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Abstract

We define the notion of a 2-operad relative to an operad, and prove that the 2-associahedra form
a 2-operad relative to the associahedra. Using this structure, we define the notions of an (A, 2)-
category and (Ao, 2)-algebra in spaces and in chain complexes over a ring. Finally, we show

that for any continuous map A — X, we can associate the related notion of an (A, 2)-algebra
9(A — X) in Top, which specializes to 6(pt — X) = 22X and §(A — pt) = QA4 x QA.
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1. Introduction

The first author recently constructed in |7] a family of abstract polytopes called 2-associahedra,
which he realized as stratified spaces in [8]. These spaces are intended to play the same role as
associahedra do for the definition of an A..-category, but for a new algebraic notion called an
(Aso, 2)-category. As developed in |7, 8,9, 12, 10, 15], the correct way to express the functoriality
of the Fukaya category is to construct an (A, 2)-category (the symplectic (A, 2)-category)
whose objects are symplectic manifolds and where hom(M, N) is Fuk(M ™~ x N). The definition
of the notion of an (A, 2)-category is therefore a fundamental step in the first author’s ongoing
project to construct the symplectic (A, 2)-category.

In this paper we show that the 2-associahedra (or their realizations) have an operad-like
structure: they form a 2-operad relative to the associahedra. The notion of a relative 2-operad
as such is new. It can be phrased in terms of Batanin’s theory of higher operads (see §2.3 and
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Prop. 2.9), but we feel that the concept of a relative 2-operad is natural enough to deserve its
own name and definition. One can define a category over a relative 2-operad, and when we
specialize to the 2-operad of topologically-realized 2-associahedra, we obtain the definition of
(Ao, 2)-categories in Top.

Recall from [7] that for every » > 1 and n € ZZ, \ {0} there is a 2-associahedron Wy, which
is an abstract polytope (after adding a formal minimal element) of dimension [n|+r — 3 and, in
particular, a poset. In [8], the first author constructed realizations of the 2-associahedra in terms
of witch curves, denoted 2My; 2M,, is a compact metrizable space stratified by Wy. These
realizations satisfy the following properties, which inspire our Def. 2.3 of a relative 2-operad:

(FORGETFUL) 2M,, is equipped with a forgetful map m: 2M,, — M. to the compactified moduli
space of disks with r + 1 boundary marked points, which is a continuous and surjective map of

stratified spaces.

(RECURSIVE) For any stable tree-pair 2T = (T, & T,) € W, there is a continuous and

injective map of stratified spaces

ﬂ#in(p)
—t 5t ——tr
Lor: [ 2Mye < 1 II  2Mie..sinuman = 2Ma™ (1)
ae‘/clomp(Tb)v PEVint (TS) ae‘/c%glp (Tb)mf_l{p}z
in(a)=(B) in(a)=(B1,-,Bxin(p))

where the superscript on one of the product symbols indicates that it is a fiber product with
respect to the maps described in (FORGETFUL).
These ingredients allow us to state the first main result of this paper, taken from §2.2:

Definition-Proposition 2.6, paraphrased. The realized 2-associahedra (2My), together with
the forgetful maps w: 2My — M, and certain of the structure maps Lo, form a 2-operad relative

to the associahedra (M,). The same statement is true when 2My, resp. M,. are replaced by the
2-associahedra Wy resp. K.

Indeed, these properties of the 2-associahedra and their realizations get to the heart of the
definition of a relative 2-operad: such a thing consists of an underlying operad together with a
collection of objects indexed by | |, ~;(Z%, \ {0}), together with maps of the form 7 and I'yp
that satisfy suitable compatibility conditions. (More precisely, we only need structure maps I'yp
for certain tree-pairs, as described in Def.-Prop. 2.3.) In the same subsection we give another
example of a relative 2-operad, which is denoted (2Cube,) and is closely related to the little
cubes family of operads. We expect that (2Cubey) and (2M,,) are homotopy equivalent in an
appropriate model categories of relative 2-operads, which we intend to define in the future.

Next, we define in §3 the notion of a category over a relative 2-operad in a category with finite
limits and an R-linear category over a relative 2-operad in Top. The latter definition allows us
to make the following definition, which formed the first author’s original motivation to formulate
and study the 2-associahedra:

Definition 3.9. An R-linear (A, 2)-category is an R-linear category over the relative 2-operad
((./\/lr), (2./\/ln)). A

—_—— —~——

We produce a family of examples of (A, 2)-algebras (i.e. (Ao, 2)-categories with one object),
where the tilde indicates that we work with (2Cubey,), rather than (2My):
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Proposition 3.5. Fiz a map f: (A,q) — (X,p) of pointed topological spaces. Define a space
0(A — X) by

oA — x) = { (0%

u(_70):fo’7*7 u(O,—):p:u(l,—)
W)= fors 14 (0)=g—y2 (1) } (2)

and equip (A — X) with maps s,t: 0(A — X) — QA that send (u,vy4+,v-) to y— resp. V4.
s,t —
Then the pair (A — X) = QA is an (A, 2)-algebra. A

We close this introduction by mentioning Michael Batanin’s theory of m-operads, which is
related to the notion of relative 2-operad defined in this paper. In fact, relative 2-operads can be
phrased as instances of 2-operads, as we show in Prop. 2.9. Moreover, in [1| Batanin proposed a
collection of spaces (Br), where T ranges over the 2-ordinals; this collection forms a 2-operad,
and the spaces Br seem to be surjective images of the spaces 2M,,. An example of this is shown
in Fig. 1.

