denote
the complement C — C, that is a finite set of closed points Z = pgUpi U...Up,,. For simplicity,
we assume that C' admits a k-rational point.
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We begin by the definition of a symmetric monoidal full subcategory of DM®(k) that is
“smaller” and more tractable than CAlg(DM®(k)).

Lemma 8.1. Let A be an abelian variety over k and let | be a finite Galois extension of k.
Let DM®(A,1/k) be the smallest symmetric monoidal stable full subcategory of DM® (k) which is
closed under colimits and contains M(A), the dual M(A)Y, M(Specl) and Tate objects 1x(n) for
any n € Z. (We remark that the symmetric monoidal structure on DM®(A,1/k) inherits from
that of DM®(k), and DM(A,1/k) is presentable.)

Let C be a smooth curve over k. Let k' be a Galois field extension of k such that for any
0 < i < m, the residue field k; D k of p; can be embedded into k'. Let Jz be the Jacobian variety
of C. Then Mc lies in CAlg(DM®(Jg, k' /k)).

Proof. Since the underlying object Mo € DM(k) is a dual of M(C), it suffices to prove
that M(C)Y belongs to DM(Jg, k' /k). We have a decomposition M (Jz) ~ @?ioMi(Ja) for the
Jacobian variety Jz such that M;(Jz) ~ Sym'(M;(J5)) (see Section 5.2). Here g is the genus
of C. Also, there is an isomorphism M (C) ~ 1;, ® M1 (Jg) ® 1,(1)[2] in DM(k) (see e.g. [45],
[42, 3.3.9]). Thus both M (C) and M(C)¥ ~ M(C) ® 15(—1)[—2] lie in DM(Jg, k¥'/k). By Gysin
triangle (see [37, 14.5]), there is a distinguished triangle

M(C)— M(C)— M(Z)(1)[2] =
in the triangulated categories h(DM(k)). Therefore, we are reduced to showing that
M(Z)Y ~ @®o<i<cmM (Spec k;)" =~ So<i<mM (Spec k;)

belongs to DM(Jg, K'/k). Using the functoriality with respect to finite correpondences, we de-
duce that each M (Speck;) is a direct summand of M (Speck’) (since we work with rational
coefficients). O

The symmetric monoidal stable presentable oco-category DM®(A,1/k) has a nice property: it
is an algebraic fine Tannakian co-category. This notion has been introduced and studied in our
work [26].

Proposition 8.2. We follow the notation in Lemma 8.1. Let My(A) be the direct summand of
M(A) in the decomposition in Section 5.2. Then M = M;(A)[—1]&1(1)® M (Specl) is a wedge-
finite object. Namely, there is an natural number n such that the wedge product A" M is zero,
and N"M s an invertible object, see [26, Section 1]. Consequently, the symmetric monoidal
oco-category DM®(A,1/k) is an algebraic fine Tannakian oo-category, see [26, Definition 4.4,
Theorem 4.1].

Proof. By [26, Proposition 6.1] and the fact that Homy,pm)) (1x, 1x) =~ Q, it is enough to
prove that the wedge product AN M is zero for N >> 0. To this end, we are reduced to proving
that AN (M7(A)[—1]) = 0, AN1,(1) = 0, and AN M (Specl) =0 for N >> 0. By the well-known
Kimura finiteness (see [29], [2, Thereom7.1.1]), A2¢T1(M;(A)[—1]) =~ (Sym?*™! M;(A))[—2e —
1] ~ 0 where e is the dimension of A. Also, A’1;(1) = 0 and AYT'M(Specl) = 0. Here
d = [l : k]. The final claim follows from the definition of DM®(A,1/k) and the definition of
algebraic fine Tannakian oo-category. O

We define a derived stack from DM®(A,1/k) and M = M;(A)[—1] ® 1;(1) & M (Specl). By
a derived stack over a field K, we mean a sheaf CAlg; — S which satisfies a certain geometric
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condition. The oo-category AlgSt, of derived stacks is defined to be the full subcategory of
Fun(CAng,éA’) that consists of derived stacks. A typical example is a derived affine scheme
Spec R : CAlgy — S , that is corepresented by R € CAlgy. Thus there is a natural fully faithful
embedding Affx C AlgSty. Another main example for us is a quotient stack [Spec R/G| that
arises from an action of an algebraic affine group scheme G on Spec R. We refer to |26, Section

2.1] for conventions and terminology concerning derived stacks.

Applying [26, Theorem 4.1] to DM® (A, 1/k) with the wedge-finite object M we obtain

Corollary 8.3. Let n be the natural number such that A"t M ~ 0 and A"M is an invertible
object. (Actually, one can see that n = 2e +d + 1 if e is the dimension of A, and d = [l : k].)
There exist a derived stack Xa; over Q such that Xa; has a presentation as a quotient stack of
the form [Spec Va1 /GLy] where Va is in CAlgg, and a symmetric monoidal Q-linear equivalence

¢: QC®(X4,;) ~ DM®(A,l/k).

