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Abstract

A new approach to étale homotopy theory is presented which applies to a much broader class of
objects than previously existing approaches, namely it applies not only to all schemes (without
any local Noetherian hypothesis), but also to arbitrary higher stacks on the big étale site, and in
particular to all algebraic stacks. This approach also produces a more refined invariant than the
original construction of Artin-Mazur [2], namely we produce a pro-object in the infinity category
of spaces, rather than in the homotopy category. We prove a profinite comparison theorem at
this level of generality, which states that if X is an arbitrary higher stack on the étale site of affine
schemes of finite type over C, then the étale homotopy type of X agrees with the homotopy type
of the underlying stack X;,, on the topological site, after profinite completion. In particular, if
X is an Artin stack locally of finite type over C, our definition of the étale homotopy type of X
agrees up to profinite completion with the homotopy type of the underlying topological stack X
of X in the sense of Noohi [35]. We also show this comparison is compatible in a suitable sense
with the comparison theorem of Friedlander for simplicial schemes [17]. In order to prove our
comparison theorem, we provide a modern reformulation of the theory of local systems and their
cohomology using the language of co-categories which we believe to be of independent interest.
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1. Introduction

Given a complex variety V, one can associate topological invariants to this variety by computing
invariants of its underlying topological space V,,, equipped with the complex analytic topol-
ogy. However, for a variety over an arbitrary base ring, there is no good notion of underlying
topological space which plays the same role. (It is well known that the Zariski topology is too
coarse.) Etale cohomology gives a way of partly circumventing this problem, since it associates
cohomology groups to a scheme, and it is well known that if V' is a complex variety, then its étale
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cohomology with coefficients in any finite abelian group A agrees with the singular cohomology
of its underlying space V,, with the same coefficients. The étale homotopy type of a scheme
takes things one giant step further. Although it does not associate a genuine topological space
to a scheme, it associates a (pro-)homotopy type, and this allows one to associate to a scheme
much more refined topological invariants, e.g. higher homotopy groups.

The original notion of étale homotopy type goes back to seminal work of Artin and Mazur
[2] in 1969. They give a way of associating to any locally Noetherian scheme a pro-object in the
homotopy category of simplicial sets. From the étale homotopy type of a scheme, one can recover
its étale cohomology, and also its étale fundamental group, and higher homotopy groups. Etale
homotopy types have made many important impacts in mathematics, perhaps most famously in
the proof of the Adams conjecture [42, 47, 16]. More recently, étale homotopy theory has been
an important tool in studying the rational points of algebraic varieties [19, 39, 46|, and also has
an interesting connection with motivic homotopy theory [22, 44].

Artin and Mazur also introduced the notion of profinite completion, which was motivated by
the notion of profinite completion of groups, and they proved the following celebrated comparison
theorem:

Theorem 1.0.1. /2, Theorem 12.9] Let X be a pointed connected scheme of finite type over C.
Then there is a canonical map
[Xan] - [Xét]

from the homotopy type of the analytification X, to the étale homotopy type of X which induces
an isomorphism on profinite completions.

The above theorem is a vast generalization of the comparison theorem for étale cohomology.

1.1 Comparison with other work Although étale homotopy theory, as developed by Artin
and Mazur, has been quite a successful endeavor, there are limitations to their framework. The
most serious limitation is that, although their notion of étale homotopy type naturally extends
to Deligne-Mumford stacks, it does not easily extend to more general objects, such as Artin
stacks. A more subtle limitation is related to the notion of homotopy coherence: the étale
homotopy type of a scheme in the sense of Artin and Mazur produces a pro-object— a diagram
of a certain shape — in the homotopy category of spaces (or simplicial sets); it is well known
that a diagram in the homotopy category need not lift to a diagram of actual spaces— this is the
issue of homotopy coherence. A third limitation is that the schemes in question are required to
be locally Noetherian. This excludes many natural examples. One such example, is that Vakil
and Wickelgren show in [52] that for a quasicompact and quasiseparated scheme X, there exists
a universal cover X , which itself surprisingly is always a scheme, however it may fail to be locally
Noetherian even when X is, so one cannot apply the machinery of Artin and Mazur to it.

The first two limitations were partly remedied by subsequent work of Friedlander [17], as
he refined the construction of Artin and Mazur to define the étale homotopy type of a locally
Noetherian scheme as a pro-object in the actual category of simplicial sets, rather than its
homotopy category. He also extended the construction to simplicial schemes, and proved a
comparison theorem similar to the above, but for pointed connected simplicial schemes of finite
type over C. Unfortunately, the profinite comparison result that Friedlander proves uses the
same notion of profinite completion as Artin-Mazur, which happens at the level of pro-objects in
the homotopy category of spaces, and also Friedlander’s approach still has a locally Noetherian
hypothesis.
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Using shape theory for oco-topoi, Lurie gives a definition of the étale homotopy type of Deligne-
Mumford stacks in [29]. This has the advantage of no longer needing a local Noetherian hypoth-
esis (which is used, e.g. in the Artin-Mazur approach to have a locally connected site, which is
needed to define the Verdier functor), and also of producing a pro-object in the co-category of
spaces.