Figure 1: There are some similarities between the spaces 2My, and the spaces Br defined by
Batanin in [1], for 7" a 2-ordinal. (In fact, Batanin allows T to be an m-ordinal.) (a) is the
space Bp corresponding to the 2-ordinal T := 0 <g< 1 <g 2; (b) is the space Wi11. (a) can be
obtained from (b) by collapsing 8 of the edges in (b) into vertices.

1.1 Further directions

e Symplectic geometers define an (R-linear) A.-category to be a category over the operad
of cellular chains on realized associahedra, with respect to the obvious cellular structure.
Ultimately, it would be convenient to have an analogous definition of (A, 2)-categories,
as opposed to the definition we give in this paper, which uses singular chains on realized 2-
associahedra. It is not currently clear to the authors how to accomplish this, because faces
of 2-associahedra decompose canonically as products of fiber products of 2-associahedra.
In future work we aim to address this issue.

e It would be very interesting to understand the connection between the 2-associahedral
relative 2-operad and the little 2-disks operad Es. (This would be related to Batanin’s
exploration of the connection between E,,-operads and n-operads, see in particular [1, 2, 4].)
Once this is accomplished, we hope that finding such a connection would shed light on
what happens when one restricts an (Ao, 2)-category to a single object with the identity
1-morphism. One might speculate that such a restriction would have the structure of a
homotopy Gerstenhaber algebra. See [11] for some recent progress in this direction.

e Categories over the A,-operad are exactly Ao-categories in the sense of [3]. There is a
homotopy theory for such catgegories and there is a natural nerve functor of co-categories
from A.-categories to the (oo, 1)-category Cats. We expect a similar picture in the case
of (A, 2)-categories: namely, that they can be organized to form an oo-category using
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a model structure on them, and that there is a functor to the (oo, 1)-category of (o0, 2)-
categories. Then, one could consider the 2-associahedra as encoding higher coherences in
certain (0o, 2)-categories in an economic way.

2. Relative 2-operads

In this section we will define and explore the notion of a relative 2-operad. We begin by defining
this notion in §2.1. Next, in §2.2 we give two examples of relative 2-operads: (2Cubey) is a
2-operad of spaces relative to the little intervals operad, and the 2-associahedra (Wy) form a
2-operad of posets relative to the operad of associahedra; the latter statement is also true for the
topological realizations in the category of spaces. Finally, in the subsection §2.3 we analyze the
relationship between relative 2-operads and Batanin’s notion of 2-operads.

From now on, Hz/ X; will denote the fiber product of a collection of objects (X;) in a category
C with respect to morphisms X; — Y.

2.1 The definition of a relative 2-operad Before we come to the definition of a relative
2-operad, we set notation by recalling the definition of an operad.

Definition 2.1 (Def. 1.4, [16]). A non-X operad in a symmetric monoidal category (C,®,1) is
a collection (P,),>1 C C together with a family of structure morphisms

’Vr,(si)IPr® ® PZ_>P215z’ 7, 81,...8- > 1 (3)

1<i<r
satisfying the following axioms:

(AsSOCIATIVE) The following diagram commutes:

e Pe QR P,—Po (Psi® & Ptij> (4)

1<i<r 1<i<r 1<i<r 1<5<s;
1<5<s;

de® ®1§iér Vsiy(tiz)

-y xid
’Y’I‘,(Sl>><1 PT' X H PZ] tij
1<i<r

Tr (35 tig)

Py, ® Q) P Py g
D2 8i ' tngEisi,(tLl ..... t1,5p sty 1oeestrysy) 2 tis
1<i<lr
1<5<s;

(UNIT) There is a unit map n: 1 — P; such that the compositions

i ®T T i S
P®1% L pogper Ay po 1gp S pep M9 P, (5)
are the iterated right resp. left unit morphism in C. AN

Definition-Proposition 2.2. For any r > 1 and s € Z%,, define T, (s, to be the following

element of K&

28
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S1 Sp

——— ——

Define v, (s, K x 11, K;fee — Ktzr:e_esl, by setting vy (s;) = VT (a1 where the latter map was
defined in Def.-Lem. 2.14, [7]. Then (K, );>1 with these composition maps forms a non-% operad
in the category of posets. Similarly, (M,.), is a non-Y operad in Top.

Proof. To prove that the operations 7, s,y : K x [, K™ — Ktzre_eSi make (K, ),>1 into a non-

Y. operad, we must verify (ASSOCIATIVE) and (UNIT). (UNIT) is an immediate consequence of
the definitions of vy () and v, (1,..1)- (ASSOCIATIVE) follows from a diagram chase:

o Si i i S i
: y
—
1<i<r
s 1<i<r o 1<j<s; ) )

Definition 2.3. A non-% relative 2-operad in a category C with finite limits is a pair

((Pr)rZh (Qm)meZTZO\{O},r21>’ (6)

where (F;),>1 is a non-X operad in C with structure morphisms 7, (4,), and where (Qm) C C is
a collection of objects together with a family of structure morphisms
. Psi
Im,me): @m X [licic, [Tidacm, @ne — @5 ns .5, nes (7)
TyS81,...8 2 1l,me Zrzo\{o}an? € Zszlo\{o}

(Here the subscript in @y~ ne . 5> ne denotes the concatenation of }°, nf, >° n3, etc., which
is a vector of length >, s;.) We require these objects and morphisms to satisfy the following
axioms.