Here GL,, is the general linear group over Q that acts on Va4, and QC®(XA,Z) is the symmetric
monoidal Q-linear presentable oco-category of quasi-coherent complexes on Xy ;. We shall call
X4, the motivic Galois stack associated to DM®(A,l/k) and M. For the definition of QC(—),
we refer to either [26, Section 2.3] or Remark 8.5.

Corollary 8.4. We continue to use the notation in Lemma 8.1. Then Mo can be naturally
regarded as a commutative object in CA]g(QC®(XJ67kJ)).

Proof. Combine Lemma 8.1 and Corollary 8.3. O

Remark 8.5. For a quotient stack [Spec V/G] such that G is an algebraic affine group scheme,
the symmetric monoidal co-category QC®([Spec V/G]) can be described in the following way.
The action of G on SpecV can be defined by a simplicial diagram of derived affine schemes
which is informally given by [i] + SpecV x G**. If we put Spec R = SpecV x G*%, then
QC®([Spec V/G]) is defined to be &iinm

{Mod%n}[n]E A Is taken in the oo-category of symmetric monoidal oo-categories.

Mod%. The limit of the cosimplicial diagram

Remark 8.6. The stack X4; ~ [SpecV,;/GL,] is defined as follows (see [26] for details):
Let Rep®(GL,,) be the symmetric monoidal stable co-category of representations of GL, (cf.
Section 5). There is a canonical equivalence

QC®([Spec Q/GLy]) = Rep®(GLy).

Since [Spec V4 ,;/GL,] is affine over BGL,, := [Spec Q/GLy,], Spec V4,; with action of GL,, can
be identified with an object in CAlg(Rep®(GL,)). By Proposition 5.2 we have a symmetric
monoidal colimit-preserving functor p : Rep®(GL,) — DM®(A,1/k) which carries the standard
representation of GL,, placed in degree zero to M. By the relative adjoint functor theorem, this
functor admits a lax symmetric monoidal right adjoint ¢ : DM®(A,1/k) — Rep®(GL,). Thus,
q carries a unit object Ipye 4,/ to & commutative algebra object Uay := Q(]'DM@(A,l/k)) €
CAlg(Rep®(GLy,)). This object Uy amounts to V4, endowed with action of GLy, i.e., data
of [SpecVa,;/GLy,]. The commutative algebra Va; in CAlgg is the image of Uy, in CAlgy.
We remark that there is a canonical equivalence QC®([Spec V4 ;/GLy]) ~ Mod%A (Rep®(GLy,))

!
s
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where Mod%A l(Rep®(GLn)) is the symmetric monoidal co-category of U4 -module objects in

Rep®(GL,,). This equivalence makes the diagram

QC®(BGL,,) — QC®([Spec V4, /GLy,))

:x e

Rep®(GL,) WAAZ/IOCI%AJ(RGP@)(GLH)) ——DM®(A,1/k).

commute up to homotopy, where the top horizontal arrow is the pullback functor of the projection
[Spec Va,;/GL,| — BGL,,. The equivalence Mod%Al(Rep‘g(GLn)) — DM®(A,1/k) is defined to
be the composite

ModgA (Rep®(GL,)) — Mod?® (DM®(A,1/k))

1 p(Ua,1)
— Mod% )(DM®(A,l/k:)) ~ DM®(A,l/k‘)

DM®@ (A,l/k

where the first functor is induced by p, and the second functor is induced by the base change along
the counit map p(Ua;) = Pq(10M®(A,l/k)) — Ipm®(a, k- The composite of lower horizontal
arrows is equivalent to p.

Remark 8.7. There is the following uniqueness. Let (), N) be a pair that consists of a derived
stack ) over Q, and N is a vector bundle on ). Here by a vector bundle we mean an object N in
QC(Y) such that for any f : Spec R — Y, the restriction f*(N) is equivalent to a direct summand
of some finite coproduct R®™. The stack X4; ~ [Spec V4 ,;/GL,] has a vector bundle N4 ; that
is defined to be the pullback of the tautological vector bundle on BGL,, = [Spec Q/GL,]. So we
have such a pair (X4, Na;). By the diagram in Remark 8.6, the equivalence ¢ : QC®()C'AJ/,€) ~
DM®(A,1/k) sends N 4, to M. Assume that there is a symmetric monoidal Q-linear equivalence
QC®(Y) ~ DM®(A,1/k) which sends N to M. Then there is an equivalence Y ~ X4 such that
the induced equivalence QC®(Y) ~ QC®(X4,) sends N to Na,. This uniqueness will not be
necessary in this paper, so that we will not present the proof. But one can prove it by using
arguments in [26].