1.2 Overview of our approach to étale homotopy theory In this paper, we present a
new approach to étale homotopy theory which offers a refinement of the original construction
which produces a pro-object in the co-category of spaces rather than its homotopy category and
applies to a much broader class of objects, namely to arbitrary higher stacks on the étale site
of affine schemes over an arbitrary base, with no Noetherian hypothesis. It is obtained, a prior:
by adapting Lurie’s approach for Deligne-Mumford stacks to arbitrary stacks, by extending the
assignment to Deligne-Mumford stacks their underlying oco-topos to an assignment to arbitrary
stacks an oo-topos, by left Kan extension (however the existence of this Kan extension is not
automatic and relies on the theory of étale geometric morphisms). Then, in Section 2.5, we
unwind this abstract construction and arrive at a simple concrete formula for the etale homotopy
type of an arbitrary stack, which to our knowledge, is new even for schemes, and may be taken,
a post priori as the definition.

Furthermore, our approach to profinite completion follows Lurie and produces a pro-object in
the oco-category of m-finite spaces (Definition 2.1.4). We also prove a generalization of Artin and
Mazur’s comparison theorem which holds for any higher stack on the étale site of affine schemes
of finite type over C. In particular, the comparison result holds for any algebraic stack locally of
finite type over C, or more generally, any n-geometric stack locally of finite type over C, in the
sense of [51]. We furthermore show that this is a refinement of Friedlander’s comparison theorem
for simplicial schemes. We believe this is the most general form of this comparison result.

As our machinery applies to much more general objects than previous frameworks, it is
ripe for future applications. One application which has already been explored is related to the
profinite homotopy type of log schemes, and is explained in Section 7 of [8]. The results of (8]
imply that if X is a (fine saturated) log scheme locally of finite type over C, then the homotopy
type of its Kato-Nakayama space [25] agrees after profinite completion with the homotopy type
of the underlying topological stack of its infinite root stack— which is a pro-algebraic stack [48].
Our comparison theorem, Theorem 5.13, implies that both of these profinite homotopy types
also agree with the profinite étale homotopy type of the infinite root stack. As the later makes
sense for log schemes over a more general base, this gives a suitable replacement for the Kato-
Nakayama space in positive characteristics. The previously existing comparison theorems were
not robust enough to apply in this situation.

The machinery and formulation of our approach is quite different than the work of Artin-
Mazur and Friedlander, however for locally Noetherian schemes, our definition of étale homotopy
type turns out to be essentially the same after unwinding the definitions (see Section 3). The
principal difference between the definition of the étale homotopy type of such a scheme as com-
puted according to our machinery and its definition computed according to the machinery of
Artin-Mazur is two-fold, namely our approach uses Cech covers and theirs uses hypercovers, and
our definition yields a pro-object in the co-category of spaces, and theirs yields a pro-object in
the homotopy category of spaces (see Section 3). By a recent result of Hoyois 20|, for locally
Noetherian schemes, the former is the only real difference between the definition using our ap-
proach and the definition using the approach of Friedlander (see Proposition 3.2.2) in the case
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of schemes, and we expand this result to the setting of simplicial schemes in Theorem 3.2.4. We
choose Cech covers over hypercovers because small étale sites are almost never hypercomplete.
(Note: the intrinsic cohomology is still étale sheaf cohomology, not Cech cohomology, even when
using Cech descent to define sheaves). The difference between using Cech covers as opposed to
using hypercovers is moreover erased by passing to profinite homotopy types.

Our approach necessitates the use of the powerful framework of co-categories. The use of
this language makes our definition of étale homotopy type much more simple and transparent
than previous definitions. This is partly due to the fact that the language of co-categories allows
for a simple definition of pro-spaces and profinite spaces. At the same time, this approach to
pro-spaces is equivalent to the approach of Edwards-Hastings and Isaksen [13, 21| using model
categories [3|, and moreover, the oco-categorical approach to profinite spaces is equivalent to
Quick’s model-categorical approach as in [40, 41]. However, the oo-categorical approach to pro-
spaces and profinite spaces is much easier to work with, e.g. (c.f. [29]): If S is the oco-category
of spaces, succinctly, the co-category Pro (8) of pro-spaces is the full subcategory of Fun (8,8)%
- the opposite of the co-category of functors from spaces to spaces - on those functors which
preserve finite limits (and are accessible).

Let X be an arbitrary higher stack on the étale site of affine schemes over k. Let G be an
arbitrary space in 8 (i.e. an oo-groupoid). Denote by A (G) the étale stackification of the
constant presheaf with value G. Then, as a pro-space, the étale homotopy type I (X) of X as
a functor from spaces to spaces sends the space G to the space of maps

Hom (f)C, A% (9)) .

This assignment produces a functor

ét

Sheo (Aff},) ———— Pro(8)

from higher stacks on the étale site to pro-spaces, sending a stack X to its étale homotopy type.

Strictly speaking, the above description of the étale homotopy type of an arbitrary stack is not
by definition; this description is the content of Theorem 4.2. Our definition is of more geometric
origin, as our approach has its roots in the philosophy of Grothendieck which led to the inception
of the concept of a topos; topoi were invented in order to associate to a scheme an underlying
“space” whose cohomology is (by definition) the étale cohomology of the scheme in question,
and this was an important first step towards producing a Weil cohomology theory and proving
the Weil conjectures. We take seriously the idea that the correct geometric “space” underlying
a scheme X is its small étale topos Sh (X ), and therefore all the topological invariants of a
scheme X should actually be invariants of the topos Sh (X¢). To make this precise, one needs
a way of associating to a topos a pro-homotopy type. This can be accomplished by using the
theory of co-topoi. Indeed, given an co-topos, there is a simple construction, originally due to
Toén and Vezzosi, which associates to an oo-topos € a pro-space Shape (€) called its shape, which
is to be thought of as the pro-homotopy type of the co-topos in question, and as any topos can
be in a natural way regarded as an oco-topos, this gives a way of associating to any scheme a
pro-homotopy type.