(PROJECTIONS) ((Pr), (Qm)) is equipped with projection morphisms

Tm: Qm — P, r>1, meZ5,\ {0} (8)
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such that the following diagram commutes:

Qm X H H Qn“ m—na)>QZ n$,..,> , n¢ (9)

1<i<r 1<a<m;

(wm, || 7T) TS nd,.., Y, nd

1<i<r

Px ] P . Ps ..

1<i<r

(ASsOCIATIVE) The following diagram commutes:

PSZXH Pt Ptij
Qm > |1 H Qng < ][ H Qo > Qmx [T JI @< I 11 @
1<i<r 1<a<m; 1<i<r 1<a<m; 1<i<r 1<a<m; 1<5<s; 1§b§ng.
1<j<s; 1<b<n{; J
id x (I
J( ( n?,(p‘;}’))
Z] )
o I 1l
O Qs v

1<i<r 1<a<m;

m,(Zp P pﬂ’i)

< 11 H —
@y, n¢,..3, ne Qp” - Q5 P T iy P s P s DL,

a ab
1<i<r 1<a<m; n{,....3q n1),(P3;)
1<j<s; 1<b<nd;

(10)
where the fiber products are with respect to the projection morphisms described in (PROJEC-

TIONS), and where the notation of concatenated sums appearing as subscripts should be inter-
preted in the same way as we explained in Def. 2.3.

(unIT) If 1 denotes the final object of C, then there is a “unit map" x: 1 — @1 such that the
compositions

I'm
m,((1,...,1),...,(1,...,1))
Q X 1X|m|—H>Q XQX|mI Qma

1% Qu—225 Q) x Qu—"" Q, (11)

are identified with the identity morphism via the canonical isomorphism Qn x 1™ =~ Q.

A

Hde

2.2 Examples of relative 2-operads We now turn to two examples of relative 2-operads.
The first, (2Cubey ), is an illustrative example intended as a warm-up. It is a 2-operad in spaces
relative to the little intervals operad, and each 2Cube,, sits inside of the arity-|n| space in the
little squares operad. The second is the 2-associahedra (Wy,), which form a 2-operad of posets
relative to the operad of associahedra. This is our marquee example; in fact, it motivated the
notion of relative 2-operads. We expect these two relative 2-operads to be homotopy equivalent
in an appropriate sense not yet defined, once we pass to a topological realization of the latter.
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2.2.1 (2Cubey,) We begin with the relative 2-operad (2Cubey,). Each 2Cube, is a configuration
space of |n| disjoint rectangles inside a bounding square. 2Cube, is a subspace of the |n|-th space
in the little 2-cubes operad, obtained by requiring certain of the rectangles to be horizontally
aligned. First, we recall the definition of the little intervals operad (Cuber).

Definition 2.4. For any r > 1, define Cube, to be the space of increasing linear embeddings of
r copies of [0, 1] into [0, 1], such that:

e The r images are disjoint.
e For any i < j, the image of the i-th interval is to the left of the image of the j-th.

(Cube,,)p1 forms an operad, where the composition maps are defined by rescaling and inserting

configurations as in Fig. 2. A
H — — —t e > OO
Cubes X Cubes X Cubeg — Cubes

Figure 2: Here we illustrate the composition map 73 (2.3) of (Cuber). It acts by linearly shrinking
the second and third configurations and using them to replace the two intervals in the first

configuration.
We can now define (QCuben), which forms a 2-operad relative to (Cuber).

Definition 2.5. For any » > 1 and n € ZZ, \ {0}, define 2Cube, to be the space of pairs

(2C, C), where C is a configuration in Cube, and where 2C' is a collection of linear embeddings
of |n| copies of [0, 1]? into [0, 1]? satisfying the following properties:

Each embedding is of the form (z,y) — (az + ¢, by + d) with a,b > 0.

The |n| images are disjoint.

Reindex the embeddings by referring to the (n; + --- 4+ n;—1 + j)-th embedding as the
(i,7)-th embedding. Then we require that for any i, j, the postcomposition of the (i, j)-th

embedding with the projection pry: R? — R is equal to the i-th embedding in C.
e For any 7 and j < j', the image of the (i, j)-th embedding lies below the image of the
(i, 5')-th.

(2Cuben) is a 2-operad relative to (Cuber)7 with composition maps defined by rescaling and
inserting configurations as in Fig. 3 and with projection 2Cube,, — Cube, given by sending

(2C,C) to C. A

We denote an element (2C, C') of 2Cubey, by a square above a horizontal interval, as shown below
in Fig. 3. The interval is decorated by subintervals, which indicate the images of the embeddings
in C. The preimages of the intervals under the first projection pry: R? — R are shown as
subrectangles of height 1 in the square. The images of the embeddings in 2C' are denoted by
subrectangles of the square of height less than 1.
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————————————————

2Cube20 X (2Cube10 X Cubes QCubegl) X Cubeg — 20111)631000

Figure 3: Here we illustrate one of the composition maps of (QCuben). It acts on the underlying
configurations of intervals by ¥y (2 3), and on the configurations of rectangles by linearly shrinking
the second and third configurations and using them to replace the two blue rectangles in the first
configuration.

2.2.2  The 2-associahedral relative 2-operad (Wy) We begin by recalling the definition of the
2-associahedra Wy, from |7], verbatim.