We say that a morphism X — ) of derived stacks over K is affine if, for any Spec R — )Y
from a derived affine scheme, the fiber product X xy Spec R belongs to Affx. Let Affy be
the full subcategory of the overcategory (AlgSty)/y that consists of affine morphisms & — ).
There is a canonical equivalence Affy ~ CAlg(QC®(Y)) (cf. [26, Section 2.3, this is a direct
generalization of the analogous fact in the usual scheme theory).

Definition 8.8. By Corollary 8.4, let us consider M as an object in CAlg(QC‘@(XJ@k/)).
Let Mg — X Tk be a derived stack affine over X T ! that corresponds to Mg through the
equivalence Affy =~ CAlg(QC®(XJ@k/))°p.

=

Let Rg : DM®(k) — D®(K) ~ Mod% be the realization functor associated to a mixed Weil
Theory E with coefficients in a field K of characteristic zero. By abuse of notation we write Rg
also for the restriction DM®(A,1/k) — D®(K). Suppose that Rg(M) is concentrated in degree
zero D(K') (all known mixed Weil theories satisfy this condition). As discussed in [27, Section
4.1] or [26, Remark 6.12], it gives rise to a morphism

pE : Spec K — Xy .
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We refer to this morphism as the base point of Rg.

We briefly recall the construction of pg. Let p : QC®(BGL,,) ~ Rep®(GL,,) — DM®(A,1/k)
be the sequence contained in the diagram in Remark 8.6. Note that this functor carries the
standard representation of GL,, placed in degree zero to M, and the realization functor carries
M to the n-dimensional vector space placed in degree zero in D(K). Therefore, by the universal
property of Rep®(GL,,) (Proposition 5.2 or [26, Theorem 3.1]), the composite QC®(BGL,,) =~
Rep®(GL,) — DM®(A,1/k) — D®(K) is equivalent to the pullback functor QC®(BGL,) —
D®(K) ~ QC®(Spec K) along Spec K — SpecQ — BGL,. Let u : D®(K) — Rep®(GL,) ~
QC®(BGL,) be the lax symmetric monoidal right adjoint to QC®(BGL,,) — QC®(Spec K) ~
D®(K), whose existence is ensured by the relative adjoint functor theorem. Then this right
adjoint induces CAlg(D®(K)) ~ CAlgy, — CAlg(Rep®(GL,)) which carries the unit algebra
K to u(K) ~ I'(GL,) ®g K € CAlg(Rep®(GL,,)) ~ CAlg(QC®(BGL,)). Here, write I'(GL,,)
for the (ordinary) coordinate ring of the general linear group GL, which is endowed with the
natural action of GL,,. The symbol K in I'(GL,) ®q K is understood as the Q-algebra K with
the trivial action of GL,,. Note that there is a natural morphism Uy ; — u(K) ~ I'(GL,) ®q K
in CAlg(QC®(BGL,)). In fact, if v : CAlg; — CAlg(DM®(A,1/k)) denotes the right adjoint
to the restricted multiplicative realization functor CAlg(DM®(A,1/k)) — CAlgy, then there is
a unit map lpma,/k — v(K) that induces Ua; = ¢(1pmea,yr) — qu(K) = u(K), as claimed
(for the functor g, see Remark 8.6). By using the equivalence Aff pqr,, ~ CAlg(QC®(BGL,,)),
we obtain pg : Spec K ~ [SpecI'(GL,) ®q K/GLy] = Xa; = [Spec V4,;/GL,].

Remark 8.9. By this construction and Remark 8.6, we see that the diagram

QC®(X4,) — 2= QC®(Spec K)

zl¢ lz

DM® (A, 1/k) —E DO (K)

commutes up to homotopy, where pj}, is the pullback functor (cf. [26, Section 2.3|), the right
vertical arrow is a canonical equivalence.

One can associate to the base point pg : Spec K — X4; a derived affine group scheme
over K. Namely, we take the Cech nerve G : N(A;)? — AlgSty of pgp x id : Spec K —
X4 Xspecq Spec K, which is defined to be the right Kan extension N(AL)? — AlgSty of
N(A$)? = N({[~1] — [0]})®? — AlgStyx determined by pg x id. The evaluation G([1]) is
equivalent to Spec K X x, ,xSpec k Spec K which is affine because the diagonal [Spec Va ;/GL,] —
[Spec Va1 /GLy] x [SpecVa,;/GLy] is affine. Thus the restriction of G defines a group object
N(A)? — Affg, whose underlying derived affine scheme is Spec K X x4 xSpec K Spec K. We
write ,, X4 for this derived affine group scheme over K. The derived group scheme €,, X4 ;
is related to the derived motivic Galois group:

Proposition 8.10. Let MGE,DM®(A,l/k) be the derived motivic Galois group which represents the