The above discussion works well for schemes. It also works well for Deligne-Mumford stacks,
as they can be modeled geometrically as ringed topoi. However, to extend the definition of
étale homotopy type to an arbitrary higher stack, one needs a new idea. We accomplish this by
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formally extending the functor associating to a scheme its small étale co-topos She, (X¢t) (the
oo-topos associated to its small étale topos) to a colimit preserving functor

Sheo (AfFy, ét) — Top,

from the oco-category of higher stacks on the étale site of affine schemes over k to the co-category
of co-topoi. The étale homotopy type of a higher stack is then defined to be the shape of its
associated oo-topos via the above functor. Although this definition is not very tractable for stacks
which are not Deligne-Mumford, this is rectified by Theorem 4.2, and moreover, in light of our
comparison theorem, Theorem 5.13, it is still a reasonable definition for Artin stacks, which may
a priori be non-obvious due to the use of the étale topology rather than say the smooth topology.

1.3 The comparison theorem We will now explain in detail the content of our comparison
theorem:

In [8], we extend two important classical constructions for schemes and topological spaces to
higher stacks, namely the analytification functor and the functor sending a topological space to
its homotopy type.

Analytification: Consider the classical analytification functor
(), : SchEFT — Top,

from schemes locally of finite type over C to topological spaces. It sends a scheme X to its space
of C-points equipped with the complex analytic topology. Motivated by the desire to associate
to an algebraic stack over C a natural topological object from which one can extract topological
invariants, Noohi extends this construction in [35] to a functor

()rop : AlgSEE™" — TopSt

from Artin stacks locally of finite type over C to topological stacks. In [8], we extend this further
to a colimit preserving functor

Vo : Sheo (AFFEFT &t) — HypSh, (Tope
top C

from oo-sheaves on the étale site of affine schemes of finite type over C, to hypersheaves on a
suitable category Topc of topological spaces.

The homotopy type of a stack: In [36], Noohi defines a functor
ho : Top&t — Ho (Top)

from the 2-category of topological stacks to the homotopy category of topological spaces, sending
a topological stack X to its weak homotopy type. Explicitly, if G is a topological groupoid
presentation for X, ho(X) has the weak homotopy type of the classifying space of G. In [37]
Noohi and Coyne refine this to a functor to the oo-category of spaces S.

In [8], we extend this further to a colimit preserving functor

I : HypSh, (Topc) — 8
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from the oco-category of hypersheaves on Top¢ to the co-category of spaces.

The final important construction we need in order to explain our comparison result is

Profinite completion: In [29], Lurie constructs the profinite completion functor

—

(+):8 — Prof(8)

from the co-category of spaces to the co-category of profinite spaces. In fact, this is the restriction
of a profinite completion functor

Pro (8) — Prof (8)

from pro-spaces to profinite spaces, and composing this functor with our étale homotopy type

functor
ét

Sheo (Aff,) ——— Pro(8)
produces a functor
Trét

Sheo (Aff},) ——— Prof (8)

which sends a stack X to its profinite étale homotopy type.

We now state our main result:

Theorem 1.3.1. Let Aﬂ'éFT denote the category of affine schemes of finite type over C. The

following diagram commutes up to equivalence:

ét
Shoo (AELFT at) — =, prog(s)

(- Dtop ()

o

HypSh,, (Topc) 8.

In particular, for any oo-sheaf F' on (Aﬁ'g’éFT, ét) , there is an equivalence of profinite spaces
% (F) ~ Moo (Fiop) ,

between the profinite étale homotopy type of F' and the profinite completion of the homotopy type
of the underlying stack Fiop, on Topc.

This theorem has the following immediate cor:

Corollary 1.3.2. Let X be an Artin stack locally of finite type over C, then there is an equivalence
of profinite spaces
T2 (%) 2 T (Xrop)

between the profinite étale homotopy type of X and the profinite completion of the homotopy type
of the underlying topological stack Xiop.
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1.4 Overview of our strategy for proving the comparison theorem It turns out that all
of the functors in the statement of Theorem 1.3.1 are colimit preserving, so, by the Yoneda lemma,
the comparison result for higher stacks in fact follows formally from the comparison result for
affine schemes. Therefore, in order to prove Theorem 1.3.1, one must prove an analogue of Artin
and Mazur’s classical comparison theorem for (affine) schemes of finite type over C (without the
additional assumptions of being pointed or connected) and for our new oo-categorical definition
of étale homotopy type.

Our strategy is close in spirit to the original strategy of Artin and Mazur, but uses more
modern machinery. The key ideas are the following:

1) For X a separated scheme of finite type over C, the shape of the oco-topos Shy (Xgp) of
oo-sheaves on its underlying space Xy, Shape (Sheo (X4n)) is canonically equivalent to the
underlying homotopy type I (Xan) of Xgp.