Def. 3.1, [7]. A stable tree-pair of type n is a datum 27 = Ty EN Ts, with Ty, Ty, f described
below:

e The bubble tree Ty is a planted ribbon tree whose edges are either solid or dashed, which
must satisfy these properties:
— The vertices of T} are partitioned as V(T}) = Veomp U Vseam U Vinark, Where:
* every a € Viomp has > 1 solid incoming edge, no dashed incoming edges, and
either a dashed or no outgoing edge;
% every & € Vieam has > 0 dashed incoming edges, no solid incoming edges, and a
solid outgoing edge; and
* every o € Vipark has no incoming edges and either a dashed or no outgoing edge.
We partition Veomp =: VclOmp L V(%l%p according to the number of incoming edges of a
given vertex.
— (STABILITY) If o is a vertex in Vc})mp and £ is its incoming neighbor, then #in(g) > 2;
if « is a vertex in V:%rznp and By, ..., B¢ are its incoming neighbors, then there exists j
with #in(8;) > 1.
e The seam tree Ty is an element of K™ i.e. the poset of planted ribbon trees with r leaves.
e The coherence map is a map f: Ty — Ty of sets having these properties:
— f sends root to root, and if 8 € in(a) in Ty, then either f(5) € in(f(a)) or f(a) =
1(8).

— f contracts all dashed edges, and every solid edge whose terminal vertex is in Vclomp.

— For any a € n%glp, f maps the incoming edges of « bijectively onto the incoming
edges of f(a), compatibly with <, and <j(s).

— f sends every element of V. to a leaf of T, and if )\;TFS is the i-th leaf of T, then
I _I{AZ-TS} contains n; elements of V.., which we denote by ,uﬁ’, e uz;i’z

We denote by W the set of isomorphism classes of stable tree-pairs of type n. Here an
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isomorphism from T} 4, Ts to Ty 1, T} is a pair of maps ¢y: T, — Ty, and ¢,: Ts — T, that fit
into a commutative square in the obvious way and that respect all the structure of the bubble
trees and seam trees. A

Next, we recall that for every stable tree-pair 27" there is an inclusion of the following form:

Kyin(p)
. tree tree tree
Lor: [ Wi < 11 [T Wie. sm@ag = Was (12)
aevclomp(Tb) PEVim(Ts) aevc%gnp(Tb)ﬁf_l{p}
in(a)=(B) in(@)=(B1.-:Bgin(p))

This map is defined in |7, Def.-Lem. 4.4]. While the complete setup for this map would take us
too far afield, in Fig. 4 below we will give an illustrative example. First, for any r, s1,...,s, > 1,
m € Z%, \ {0}, and n},...,n" € 7%, we define 2T m,(ng) to be the following tree-pair in

K2
WZG, ng‘7”-7za ng:

The associated composition map maps between the following posets:

K,
F2Tm,(nfil) : Wm X H H anil - WZa ncllv“'vZu. ng' (13)

1<i<r 1<a<m;

On the level of seam trees, this map is the ordinary operadic composition in K,. On the level of
. . K.
bubble trees, this map attaches the roots of the bubble trees of the elements in [ [, <, <, [T; <<, Wae

to the leaves of the bubble tree of the element of Wy,. We depict an example in the following
figure:
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W2 X W100 X K3 W200

Figure 4: Each W), is an abstract polytope. The target is the face lattice of a polyhedron; we
depict its net on the right-hand side. We label the top faces of each polytope by the bubble tree
of the corresponding tree-pair; for reasons of space, we do not include the seam tree, and we do
not label the positive-codimension faces. The green pentagon in the codomain is the image of
this composition map.

We can finally exhibit the 2-associahedra as a 2-operad relative to the associahedra.

" " K,
Definition-Proposition 2.6. Define I'm,(ng): Wi X [Li<i<: 1<a<m; Wne = W ne 5o ne

(nay» Where the latter map was defined in Def.-Lem. 4.3, [7]. Then

((Ky), (Wn)) with these composition maps forms a relative 2-operad in the category of posets.

by setting me(ng) = Lot

Proof. (UNIT) holds trivially, and (PROJECTIONS) is equivalent to the observation that for any
tree-pair 27" = (T, — Ts), I'ar and 7, are intertwined by the projections.

(ASSOCIATIVE) holds by a diagram chase similar to the one conducted in the proof of
Def. Prop. 2.2 above. We conduct this chase in Figure 5. Because this figure is so complex,
we display only the bubble trees, rather than the full tree-pairs. In fact, the diagram chase
conducted in the proof of Def. Prop. 2.2 is identical to what happens to the seam trees in Figure
5. O

Similarly, ((M,), (2My)) is a relative 2-operad in Top.

2.3 Relative 2-operads and Batanin’s 2-operads In this subsection, we relate the notion
of a relative 2-operad presented in Def. 2.3 above to Batanin’s theory of monoidal globular
categories. Specifically, we will show in Prop. 2.9 that relative 2-operads coincide with certain
2-operads in a certain globular category.