~

automorphism group functor Aut(Rglpyme(ay/k))  CAlgg — Grp(S), ¢f. Remark 7.8. Then
Oy, Xa, is naturally equivalent to MGE,DM®(A,l/k)-

Proof. By Remark 8.9, we have Aut(Rg|pmea,/k)) = Aut(py) where pj; : QC®(X4,) —
QC®(Spec K). It will suffice to show that Q,,X4; ~ Aut(p}). This equivalence follows from
[25, Proposition 4.6]. ]
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Remark 8.11. By the representability of automorphism groups, the restriction to DM® (A, 1/k)
induces MGg — MGE7DM®(A7I/]€) ~ Q,,Xa;. The action of MGg on Rg(Mc) described in
Proposition 7.5 factors through MGg — €,, X4 .

Now we are ready to prove the following pullback diagram which can be regarded as a motivic
generalization of the homotopy exact sequence for the étale fundamental group of C
1— ﬂ'?(C'E,E) - a8(C,c) = Gp — 1
(see Remark 8.13).

Proposition 8.12. Let Mo — XjaJi-//k- be the affine morphism defined in Definition 8.8. Let
us consider the pullback diagram of derived stacks

FE

Mc

|

Spec K L X‘Jﬁvk/

~

in AlgSty. (One may think of this diagram as a Cartesian diagram in Fun(CAlgg,S).) Then
the fiber Fg is naturally equivalent to Spec Rg(Mc), where Rp(Mc) in CAlgy is the image of
Mc under the multiplicative realization functor Rg : CAlg(DM®(k)) — CAlgy. In particular,
when E is the singular cohomology theory, by Theorem 4.3 we have a Cartesian diagram

Spec APL,OO(Ct) I MC

|

Spec @ XJ57kl .

Remark 8.13. The morphism Mgy — X Tk should be thought of as a motivic counterpart

of the delooping of 7¢*(C,c) — Gy. By Proposition 8.10 we can obtain the derived motivic
Galois group MGE’DM®(J6,k,/k) o~ QpEXJEJC/ from the base stack Spec K — Xy k! by using the
construction of the base loop space. The fiber Fg shoud be understood as a role of the delooping
of 7¢¢(Cy, ). Consider the situation that k is a subfield of C. Then 7¢*(Cc, é) is isomorphic to the
profinite completion of the topological fundamental group 71 (C?, ) of the underlying topological
space Ct of Cc = C Xspeck OpecC. On the other hand, if we fix a k-rational point ¢, the

unipotent group scheme é(l)(C, ¢) ~ Spec H(Q R App.0o(CH) Q) is the pro-unipotent completion
of the topological fundamental group m1(C%, ¢c).

Proof. 'We have already done all things. By Remark 8.9, one can identify the multiplicative
realization functor CAlg(DM®(Jz, k'/k)) — CAlgy with

CAlg(QC® (X w)) — CAlg(QC®(Spec K))
induced by the pullback functor p7. Then we use the observation that the canonical equivalences
CAIg(QC®(XJ67kJ))Op ~ Aﬂ"XJFk, and CAlg(QC®(Spec K))P ~ Affgpec i

are compatible with pullback functors. Namely, through these canonical equivalences, the oppo-
site functor CAIg(QC®(XJE7kJ))Op — CAlg(QC®(Spec K)) can be identified with AffXJ@k, —
Affspec k = Aff i given by {Z — Xy} {pry: Z XX w Spec K — Spec K }. Therefore, we
see that Fg is equivalent to Spec Rgp(M¢) via these identifications. O
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Appendix A: Comparison results

We will compare the motivic algebra of path torsors with an approach by Deligne-Goncharov

[14].

A.1 Suppose that k is a number field. We work with rational coefficients. We begin by review-
ing the category of mixed Tate motives over k. Let DTM := DTM(k) be the smallest stable
subcategory of DM(k) that is closed under small colimits and consists of 1;(n) for any n € Z.
The stable subcategory DTM inherits a symmetric monoidal structure from DM(k). We refer to
it as the symmetric monoidal stable co-category of mixed Tate motives and denote it by DTM®.
The stable co-category DTM is compactly generated. Let DTM,, denote the stable subcategory
spanned by compact objects. In particular, Ind(DTM,/) ~ DTM where Ind(—) indicates the
Ind-category. The full subcategory DTM,, coincides with the stable subcategory consisting of
dualizable objects. Let (D(Q)>0,D(Q)<o) be the standard ¢-structure on D(Q) such that C' be-
longs to D(Q)>g (resp. D(Q)<o) if and only if H=(C) = H;(C) =0 for i < 0 (resp. i > 0). For
our conventions on (motivic) ¢-structures, we refer to [33] and [25, Section 7|. Under the setting
where k is a number field, there is a nondegenerate bounded ¢-structure on DTMy, given by

DTMy >0 := Rz (D(Q)s0) NDTMy, DTMy <o := R} (D(Q)<o) N DTMy,

where Ry : DTM® — D®(Q) is the singular realization functor. It is the motivic t-structure
on DTMy (cf. [30]). The realization functor DTMy, — D(Q) is t-exact and conservative. The
both categories DTMy >o and DTMy <q are closed under tensor products. Let TM® be the heart
DTMy >0 NDTMy <o which is a symmetric monoidal (furthermore Tannakian) abelian category.
We refer to TM® as the abelian category of mixed Tate motives.