2) Analytification induces a geometric morphism of topoi

e : Sh (Xan) — Sh (X&)

from the topos of sheaves on X,,, and the small étale topos of X, which canonically extends

to a geometric morphism of co-topoi
€ : Sheo (Xan) = Sheo (Xet) -

3) A m-finite space is a space V with only finitely many connected components and only
finitely many homotopy groups all of which are finite. The geometric morphism e induces
a profinite homotopy equivalence if and only if for every m-finite space V, the induced map
between global sections of the constant stack with value V

Ly A% (V) = Ty A" (V)

is a homotopy equivalence.

4) By GAGA, ¢ induces an isomorphism on profinite fundamental groups, and by results in
[1], it induces an isomorphism in cohomology with coefficients in any local system of finite
abelian groups.

In order to deduce that ¢ is a profinite homotopy equivalence from 3) and 4), one needs to
understand the interpretation of cohomology classes of a space with coefficients in a local system
in terms of classifying spaces, and one needs to know this interpretation is valid in any oco-topos.
We therefore dedicate Section A of this paper to carefully working this out. This allows us to
prove the maps in 3) are homotopy equivalences by induction using Postnikov towers.

Remark 1.4.1. There is substantial overlap of our results with those of Chough, which were
developed at essentially the same time as ours, but independently. (We only became aware of
Chough'’s results, which were part of their PhD thesis still in preparation at the time, after we
finished writing the original version of this article in 2015.) Specifically, Chough developed an
independent model-theoretic approach to defining the étale homotopy type of algebraic stacks,
and proved a profinite comparison theorem for algebraic stacks locally of finite type over C,
completely analogous to ours, but using his definition. In subsequent work [9], he showed that
our cor 5.14 can be obtained from his comparison result, by using a translation of model-theoretic
language to that of oco-categories. In the final version of this paper, we have included a proof
that Chough’s definition agrees with ours for hypercomplete objects (cor 4.3.) Although our
overall approaches are quite different, we believe both approaches will prove valuable to the
mathematical community, and are nicely compatible with each other.
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1.5 Conventions and notation By an oo-category, we mean an (oo, 1)-category. We will
model these using quasicategories. We follow very closely the notational conventions and termi-
nology from [31], and refer the reader to the index and notational index op. cit. However, we do
make a few small deviations from the notational conventions just mentioned:

1. We shall interchangeably use the notation Gpd,, and 8 for the co-category of co-groupoids,
or the oco-category of spaces, since these are in fact the same co-category. (We find it useful
to use one terminology over another in certain instances to emphasize how we are viewing
the objects in question.)

2. For € an oo-category, we denote by Homgy (C, D) the space of morphisms from C' to D
rather than using the notation Mapy (C, D).

3. For € an oco-category, we denote by Pshy, (%) the oo-category of co-presheaves, i.e. the
functor category

Fun (¢°?,8) = Fun (¢°?, Gpd,,) -
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2. Etale Homotopy Theory

In this section we will present a refinement of the construction of Artin and Mazur for the étale
homotopy type of a scheme. Our construction is defined for an arbitrary higher stack on the
étale site, and agrees with the definition of Lurie for Deligne-Mumford stacks.

2.1 Pro-spaces and profinite spaces In this subsection, we give a brief recollection of the
concepts of pro-objects, pro-spaces, and profinite spaces. For more detail, we refer the reader to
[8, Section 2].

Definition 2.1.1. Let % be any oo-category. Then there is an oo-category Pro (%) together
with a fully faithful functor

j: % — Pro(%).

The oo-category Pro (%) is called the co-category of pro-objects of ¢, and it satisfies the fol-
lowing universal property:

Pro (%) admits small cofiltered limits, and if D is any oo-category admitting small cofiltered
limits, then composition with j induces an equivalence of co-categories

Fung,_gy. (Pro (&), %) — Fun (&, 2), (1)

where Fung,_ g (Pro (&), 2) is the full subcategory of Fun (Pro (&), Z) spanned by those func-
tors which preserve small cofiltered limits.

In many cases, the co-category Pro (%) can be described explicitly. When % is small, then
we can identify Pro (%) with the full subcategory of Fun (%,8)° spanned by those functors
which are cofiltered limits of co-representable functors (those of the form Homg (C, -), for C
an object of ¢). In this case, the functor j is simply the Yoneda embedding (of €°P). In fact,
this description persists for ¢ a large (but locally small) oo-category, provided we replace 8 with
the oo-category of large spaces, g, and we demand that the cofiltered limits we are considering
are small. However, if & is accessible and admits finite limits, then there is a more concrete
description of Pro (%), namely it is the full subcategory of Fun (¢, 8)° on those functors which
are left exact and accessible [29, Proposition 3.1.6].

Remark 2.1.2. In all the cases above, the functor
j: %€ — Pro(%)
can be identified with a restriction of the opposite functor of the Yoneda embedding
y: 6P — Pshy (6€P) = Fun (%, 8),
and since y is fully faithful and preserves limits, j is fully faithful and preserve colimits.

Definition 2.1.3. The oo-category Pro (8) is the co-category of pro-spaces.
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2.1.1 Profinite spaces

Definition 2.1.4. A space X in 8 is w-finite if all its homotopy groups are finite, it has only
finitely many non-trivial homotopy groups, and finitely many connected components.