Before we can define the notion of a 2-operad, we must define r-globular categories, r-globular
monoidal categories, collections in globular categories, and the monoidal structure on coll(C).
First, we recall the definition of an r-globular category:

Definition 2.1, [4] (paraphrased). An r-globular category C is a sequence of categories
(Co, ..., Cy) and functors sy, ty;: Cp — C; for k > I satisfying the following relations:
Slym © Skl = Skymy  tm © bkt = tkm, (14)

S11—19t41,0 = Si+1,0-1,  SLI—1°t410 = Si+1,0-1,  tii—19 Si41,0 = tig1-1-
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a a ab ab
mi1 My Ty T, Dij1 Pijty;

411

' 1<i< b lgigr
’ a StSToy a 1<j5<s;
2T 2T, lsasm 2155 1<a<m
l 1§b§n?j
a a ab ab
mi My 51 is Pij1 Pijty,

I I I lsisr 1<i<
- . [3 ™
; i Za<m, 1<a<m
2 7 2y 7 2ny1SiEh,
12b2n‘?':
<b<ng
1 1 mi mi 1 1 m my
Ny Mg, Mp Mg Ny Mg, Mpy Ny,
2T e 2T AT} o
( ) 1<i<r
> 1< < s
I 1<a<m,
2T 1<b <Y,
1 1 mi mi 1 1 m m
1 n181 i nlsl OS] nrsr nrlr nrs:
ml ﬁ?f ( . ) ( L a ) ( )
al L. J an;q 2Ta1 L a
2T T s 2T is; e 2T‘mzsi
54 )
1< <
2T ’ ( . ) 12 a< my
2T
1
my mqn] 1 1 1nl
aryy 1t omy MU oyttt omy ML amll am U ol am T
( )( y ) ( y )( ) ( )( y ) ( y )( )

) = ) = ) mr mr
oy om ' 2mll v e o™ ot oqmrR
OVEIGN AN OVE R OVEI VS

( 27" (

Figure 5: Diagram chase for (ASSOCIATIVE) axiom.
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If C is an r-globular category for 0 < r < oo, and s < r, we denote by C., the globular category
obtained from C by omitting all the categories C; for s <t < 7. A

The most relevant case of a globular category for us is the case r = 2. A 2-globular category
consists of a category Cp of “objects”, a category C7 of “morphisms”, and a category Cy of “2-
morphisms”. Note that in this definition, we assume no composition rule on C7 and Cs.

We will also need the notion of a monoidal structure on an n-global category (which we could
call a “composition rule”, in the terminology of the previous paragraph).

Definitions 2.3 and 2.6, [4] (paraphrased). An r-globular monoidal category consists of an
r-globular category C together with various “relative composition rules” ®; j: C; X, ;.. Ci = C;
for j < ¢ and “relative identity maps” 1; ;: C; — C; for ¢ < j, satisfying certain associativity and
unity relations. An augmented r-globular monoidal category is an r-globular monoidal category
together with a compatible collection of monoidal structures (®;_1: C; x C; = Cj)o<i<r- A

The final preliminary definition is that of a collection in an r-globular category. To make
this definition, we will need to use TR, the r-globular category of r-stage trees. Namely, TR; is
the category of functors F': [i]°P — A where [7] is the linearly-ordered set of size i + 1 and A is
the category of ordered sets. Geometrically, we think of F'(j) as the set of vertices of distance j
from the root of the tree. The unique morphism F(j) — F(j — 1) assigns to a vertex v € F(j)
its immediate parent p(v) in the tree F. Then TR = (TRi)i>0 forms an w-globular category,
with the source and target maps both induced from the prefix embedding [j] — [i] for j < i.
Geometrically, this means that s; ;(F) = t; j(F') is obtained from F' by chopping off all vertices of
F with height greater than j. Moreover, TR admits a globular monoidal structure with relative
tensor product obtained from the monoidal structure on A by concatenation, and the unit maps
1; ; obtained by declaring an j-stage tree to be i-stage tree with no leaves of height greater than
j-

We now come to the notion of a collection in an r-globular category.

Definition 6.1, [4]. A collection in an r-globular category C = (Ci)o <;<, 18 a globular functor
TR<, — C. o A

In other words, a collection A assigns to each tree T' of height i < r an object of C;, thought of
intuitively as the object of “T-shaped operations”. These choices are required to be compatible,
in the sense that we must specify isomorphisms between s; ;_1A(T), t; ;-1 A(T), and A(O(T)) in
a compatible way.

Suppose that C is an augmented monoidal r-globular category C with finite globular coprod-
ucts which distribute over all tensors in C. In this situation, Batanin equips coll(C) with a
monoidal structure ([4, Thm. 6.1]). (The notions of globular coproduct and the distributivity of
such products are defined in [4, Def. 5.2] and [4, Def. 5.4], respectively.) We shall briefly explain
the underlying binary tensor product in the case » = 2, which is the case relevant to us. To do
so, we will need the notion of a 2-tree.

Definition 2.7. A 2-tree of height ¢ is a tree F': [i]°°P — A and an assignment v — G, from
vertices of F' to trees, such that G, is a ht(v)-stage tree, and such that for every v € F(j) we
have Gp(v) = Sj,jfl(Fv)- A

Note that to specify a 2-tree, it suffices to specify its values on the leaves of F'; all other junctions
in F' only impose constraints on these choices.
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Let 2TR = (QTRi) - denote the 2-globular category of 2-trees, with its obvious globular

i

structure. There is then a functor §: 2T R — TR, defined like so:

5(F, (G”)ve]_[j F(j)) := the tree with vertices H ];[(.) G4(j), such that p(v,u) = (p(v), p(u)).
J ver(y
(15)

(In the definition of J, we have identified p(u) with an element of G, via the isomorphism

G

P
structure. We define the binary tensor product on coll(C) to be the following operation:

(v) & 0G,.) Using this functor, we can equip the r = 2 case of coll(C) with a monoidal

UeB)(F) = [ AF)e20 Q@ ® B@G)H|. e

5(F/7{G1J}):F veF! :2,hot(v):1 ht(u):22,,1p(u):v
In the general case, one recursively replaces the value at a vertex of the base-tree F’ by the
relative tensor product of the values at its immediate descendents, where the relative tensor
product is the one that matches the types of the objects decorating the relevant vertices.
We are finally ready to define the notion of an r-operad.