A.2 The construction in Deligne-Goncharov [14] employs the idea in Wojtkowiak [51] that uses
cosimplicial schemes. Let X be a smooth variety over k. Let x : Speck — X and y : Speck — X
be two k-rational points. To (X, x,y) we associate a cosimplicial smooth scheme, i.e., a functor
PA(X,z,y) : A — Smy, : [n] — X™ whose cofaces are defined by

do(l‘l""?xn) = (mla---,xnax)a dn+1(l‘1,... 7l‘n) = (yvxla" 'a'xn)?

di(ajl, R ,xn) = (xl, ey Tt 1y Tty - - - ,a;n), (0 <1 < n),

d, d' : X" = Speck = X' = X is given by x and y. The codegeneracy are given by projections.
Recall the functor E : Sm;” — CAlg(DM®(k)) from Section 3.2. By abuse of notation we write

= for the composite Sm}” 5 CAlg(DM®(k)) — DM(k) where the second functor is the forgetful
functor. Consider the simplicial object in DM(k) given by the composition

pA X,z,y)°P
( )

Ma(X,z,y) : N(A)P Sm? 5 DM(k).

Let A be the subcategory of A whose objects coincide with that of A, and whose morphisms
are injective maps. The inclusion N(A;)%? < N(A)° is cofinal [32, 6.5.3.7]. It follows that a
colimit of Ma (X, z,y) is naturally equivalent to that of the restriction

Ma(X, 2, y)Inayer + N(As)? — DM().
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Let As <, be the full subcategory of As spanned by {[0],...,[n]}. Let Ma, _ (X,z,y) :
N(Ag<n)®” — DM(k) denote the restriction of Ma(X,z,y). Let M(X,z,y) denote a col-
imit of Ma(X,z,y)Ix,)er (or equivalently Ma(X,z,y)). Let M, (X,z,y) denote a col-
imit of Ma, _,(X,z,y) in DM(k). The colimits M, (X, z,y) naturally constitute a sequence
Mo(X,z,y) — My (X,z,y) — ---, and there is a canonical equivalence hﬂn M (X, x,y) ~
M(X,z,y) (cf. [32, 4.2.3]). Now suppose that M(X) belongs to DTM,,. Then Mxr ~
(M(X)®")V lies in DTM,,. Consequently, the finite colimit M, (X, z,y) belongs to DTM,,. Take
the 0-th cohomology H®(M,, (X, z,y)) with respect to motivic t-structure. We let

Mpe(X,z,y) = lim HO(M,(X, 2,y))

be the filtered colimit in Ind(TM). We refer to it as the Deligne-Goncharov motive associated
to (X, z,y). By [25, 7.4], DTM ~ Ind(DTMy ) has a t-structure given by

(Ind(DTM\Azo), IHd(DTM\Ago)).

Passing to the 0-th cohomology (with respect to ¢-structure) commutes with filtered colimits
so that Mpg(X,z,y) = lim HY (M, (X, 2,y)) =~ HY(M(X,x,y)). Therefore Mpg(X,z,y) is
nothing else but the 0-th cohomology of a colimit of the simplicial diagram Ma (X, z,y).

Remark A.1. Taking advantage of a functorial assignment X +— Mx (see Proposition 3.4),
we here give the cohomological construction of Mpa(X,x,y) while the homological one is
described in [14, 3.12]. Thus, procedures are dual to one another. In loc. cit., one con-
siders the diagram N(Ag<,) — DM(k) : [r] — M(X") induced by the restricted diagram
PAs<n(X,z,9) : N(Ag <) — Smy, : [r] = X" instead of Ma, (X, 2,y) (see [14, 3.12]). Then
take a finite limit of the diagram in DM (k) by means of Moore C(;mplexes. The pleasant feature of
cohomological construction is that it is not necessary to take the family of the restricted diagrams
(though we take trouble to take them): one can directly define it to be the 0-th cohomology of
a colimit of the simplicial diagram Ma (X, z,y).

Remark A.2. One can consider a larger subcategory that consists of Artin-Tate motives. This
category contains not only Tate motives but also motives of the form M (Spec k') such that & is
a finite separable extension field of k. We can treat this category by using a main result of [18]
and [25, Section 8]. But we will not pursue a generalizaton to this direction.