Definition 2.1.5. Let 8™ denote the full subcategory of the co-category 8 on the w-finite spaces.
8™ is essentially small and idempotent complete (and hence accessible). The oo-category of
profinite spaces is defined to be the oco-category

Prof (8) := Pro (87).
Denote by i the canonical inclusion 7 : 8™ < 8. It induces a fully faithful embedding
Pro (7) : Prof (8) < Pro (8)

of profinite spaces into pro-spaces |29, Remark 3.1.7]. It is the functor corresponding under (1)
with the composite

)

S JEN Pro(8).
Moreover, 7 is accessible and preserves finite limits, hence the above functor has a left adjoint
i* : Pro(8) — Prof (8)

induced by composition with 4, by loc. cit.

o~

Definition 2.1.6. We denote by (-) the composite
s < Pro (8) 2, Prof (8)

and call it the profinite completion functor. Concretely, if X is a space in §, then X

corresponds to the composite

i Hom(X,-)
8T —§ 8.

This functor has a right adjoint given by the composite

Pro(
Prof (8) o Pro ($) -Ls 8,

where T sends a functor
F:8 =8

corresponding to a pro-space to F'(x), that is, the evaluation of F' on the one-point space [8,
Proposition 2.8|. Concretely, T" sends a pro-space of the form @j (X;) to the actual limit in 8
7

I.&HX’L"

see [8, Proposition 2.10].
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2.1.2 Comparison with Artin and Mazur’s profinite completion Denote by h : 8§ — H the
canonical functor from spaces to the homotopy category of spaces. We hence have an induced
functor

Pro (h) : Pro(8) — Pro (H).

Denote by H™ the full subcategory of the homotopy category on m-finite spaces. In |2, Theorem
3.4], Artin and Mazur show that the canonical inclusion

Pro (H™) — Pro (H)
has a left adjoint- which we will denote by (- )" .

Lemma 2.1.7. Let Z be a space and X = @j (Xa) a pro-space. Then
(0%

70 (Hom pys) (X,7(2)) 2 Hompyogae (Pro(h) (X) . (1 (2))).

Proof.

o (HomPro(S) (X, (Z))> ~ o | colim Homg (X4, Z))

—
~ colim mp (Homg (X4, Z))
~ colim Homg (h (X,),h(2)) O

12
s
=)
B
)
3
2
N
=15
.
=
&
<.
=
N
~

12

Hom pyq(3¢) (Pro (k) (X), 5 (h(Z))).
Proposition 2.1.8. Let X be a pro-space. Then Pro(h) ()?) > (Pro(h) (X)) ™ in Pro(H).

Proof. Analyzing the proof of [2, Theorem 3.4], they construct (Y) 4 as the unique object in
Pro (H™), such that for all V' € H™,

Hompygery (V)47 (V) 22 Hompy ¢ (Y, 5 (V) -
But, Pro (h) ()?) satisfies this by Lemma 2.1.7. 0

Remark 2.1.9. What Artin and Mazur call profinite completion is actually the above, but
without the condition that the objects in H{™ being truncated- i.e. it is the collection of all
spaces all of whose truncations are w-finite. Let us call such spaces almost w-finite. Thus, being
an isomorphism on profinite completions in their sense is a stronger condition than being a
profinite equivalence in our sense- however, these two notions agree in any truncated setting.
In particular, in the proof of [2, Theorem 12.9], establishing a profinite homotopy equivalence
between the étale homotopy type X¢ of a pointed connected scheme X of finite type over C, and
the analytification of said scheme X,,, they first argue it is a profinite homotopy equivalence for
m-finite spaces, and then appeal to [1, X, cor 4.3] to show that both objects are already homotopy
truncated. Moreover, the notion of profinite homotopy equivalence that Friedlander uses in his
version of the comparison theorem |17, Theorem 8.4| for simplicial schemes uses m-finite spaces,
not almost 7-finite spaces. (More precisely, he asks for the map to induce an equivalence between
any finite truncation of the respective profinite completions in the sense of Artin-Mazur.)



132 David Carchedi, Higher Structures 5(1):121-185, 2021.

2.2 Profinite shape theory We first begin by recalling how to associate to a space X in 8,
an oo-topos. To do this, it is conceptually simpler to view such an object X as an co-groupoid,
as then we have a natural candidate for such an co-topos, namely the co-topos of co-presheaves
on X, Pshy (X). Thinking more topos-theoretically, viewing X as an object of the co-topos 8
of spaces, another natural candidate for such an co-topos is the slice co-topos 8/X, and these
two natural choices agree by [31, cor 5.3.5.4]. By [31, Remark 6.3.5.10, Theorem 6.3.5.13, and
Proposition 6.3.4.1], it follows that there is a fully faithful colimit preserving functor

8/(+):8 — Topy
X — 8/X

from the oco-category of spaces to the oco-category of co-topoi.

Remark 2.2.1. The above functor is not to be confused with the functor

Shoeo (-): Top — Top.,
T +— She (T)

sending a topological space T to its co-topos of oco-sheaves. The above functor however is also
fully faithful, once one restricts it to the full subcategory of sober topological spaces. If T is a
(sober) topological space and IIoT is its associated co-groupoid, then Shy, (T') remembers the
space T up to homeomorphism, whereas 8/ (II,T") only captures the weak homotopy type of T'.
For nice spaces, one can recover I, T however as the shape of She, (T') (or its hypercompletion),
see Proposition 2.2.3 and Proposition 2.2.7.