Definition 2.8. Let C be an r-globular monoidal category. An r-operad in C is an associative
algebra in coll(C). A

In order to identify the notion of a relative 2-operad with a certain class of 2-operads, we will
define a certain r-globular category C. Let D be a category with finite limits, endowed with a
distinguished class of morphisms F' that is closed under composition, contains all isomorphisms,
and is closed under pullbacks. Set C := {Cp, C1,C2}, where Cp = pt and Cy = D, and where
Cy := spanp(D) is the category X of spans from Y to Z in D, where both maps are in F', and
with morphisms the morphisms of diagrams. The source and target maps are just given by X
and Y respectively. This 2-globular category C is endowed with a globular monoidal structure
given as follows. The relative tensor product of C; over Cj is given by the product in D. The
relative tensor product of Cy over Cj is given by the monoidal structure on spany D induced from
the product in D. Finally, the relative tensor product of Cy over (' is given by the composition
of spans.

Finally, we can relate our notion of relative 2-operad to the notion of r-operad.

Proposition 2.9. Let D be a category with finite limits. A relative 2-operad in D is a 2-operad
i the globular category C as above, for which the source and target maps coincide.

Proof sketch. We show how to get a relative 2-operad from a 2-operad in the globular category C
for which the source and target maps coincide. The other direction is similar. Given a 2-operad
A in C, we need to supply a relative 2-operad

((P’/’)TZD (Qm)mezgo\{0}7r21)7 (17)

Denote by 7). the tree consisting of a root and r leaves; for m € Z% \ {0}, denote by by T} (m,)
the tree with r leaves vy, ..., v, of height 1 and m; leaves of degree 2 with parent v;, as pictured
here:
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mq my
r
——
T Tr i)

We set P, == A(T;) € C1 = D. By definition, the object A(T}.(s,)) is an object of D which we
take to be Qm, endowed with a map

ATy () = Qe — Pr =~ A(T}) (18)

which we take to be the structure map 7, of the relative 2-operad.

The multiplication maps A ® A — A now give us the structure maps v, s,): Pr x [[; Ps; —
Py, as follows. For the height-1 tree Ty~ ., A(T;) x [[; A(Ts,) = Pr X [[; Ps, is a summand of
(A® A)(TE,- s;) and so the multiplication map of A provides in particular a map v, s,) as above.
For the maps L', (ng) the tensor product formula (16) shows that the height 2 tree I3 5,3, n%)>

which realizes as the diagonal of a 2-stage tree. Hence the map

(A®A)(Tx, s, n0) = ATY, 5,5, no)) (19)

gives in particular a map I'm,(ng) as in (7), in which the fiber products in the source correspond

to the operation ® and the products to ® Finally, the unit of A gives the unit of the relative
1,2 0,2
2-operad. The associativity constraints of I'y, (ne) and 7, (s,) (cf. (4), and (10)) now correspond to

the associativity of the multiplication of A, and the unitality of the operad to the unitality of A
Finally, (9) corresponds to the fact that the multiplication happens in spans, hence is compatible
with the projection to the base of the span. O

Remark 2.10. One can organize all relative 2-operads into a category in such a way that Propo-
sition 2.9 provides a fully faithful embedding of relative 2-operads into Batanin’s category of
2-operads. A

3. Categories over relative 2-operads

In this final section, we turn to the notion of a category over/ax/relative 2-operad. In particular,
in §3.2 we consider algebras over (2Cubey,), which we call (A, 2)-spaces; in §3.3, we consider
categories over (2My), which we call (A, 2)-categories. The definition of (A, 2)-categories
is the main contribution of this paper, and is a necessary part of the first author’s project to
construct the symplectic (A, 2)-category. In §3.2 we prove Prop. 3.5, which asserts that from
a map A — X of pointed spaces we can construct a (m)—space (A — X). This provides a
collection of examples of algebras over a relative 2-operad.

We note that just as the notion of a relative 2-operad can be rephrased in terms of Batanin’s
theory of n-operads (as discussed in §2.3), the notion of a category over a relative 2-operad can be
reformulated in Batanin’s language. For further details of the part of Batanin’s theory relevant
to this section, we direct the reader to [6].

3.1 The definition of a category over a relative 2-operad We shall now define the
notion of a category over a relative 2-operad. We note that there are other approaches to
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operadic higher category theory, see e.g. as in [5, 13]; the approach we describe here is suited
to the first author’s ongoing project to construct the symplectic (A, 2)-category, as described
in §1. Another relevant construction is Tamarkin’s homotopy 2-category of dg-categories, as in
[18, §5.3]; we expect that this fits into the formalism of R-linear (A, 2)-categories constructed
in the current paper.

Recall the well-known (see e.g. [17, Def. 4]) notion of a category over an operad:

Definition 3.1. Let O = (P,),>1 be an operad in a category C with products, considered as a
symmetric monoidal category using the Cartesian symmetric monoidal structure. Recall that a
(nonunital) category over O consists of a set of objects Ob and, for every z,y € Ob, a morphism
object Mor(z,y) € C, together with source and target maps s,t: Mor — Ob.