A.3 We will think of TM® as a neutral tannakian category over Q, which is endowed with the
(symmetric monoidal) singular realization functor to the category of vector spaces over Q

Ry : TM® — Vect% .

The Tannaka dual MTG with respect to this functor is a pro-algebraic group over Q which
represents the automorphism group of this symmetric monoidal functor Ry. For any M € TM
MTG ~ Aut(Rr) naturally acts on Rp(M). It gives rise to a Q-linear symmetric monoidal equiv-
alence TM® ~ Rep®(MTG)y where Rep®(MTG)y is the symmetric monoidal abelian category
of finite dimensional representations of MTG. Recall from [25] the relation of tannakization and
MTG.

Proposition A.3 (cf. Theorem 7.16 in [25|). Let MTG be the derived affine group scheme
which represents the automorphism group of Ry : DTM® — D®(Q), that is, the tannakziation of
Ry : DTMY — D®(Q) in the sense of [24]. Then there is a natural isomorphism between MTG
and the underlying group scheme of MTG.
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Remark A.4. There are approaches to MTG by means of bar constructions, see Spitzweck’s
derived tannakian presentation of DTM® [47], (see also [25], [26]). If we suppose futhermore
that k is a number field, then by Borel’s computation of rational motivic cohomology groups of
number fields, it is not difficult to prove that MTG ~ MTG.

Let X be a smooth variety and assume that M (X) belongs to DTM,, (thus Mx also lies in
DTMy). Let z,y : Speck =% X be two k-rational points on X. Recall the motivic algebra of
path torsors

Px(z,y) = 1x ®ny 1k

in CAlg(DTM®) C CAlg(DM®(k)) from Example 3.12. Take the cohomology H(1j ®as 1%)
with respect to the t-structure (Ind(DTMy, >¢),Ind(DTMy <0)).

Proposition A.5. The cohomology H°(Px (x,y)) inherits the structure of commutative algebra
object in Ind(TM) from Px(x,y). (The construction is described in the proof below.)

Proof. Note first that My is the dual of M(X) in DTM, and M (X) belongs to DTMy, >o.
Since Ry(Mx) is the dual of Rp(M (X)) € D(Q)>0, thus My lies in DTMy <¢. Remember that
Rr : CAlg(DTM®) — CAlg(D®(Q)) is a left adjoint (in particular, it preserves colimits). It
follows that Rr(1; ®ary 1) ~ Q ®7, Q. The pushout Q @7, Q lies in D(Q)<¢ (for example,
compute it by the standard bar construction).

Now we recall the left completion of DTM with respect to (Ind(DTMy, >¢),Ind(DTMy <o)).
In a nutshell, the left completion of DTM is a symmetric monoidal t-exact colimit-preserving
functor DTM® — DTM® to the “left completed” stable presentable symmetric monoidal co-
category DTM® (we refer the reader to |25, Section 7.2] and references therein for the notions of
left completeness and left completion). The co-category DTM can be described as the limit of
the diagram indexed by Z

T<n-— T<n-2

oo 5 DTMcps1 = DTM<,, 5 DTM<py

of co-categories, where 7<,, are the truncation functors (we use the homological indexing following
[33]). According to [32, 3.3.3] the co-category DTM can be identified with the full subcategory
of Fun(N(Z), DTM) spanned by functors ¢ : N(Z) — DTM such that

e for any n € Z, ¢([n]) belongs to DTM<_,,,

o for any m < n € Z, the associated map ¢([m]) — ¢([n]) gives an equivalence 7<_,¢([m]) —

o((n]).

Let DTM>g (resp. DTM<g) be the full subcategory of DTM spanned by ¢ : N(Z) — DTM such
that ¢([n]) belongs to DTM> (resp. DTM«g) for each n € Z. The functor DTM — DTM induces
an equivalence DTM<y — DTMc<g. The pair (DTMx, DTM<g) is an accessible, left complete
and right complete t-structure of DTM. The functor DTM — DTM carries M to {7<,M },cz.
Since the t-structure on D(Q) is left complete, thus the realization functor DTM® — D®(Q)

factors as DTM® — DTM® % D®(Q) such that Ry : DTM® — D®(Q) is conservative by [25,
Corollary 7.3|.

Return to the proof. Since DTM® — DTM® is t-exact, we may and will work with DTM
instead of DTM. By abuse of notation, we write 1;,®s, 1, for the image in DTM. It follows from
the conservativity of Ry that 1 ®pr, 1x belongs to DTM<g. Consider the adjunction DTMso &=
DTM : 7> where the left adjoint is the symmetric monoidal fully faithful functor. Thus the right
adjoint 750 : DTM — DTMgg is lax symmetric monoidal. For any M € CAlg(DTM), 7>0(M)



128 Iwanari, Higher Structures 4(2):57-132, 2020.

is a commutative algebra object in DTM?O. Consequently, H(1j, @, 1x) = 7>0(1x ®nry 1k)
inherits a commutative algebra structure

H(1y ®nry 1g) @ HY (1 @nry 1) = HO(1, @ary 1x), HO(1y) — HO(1) @ary 1k)

in Ind(TM). O

We put M(X,z,y) := H°(1; @, 1x). By Proposition A.5 we regard it as a commutative
algebra in Ind(TM) ~ Rep(MTG).