The functor
8/(+):8 = Tops,

by the equivalence (1), induces a well-defined functor
Pro (8) — Top,

which sends a representable pro-space j (X) to 8/X, and sends a pro-space of the form I'£1XZ~
€]
to the cofiltered limit of co-topoi lim8/X;. Denote this functor by $77°/(-). By [31, Remark
i€J
7.1.6.15], this functor has a left adjoint Shape. We now will describe this construction, which
originates from [50]:
Recall that a morphism in Top

f:€=7

called a geometric morphism, consists of an adjunction f* - f., such that the left adjoint f*
preserves finite limits. Let € be an co-topos. Consider the essentially unique geometric morphism
e: & — 8 to the terminal oo-topos of spaces. Then the composite

[N N

is a left-exact functor, i.e. a pro-space. We typically denote the inverse image functor e* as A
and the direct image functor e, as I'. The functor I' is the global sections functor, i.e. it sends
an object E to the space Homg (1, E'). We denote by Shape (€) the pro-space I' o A.



On the étale homotopy type of higher stacks 133

Definition 2.2.2. Let € be an co-topos. Then the pro-space Shape (&) is called the shape of
the oco-topos €.

We have the following useful proposition:

Proposition 2.2.3. (/20, Example 2.4]) Let T be topological space homotopy equivalent to a
CW -complex. Then
Shape (Sheo (T')) ~ j (T .

However, it is not always true that the Shape (She (T)) agrees with the weak homotopy type
of T if T' does not have the homotopy type of a CW complex:

Example 2.2.4. There exists a topological space X which is compact Hausdorff and locally
contractible, such that Shape (Sheo (X)) does not agree with the weak homotopy type of X.

Proof. We learned this argument from discussion with Jacob Lurie. Let X be a locally con-
tractible compact Hausdorff space which has non-zero Betti numbers in every dimension. The
existence of such a space is [4, Theorem 1]. Since X is compact Hausdorff, by [31, cor 7.3.4.12],

I'x : Sheo (X) — 8
preserves filtered colimits, and since Ax - Ty,
Shape (Shyo (X)) : 8 — 8

preserves filtered colimits. If Shape (Sheo (X)) agreed with the weak homotopy type of X, in
particular it would be in the image of j, so there would be K € 8 such that

Shape (Shoo (X)) = Homg (K, -) .

But since Shape (She (X)) preserves filtered colimits, this means K would be a compact object
of 8, and hence represented by a retract of a finite CW-complex [30, Warning 1.4.2.7|. This
would imply that there exists an n, such that for all £ > n, the k** Betti number is zero. Hence
K cannot be weakly equivalent to X. O

However, if we use hypersheaves in place of sheaves, then we can recover the weak homotopy
type of X for any locally contractible space (See Proposition 2.2.7 below). To show this, we will
need the following concept, which is expanded upon in much greater detail in Section 3.1:

Definition 2.2.5. An oco-topos € is locally co-connected if the inverse image functor
A:8—¢&
has a left adjoint TT&,.

Remark 2.2.6. If € is a locally oo-connected oo-topos, then the pro-space Shape (€) is corep-
resented by the space

s, (1).
This follows from the fact that if G is any space in 8, by adjunction we have the following natural
equivalences
Homs (11% (1),5) = Home (1,A(9))
I'A(9)
= Shape (€) (9) .
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We have the following proposition:

Proposition 2.2.7. Let T be a locally contractible topological space. Then the shape
Shape (HypSh,,, (1))

of its co-topos of hypersheaves is equivalent to j (IlooT) . Moreover, HypSh. (T') is locally co-
connected.

Proof. Denote by Il : Top — 8 the canonical functor sending a space to its weak homotopy
type (as an oo-groupoid). Denote by Op (T') the poset of open subsets of T. Denote by [ the
composite

Moo
Op(T) — Top ——— 8,

where the functor Op (T') — Top sends each open subset U of T to itself. Denote by
L = Lanyl : Psho, (Op (T')) — 8

the left Kan extension of [ along the Yoneda embedding, i.e. the unique colimit preserving functor
which agrees with [ on representables. It follows from the Yoneda lemma that this functor has
a right adjoint R which sends an oco-groupoid G to the oo-presheaf

R(G):U — Hom (1 (U),9).

We claim that R (G) is a hypersheaf. To see this, it suffices to observe that if V'* is a hypercover
of U, then, regarding it in the natural way as a simplicial topological space, the colimit of the

composite
L]

v Moo
A — s Top ———— 8

is { (U) , which follows from [11, Theorem 1.3|. It follows that R and L restrict to adjoint functors
R
HypSh, (T) ¢ .S,
L

Denote by Op®© (T') the subposet of Op (T') on those open subsets which are contractible. Then,
since T is locally contractible, by the Comparison Lemma [1, III], it follows that

Sh (Op (T)) = Sh (0p*(T)),

where the latter topos is the topos of sheaves with respect to covers by contractible open subsets.
It now follows from [23, Theorem 5| and [31, Proposition 6.5.2.14] that there is a canonical

equivalence
HypSh,, (Op (T')) ~ HypSh,, (Op®(T)).

The left adjoint A to global sections in HypSh, (Op°(T)) is defined so that A(G) can be
computed as the hypersheafification of constant presheaf with value §. Note however that for U
in Op®(T'), R(9) is a hypersheaf, and

R(9)(U) ~ Hom(l(U),9)
~ Hom (%, 9)
~ 97
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since U is contractible, and hence the constant presheaf is already a hypersheaf on Op®(T).
Hence we can identify R with A. It follows that HypSh_ (7') is locally co-connected with

L =LHA.