The pair (Ob, Mor) is equipped with higher composition maps of the form

¢ Pr x Mor(zg, 1) X -+ - x Mor(zp—1,2,) = Mor(zg, zp), (20)

which are associative in the sense that the following diagram commutes for every choice of (a)
a sequence of objects xg,...,r, € Ob and (b) further sequences v} = z;—1,9},... ,yii = x; for
every i:

s

sti X H Mor(y;;l,y}) MOI"(J)(],J?T) (21)

1<i<r
1<j<s;

Vr,(s;) XidT

i i
Pox JI Py x I Mor(y;_y,y;) er
1<i<r 1<i<r
- 1<5<s;

!

Pox 1 (Pux I1 Mor(yiy,u))) —r= Brx 11 Mor(aio,z)
1<i<r 1<j<s; sq 1<i<r

A

Remark 3.2. Under the identification of a relative 2-operad with a 2-operad in the sense of
Batanin, one can further identify a category over a relative 2-operad with an algebra over the
associated 2-operad, in the sense of [4, Def. 7.3]. Note that this a different convention from the
one we use here: for us, an algebra over a relative 2-operad is simply a category over a relative
2-operad, which has only a single object. A

To adapt this to the notion of a 2-category over a relative 2-operad 20, we just mimic this
construction and add 2-morphisms to the story.

Definition 3.3. Let 20 = ((Pr)rzl, (Qm)mezgo\{o}) be a relative 2-operad in a category C with
finite limits. A (non-unital) category over 20 consists of the following data:
e A set of objects Ob.

For each x,y € Ob, an object Mor(z,y) € C, which we think of as morphisms from z to y.

For each z,y € Ob, an object 2 Mor(x,y) € C, which we think of as 2-morphisms over z, y.

Source and target morphisms s, ¢: 2 Mor(z,y) — Mor(x, y).

Composition laws: for each zq,...,x, € Ob a morphism

,
¢ Prox HMor(xj_l,mj) — Mor(zg, z). (22)
j=1
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e 2-composition laws: For each zo, ..., 2, € Ob and each m € Z%, \ {0}, a morphism
T
2cm: Qm X H 2Mor(:L‘j,1,a7j)XM°r(xj—1”“j>mj — 2Mor(zg, x,), (23)
j=1

XMor(acj_l,xj)mj (

where 2 Mor(z;j_1,x;) slightly abusively) denotes the fiber product

2 Mor(zj_1, ;) M@ —12)™ .= 9 Mor(wj_1,%;) s X¢ -+ s X¢ 2Mor(wj_1, ;) . (24)

m;
We require these data to satisfy the following conditions:

e The data (Ob, Mor, ¢,) is a category over (P,),>1.
e The 2-composition must be associative, in the sense that the following diagram must com-

mute, for every choice of (a) a sequence of objects zg, ..., z, € Ob and (b) further sequences
Yo = Ti-1,Y1,---,Ys, = T for every
y T 20§ ng,..> nd
1 i Mor(y%_,,y%) ij
@y ne,..yne X [[ 2Mor(y;_;,y;) i-r¥a
a a 1<i<r
1<j<s;
Fm,<n;_z)><idT
Psi X ] . Zna
] i\ Mor(y%_,y%) ij
Qm X H [T Qngx H 2Mor(y;_1,y;) Im1 2 Mor(zg, ;)
1<i<r 1<a<m, 1<i<r

1<j<s;
- 7 7 XMor(yi, Ayi,)”?j
Qmx 11 11 (Qn? X [Ti<j<s, 2Mor(y; 1, 5) I )

1<i<r 1<a<my;
id x (2CHQ)J
K

Qm X H 2 Mor(xi_l, xi)XMOY(xi—lwi)mi
1<i<r

(25)

The asterisk appearing above the product sign on the left indicates that we are taking an ap-
propriate fiber product so that the image under (2cne ) is in 2 Mor(z;—1, ;) Mer@iope) ™
e The composition of 2-morphisms and that of l-morphisms must be compatible in the

following sense. Let sy, t,,: 2 Mor(x, y)*Mer@»™ — Mor(z,y) denote the compositions
Sn: 2Mor(z, y)Meren™ 224 9 Mor(z, y) —= Mor(z, y), (26)
tn: 2Mor(z, y) Mo 22 9 Mor(z, y) — Mor(, y),

where proj; is the projection to the j-th coordinate. Then we require the following diagram
to commute:

Qm x [[; 2 Mor(zj_1, x;) Mer@i—12)™ o Zm 2 Mor(zg, ;) (27)

(Hj sm ][ tmj)l J(S’t)

(P x [1; Mor(zj-1,2;))? ?

Mor(zo, xr)

(cryer)
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P —_—

3.2 (Aw,2)-spaces We now define the notion of an (A, 2)-space and prove Prop. 3.5.

P

Definition 3.4. An (A, 2)-space is an algebra over ((Cube;), (2Cubey)), i.e. a pair of spaces

s,t
2Y = Y such that Y is an A..-algebra, and 2Y is equipped with composition maps

2Cuben X 2Y i Xg 4 X2V X oo X 2Y ;X0 1 X 2Y — 2V (28)

ni Ny

that satisfy suitable coherence conditions. A

Proposition 3.5. Fiz a map f: (A,q) — (X,p) of pointed topological spaces. Define a space
0(A— X) by

v+ : [0,1]—A

L u: [0,12—=X
(A — X) = { ( ) w(—1)=foyr’ ~+(0)=g=~+(1)

u(—,0)=foy-, u(Ov—):p:u(lv—)} , (29)

and equip (A — X) with maps s,t: (A — X) — QA that send (u,y4+,7v-) to y— resp. v+.
S,t —_—

Then the pair (A — X) = QA is an (Ao, 2)-space.