Remark A.6. We can think of M(X,z,y) also as a commutative Q-algebra H°(Q ®71, Q)
with the canonical action of MTG ~ Aut(Rr). This action of MTG on H°(Q ®1, Q) can
be identified with the action in Section 7, Theorem 7.17. As discussed in Section 7.1, Sec-
tion 7.4, MTG ~ Aut(Rr) acts on Q ®7, Q ~ Rp(1x @1, 1k). It gives rise to an action of
the underlying group scheme MTG on H(Q ®7, Q) (but we treated only the case z = y).
By [25, Theorem 7.16] and its proof, there is a canonical equivalence Aut(Ry) ~ Aut(Rr)
as functors CAlgfiQfS — Grp(S) (note that the domain is not CAlgg but CAlggs). In ad-
dition, by [25, Proposition 7.13, 7.12] (DTM®,DTM20,DTM§0) is a locally dimensional oo-
category in the sense of Lurie [34, VIII, Section 5]. Therefore, the heart is the tannakian cat-

egory Rep®(MTG) of (not necessarily finite dimensional) representations of MTG, and the
natural morphism MTG — MTG in Fun(CAlg%fs,Grp(S)) can naturally be identified with
Aut(R7) — Aut(Rr) induced by the restriction of natural equivalences to the heart. Let L
be the function field of MTG. Taking account of Theorem 7.17 (2), the action of the group of
L-valued point MTG(L) on H%(Q ®7, Q) ®g L in Theorem 7.17 coincides with the canonical
action of MTG(L) ~ Aut(Ry)(L) on Rp(H° (1), @y 1x)) ®o L ~ HY(Q ®r, Q) ®g L. Since
MTG is integral, the coordinate ring on MTG is a subring of L. We then deduce that the action
of the group scheme MTG on H°(Q ®r, Q) in Theorem 7.17 coincides with the natural action
of MTG ~ Aut(Ry).

A4
Theorem A.7. There is an isomorphism

Mpa(X,z,y) ~ M(X, z,y)
in Ind(TM).

Lemma A.8. Let Fin be the category of (possibly empty) finite sets. Let C be an co-category
which has finite coproducts. Let Fun™(Fin,C) be the full subcategory of Fun(Fin,C) spanned by
those functors that preserve finite coproducts. Let A° — Fin be the map determined by the set
having one element. Then the composition induces an equivalence Fun™ (Fin,C) — Fun(AY,C) =
C of co-categories.

Proof. We here denote by * the set having one element. Since C has finite coproducts, any
functor AY — C admits a left Kan extension along the inclusion A? = {x} — Fin. Moreover,
F : Fin — C is a left Kan extension of F \{*} if and only if F' preserves finite coproducts. Thus,
by [32, 4.3.2.15] Fun™ (Fin, C) — Fun(A% C) = C is an equivalence. O
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Example A.9. Let X € Smy. Let (X) be the subcategory of Smy defined as follows: Objects
are finite products of X, that is, {Speck, X, X?,..., X" ...}. A morphism f : X" — X™ in
Smy, is a morphism in (X) if and only if f is of the form X" — X, (x1,...2n) — (Tiy, ... T4,)
for some {i1,...,im} C {1,...,n}. Then there is an equivalence (X)° ~ Fin which carries X"
to the set having n elements.

Proof of Theorem A.7. We will prove that there is a natural isomorphism Mpg(X,z,y) ~
M(X,z,y) in Ind(TM). Note the equivalence 1; ®nr, 1k ~ 1x @pyemy Mx in CAlg(DTMy)
where the right hand side is determined by z* @ y* : Mx @ Mx — 1, @1 >~ 1 and Mx @ Mx ~
Mx«x — Mx induced by the diagonal X — X x X. Here the two projections X + X x X — X
determines a canonical equivalence My ® Mx — Myxx in CAlg(DTMY) (one way to see this is
to observe that the conservative realization CAlg(DTMY) — CAlgg sends Mx @ Mx — Mxxx
to Tx ® Tx — Txxx that is an equivalence by Kiinneth formula). Next we define a certain
“resolution” of Mx over Mx ® Mx. For this purpose, let us consider the following cosimplicial
scheme