By Remark 2.2.6, it follows that the shape of HypSh, (T) is corepresented by j (IIZ, (1)) . But 1
is the representable presheaf corresponding to the open subset 7', and hence IIZ, (1) is canonically
equivalent to

I(T) =1l (T). O
Consider the profinite completion functor from pro-spaces to profinite spaces
i* : Pro(8) — Prof (8).

By composition we get a functor

Shape -
Top., — s Pro(8) s Prof(8),

Prof

which we shall denote by Shape , whose right adjoint is given by the composition

Pro() sProy(.)
Prof (§) ———— Pro(8) ——— Top,,

which we shall denote by SFT0f/ ().

Remark 2.2.8. Combining Example 2.2.4 with Proposition 2.2.7, we see in particular that the
shape of sheaves may not always agree with the shape of hypersheaves.

Definition 2.2.9. Let & be an oo-topos. Then the profinite space ShapePrOf(E) is called the
profinite shape of the co-topos €.

Definition 2.2.10. Let € — F be a geometric morphism of co-topoi. Such a morphism is a
profinite homotopy equivalence if the induced map

ShapePrOf (&) — ShapePrOf (F)
is an equivalence of profinite spaces.

Remark 2.2.11. Unraveling the definitions, we see that a geometric morphism ¢ : € - F is a
profinite homotopy equivalence, if and only if for every m-finite space V, the canonical morphism

Fef P (V) = ewe™ (V)

is an equivalence of spaces, where e : &€ — 8§ and f : F — § are the (essentially unique) maps
to the terminal oo-topos, and the above map is induced by the unit of the adjunction ¢* - @,
using the equivalence e ~ f o .

Proposition 2.2.12. Let € be an oo-topos and let a : € — & be the canonical map from its
hypercompletion. Then a is a profinite homotopy equivalence.
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Proof. Using Remark 2.2.11, it suffices to show for any w-finite space V' that the canonical map
ex€” (V) = ey (axa™ (" (V)))
is an equivalence, where the map above is induced from the map
e (V) = awa*e* (V).

However, the latter map is the canonical map from e* (V') to its hypersheafification. Since V' is
w-finite, it is n-truncated for some n, and hence so is e* (V') by [31, Proposition 5.5.6.16|, since
e* is left exact. However, every n-truncated sheaf automatically satisfies hyperdescent, so this
map is an equivalence. O

2.3 The small étale oco-topos. For this subsection and the next, we will work over an
arbitrary commutative ring k.

Definition 2.3.1. A subcategory Aﬂ'ki of the category of affine schemes over k, Aff, is étale
closed if for any object X in Aﬁ'}j, if Y — X is an étale morphism from an affine scheme, then
Y isin Aﬁ'g. We denote the corresponding subcategory of commutative k-algebras by Alg}j.

Example 2.3.2. Since étale maps are of finite presentation, the subcategory Aff ,QF T of affine
k-schemes of finite type is étale closed.

Remark 2.3.3. Since étale maps between affine schemes are of finite presentation, any essentially
small subcategory of Aff; is contained in an essentially small étale closed subcategory.

In the rest of this section, we will work over a fixed essentially small étale closed subcategory
Aff }CL of Aff, unless otherwise specified. The notion of being étale closed was specifically chosen
so that the étale pretopology on Aff; naturally restricts.

Recall that for a scheme X, its small étale site is the following Grothendieck site: As a
category, Xg consists of étale morphisms

U— X,

with U another scheme, and the morphisms are commutative triangles over X. The Grothendieck
pretopology on this category is given by étale covering families. The small étale topos Sh (X¢;)
is the topos of sheaves over this site.

Definition 2.3.4. Let X be a scheme. Its small étale co-topos is the co-topos Sho (Xet) -

Remark 2.3.5. Since étale maps are stable under pullback, the category X has finite limits.
It follows then from [31, Lemma 6.4.5.6] that Sho, (X¢) is the 1-localic co-topos corresponding
to Sh (X¢) under the equivalence of oo-categories between the (2, 1)-category of topoi and the
oo-category of 1-localic oo-topoi.

This definition naturally carries over for Deligne-Mumford stacks and their higher analogues.
It will be technically convenient to work straightaway with higher Deligne-Mumford stacks. We
start by briefly recalling some material from [28| and [6].

Let A be a commutative k-algebra, where k is our base ring. Denote by Ag the category
whose objects consists of étale morphisms U — Spec (A), with U another affine scheme. There
is a canonical inclusion of sites

Ag — Spec (A) 4,
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which satisfies the conditions of the Comparison Lemma [1, III], hence one has
Sh (As) ~ Sh (Spec (4),,).
As both sites have finite limits, it follows from |31, Proposition 6.4.5.4] that
Shoo (Agt) =~ Shoo (Spec (A),,) -
Notice that there is a canonical sheaf of rings O 4 on the site Ay, which assigns an étale map
Spec (B) — Spec (A)

the ring B. The stalks of this sheaf O4 along geometric points are not only local k-algebras,
but in fact strictly Henselian. This is important in order to get the correct notion of morphism
between ringed topoi. Just as a map of ringed spaces need not be a map of locally ringed spaces,
since one must demand that the induced map along stalks is a map of local rings, i.e. preserves
the maximal ideals, a map of strictly Henselian ringed topoi needs to respect the Henselian ring
structure along stalks, i.e. be a Henselian map. Using this idea one can define an oo-category of
strictly Henselian ringed oco-topoi. Let us denote this co-category by Zopfoe"s'. (To be precise,
TopHens- is the co-category LTop (G)° defined in [28, Definition 1.4.8], with G the étale geometry

in the sense of Section 2.6 of op. cit.) By [28, Theorem 2.2.12] with G the étale geometry as in
Section 2.6 of op. cit., the construction

A — Shoo (Aét)
can be turned into a fully faithful functor

Spec ¢ : Aﬂ‘"}j < TopHens:

[e.o]

from affine k-schemes of finite type over k to oo-topoi locally ringed in strict Henselian rings.