Proof. To equip #(A — X) with the structure of an (Ao, 2)-space, we must define composition

maps as in (28) and verify that they satisfy the appropriate coherences. We do so as follows.

For 2Y = 0(A ER X), we define the map

2Cubey X 2Y i Xg ¢ Xs2Y X -+ - X 2Y X+ ¢ X2 = 2V

ni Ny

like so:

e Picture the configuration in 2Cubey, as the unit square with height-1 green rectangles that
contain blue subrectangles, as on the left of Fig. 6.

e For every green strip, we are given a choice of a loop in A, and for each blue rectangle, we
are given a choice of a triple (u,v4+,7v-) as in (29). We think of it the latter a map from
the considered blue rectangle to X and two maps from the upper and lower edges to A,
compatible in the obvious sense.

e The fiber product exactly allows us to define a map from the unit square to X, as on the
right in (29).

Associativity is clear from Figure 6. O

3.3 (Aw,2)-categories The general definition of a category over a relative 2-operad special-
izes in the case of the 2-associahedral relative 2-operad to give the notion of an (A, 2)-category
over C.

Definition 3.6. An (A, 2)-category is a category over the topological relative 2-operad ((MT),
(2My)). A

We would like to adapt Def. 3.3 to the case where the objects and 1-morphisms form an
ordinary 1-category and the 2-morphisms are chain complexes over a ring, since this is the situ-
ation in the hypothetical (Ao, 2)-category Symp. In this situation, composition of 1-morphisms
is independent of P,, while composition of 2-morphisms is parametrized by the chain complex of
Qm. We must be careful, because the collection Cy(Qm; R) is not a relative 2-operad in chain
complexes, as the functor Ci(—; R) is not limit preserving, and in particular does not behave
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¢ 0y q € g
— — —o
T R - PLoof [T ] _"i
| i | v |
| | : |
|
! l Ll veof '
! (=), (0, 0= = 4,04)) e — P p|eof|p i
I : |
I ! ! u l
| ! I !
1l ___ L Ll 3 |
— — —— L“_Yif:{___ ______ ___J
1 — —
q Y- q € q
2Cubeyg X (2Y;x,2Y) x Y o 2Y

Figure 6: Verification of coherences for Proposition 3.5.

well with respect to fibered products. However, it is still possible to formulate a satisfactory
definition, as we demonstrate below. We will use suggestive notation for the 1-morphisms, which
recalls the symplectic (Ao, 2)-category.

Definition 3.7. Let R be a ring. An R-linear category over a relative 2-operad ((P,), (Qn)) in
Top consists of:

e A category (Ob, Mor, s, t).

e For each pair of morphisms L, K: M — N, a Z-graded complex of free R-modules 2 Mor(L,

e Composition maps: for each 7 > 1 and m € Z%,\{0}, for each sequence of objects
My, ..., M, € Ob, and for each collection of sequences LY, ... JLP L LY, ... L™ with

Lg a morphism from M,;_1 to M;, a composition map

2em: Cu(Qm)® Q) 2Mor(L{ ™', L]) — 2Mor(L o~ 0 LY, LT 0+ 0 L), (30)

1<i<r
1<j<m,;

where Cy(Qm) denotes the complex of singular chains in @y, with coefficients in R.
We require the composition maps to satisfy an associativity condition, expressed by the commu-
tativity of the diagram of Figure 7 for every choice of (a) a sequence of objects My, ..., M, €
Ob, (b) further sequences N§ = M; 1, Ni,... ,Ngi = M; for every i, and (c) l-morphisms
LE: NI | — N A
Remark 3.8. Note that in the middle vertical map we implicitly use the swap maps of the tensor
product of free modules. We also use the natural, strictly associative map

Ci(X xzY;R) — Cu(X; R) @ Cu(Y; R)

which is the composition of the map induced from the inclusion X xz Y — X x Y and the
Alexander—Whitney map.

We finally come to the definition that is one of the main contributions of this paper:

Definition 3.9. An R-linear (A, 2)-category is an R-linear category over the relative 2-operad

(M), (2My)). A
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Ci(Qsng,xns) ® @  2Mor(Ly; ", LE)
a a 1<i<r,1<5<s;
1Sk§§ nf‘j

I

Ps.
[ k—1
C@mxT1 I Qu)® @ 2Mor(Lh L)
1<i<r 1<a<m; 1<i<r, 1<5<s;
1§k§%;ngj

Ci(Qm)® @ (C*(Qn‘.l) ® 1<@s. 2 Mor(ij_l, LZ)) target

1<a<m; > "?'<k§ > nf
1<b<a”?  1<b<a ¥

> ny nf
C@m)® @ 2Mor(Li™ oot L= o)

target::c(Lg’lo...oLO o 0Ld 0oLl

1s1 TSy

Sant 2a s, > nd PP
Ligoto---o Ll(sl—l),ls1 orroligiyoro Lr(sr—l),rsr

Figure 7: Associativity diagram for Definition 3.7.
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Having all these definitions and flavors of 2-categories over relative 2-operads, we can of
course define algebras over a relative 2-operad. These are just categories with a single object.

Definition 3.10. Let 20 = (PT, Qm) be a relative 2-operad.
1. An algebra over 20 is a category over O with a single object.
2. An R-linear algebra over 20 is an R-linear category over 20 with a single object. A
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