RA(X): A —Smy, [n]— X' xX"xX"

over X' x X" = X x X. Here, to avoid confusion we put X’ = X and X” = X, and X' x X" is
regarded as the constant cosimplicial scheme. Cofaces are given by

i .
d (l‘o,ﬂ?l,. . .,$n+1) = (CL‘o, vo oy Tp—it1ly Tp—itly-- .xn+1), 0<:<n+1,

and codegeneracies are defined by projections. If X — X’ x X" is the diagonal morphism, then
RA(X) has a coaugmentation X — R2(X) over X’ x X”. Observe that there is a the fiber
product of cosimplicial schemes

PA(X,z,y) RA(X)

| |

Speck = (y,z) —= X' x X"

where the right vertical map is the projection, and Spec k is considered to be the constant cosim-
plicial scheme. For each cosimplicial scheme, composing it with = : Sm;” — CAlg(DM?(k)) we
obtain simplicial objects Ma (X, z,y), Ma(X), Mx' ® Mxn, 1;, in CAlg(DM®(k)) respectively
from P2(X,z,y), R*(X), X' x X" and Speck. Each term of these simplicial objects lies in
CAlg(DTMy) since Mxn ~ M%”. Consider the pushout 1 ®ur,,@nm,, Ma(X) of simplicial
objects (which consists of termwise pushouts). There is a natural morphism of simplicial objects

1 @meMyn Ma(X) = Ma(X,2,y).

This morphism is an equivalence. To see this, it will suffice to prove that the morphism in each
term is an equivalence. The morphism in the n-th term is equivalent to

1 @myoMyn Mxr @ Mxn @ Mxr — Mgy xnx {2}

which is an equivalence. Let M(X) be a colimit of Ma (X) in CAlg(DTM). The coaugmentation
X — RA(X) over X' x X" gives rise to M(X) — Mx over Mx: @ Mxn. Since Mpg(X,z,y) =
HO(M(X,z,y)), we will show that the induced map

Ho(lk‘ ®MX’®MX” M(X)) — Ho(lk’ ®MX®MX MX)
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is an isomorphism in Ind(TM). To this end, recall the left completion DTM® — DTM® from
the second paragraph of the proof of Proposition A.5. It is symmetric monoidal, t-exact and
colimit-preserving. We may and will replace DTM® by DTM®. We show that 1 @ny oMy Mx
is the colimit of 1 ®pr,, @y, Ma(X) in DTM. The image of Ma(X) under the realization
functor is the simplicial diagram in CAlgg given by the composite

A o
S:AOPR(—)Q

" Sm®? 5 CAlg(DM® (k) B CAlgg, [n] > Txrxnwxr

Since CAlg(DTM) Ry CAlgg is conservative and colimit-preserving, we are reduced to proving
that s : [n] = Txryxnxx in CAlgg has a colimit Tx. Welet Fi : (X)? — CAlgg be the functor
given by X™ + Txm. The natural projections induce Tf?m =Tx®...0Tx = Txm, and Tspeck =~
Q. By Lemma A.8 and Example A.9, there is a canonical equivalence Fun™ ({X)°P, CAlgg) ~
CAlgg which carries F to F(X). Since Fx belongs to Fun'((X)?, CAlgg), the functor Fx
that preserves finite coproducts is “uniquely determined” by Fx(X) = Tx. Let A be a cofibrant
commutative dg algebra over QQ that represents Tx. Let CAlgég — CAlgg be the canonical
functor (see Section 2). Let fa : (X)? — CAlgég be the functor given by X™ — A®™
which corresponds to A through the canonical equivalence Fun™ ((X )P, CAlgfég ) =~ CAlgég . The
composite Fq : (X)® — CAlgg is the functor that preserves finite coproducts. Thus Fy €
Fun* ((X)?P, CAlgg). It follows from A ~ Tx in CAlgg that Fy ~ Fx. Note that R®(X)% :
A’ — Sm;” uniquely factors through the subcategory (X)°” — Sm;”. The composite s :
AP — (X)OP I CAlgg is equivalent to s : A% — (X)°P 5 CAlgg. We may replace s by s'.
By unfolding the definition, the simplicial commutative dg algebra s’ : A% — CAlgleg , [n] —
A® A®"® A (over A® A) is the simplicial bar resolution of A over A® A: [n] — A® A®" ® A
(see [41, 4.3, 4.4, 4.6] or [51, 3.7] for what this means). The (homotopy) colimit of the simplicial
bar resolution [n] — A ®@ A®" ® A (equivalently the totalization) is naturally equivalent to A.
(We remark that a colimit of a simplicial diagram of commutative algebra objects is a colimit of
simplicial diagram of underlying objects.) Consequently, 1x @, ,@nr, . M(X) ~ 1 @y @ Myn
Mx in DTM. Hence we obtain a canonical isomorphism Mpa(X,z,y) ~ M(X,z,y) in Ind(TM).
O
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