Hens.
[eS)

The oo-category Top carries a natural Grothendieck topology [6, Definition 4.3.2|, also
called the étale topology, which is a natural extension of the classical étale topology on Aﬂ?'}:L
with respect to the functor Spec . We say that a strictly Henselian ringed co-topos (€,0O¢) is

(U-)Deligne-Mumford if there exists an étale covering family

((asOR,) — (€,0E)),

such that for each «,

(€a,0R,) ~ Spec¢ (Aa) ,

for A, € Alg}é. We will call a Deligne-Mumford strictly Henselian ringed oo-topos a Deligne-
Mumford scheme, as these are precisely G-schemes in the sense of [28, Definition 2.3.9], where
G is the étale geometry in the sense of Section 2.6 of op. cit. (and the étale cover is by affines in
Aﬂ‘}j). We denote the co-category of Deligne-Mumford schemes by ZDEITZSch}CL.

Restriction along Spec ¢ defines for each strictly Henselian ringed oo-topos (€, Of) a functor
of points

7((€,05) : (A})" = Gpdy
Spec (A) — Homg ens. (Speceg (A), (€,0F)) .
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Each functor ¢ ((€,0g)) satisfies étale descent and the restriction of § to Deligne-Mumford
schemes defines a fully faithful functor

7 : ©MSchl < Sho (Aﬂ"u, ét)
[28, Theorem 2.4.1, Lemma 2.4.13], |6, Theorem 5.2.2, Remark 5.2.3].

Definition 2.3.6. A Deligne-Mumford oco-stack is an oco-stack X on the étale site of Aﬁ'g,
equivalent to the functor of points of a Deligne-Mumford scheme. We denote the oco-category of

such stacks by DI (k‘)go .

Remark 2.3.7. By [28, Theorem 2.6.18], D9 (k)X contains the classical (2,1)-category of
Deligne-Mumford stacks that can be modeled on affines in Aﬁ'}i as a full subcategory, but also
contains more general objects as there are no separation conditions imposed. E.g., B (Z) we will
be considered a Deligne-Mumford stack in this setting. This will cause no problems and will in

fact simplify the proofs considerably.

Definition 2.3.8. Let X be a Deligne-Mumford (oo-)stack. Its small étale co-topos is the
oo-topos of oco-sheaves over Xg, Shoo (Xgt), where Xg is the (oo-)category of (not necessarily
representable) étale maps U — X with U a scheme, equipped with the Grothendieck topology
generated by étale covering families. If X ~ ¢ ((&,0¢)), by an étale morphism, we mean a
morphism U — X which under the Yoneda lemma corresponds to a morphism

(Shoo (Uét) ) OU) - (87 OS)
of Deligne-Mumford schemes which is étale in the sense of [28, Definition 2.3.1].

Lemma 2.3.9. Let X be a Deligne-Mumford co-stack. By definition, X is the functor of points
of a Deligne-Mumford scheme (€,0¢). In this case, one has a canonical equivalence

Shoo (Xet) =~ €.

Proof. Let DM (k:)go denote the oco-category of Deligne-Mumford oco-stacks built out of affine
schemes in Aﬁ'}i, and define similarly Schlkl to be the analogously defined category of schemes.
By [6, Remarks 5.19 and 5.23|, we see that Schl is a locally small strong étale blossom in the
sense of |6, Definition 5.1.7|, or more precisely, Sch}cL is canonically equivalent to the strong étale
blossom whose objects are the Deligne-Mumford schemes which are classical schemes built out
of affines in Aﬁ'}j. By [6, Theorems 5.3.6 and 5.3.7] combined with Proposition 5.3.2 of op. cit.,
it follows in fact that

Uet) [ ~¢
& ~ She (Schk t) /5 ()
where 7 (X) is the stack assigning a scheme X the oo-groupoid of étale maps

X — X.

By [6, Remark 2.2.4 and Proposition 2.2.1], we conclude that & ~ Sh, (X¢;) . O

Lemma 2.3.10. There is a colimit preserving functor
Sheo ((+) 1)+ Shoo (Aﬁ"u, ét) — Top,,

which sends an affine scheme Spec (A) to Shoo (Agt) -
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Proof. We start by constructing such a functor out of co-presheaves, which can be accomplished
simply by taking the left Kan extension of the functor

Spec ¢t

AfFY Toplens: 5 Top

[e.9]

along the Yoneda embedding
y: A < Psho (Aﬁ'}j) ,

where

Hens.

Top " — Top,

is the canonical functor which forgets the structure sheaf. Denote this left Kan extension by L.
By [31, Proposition 5.5.4.20 and Theorem 5.1.5.6|, it suffices to show that L sends each covering
sieve

Su — y (Spec (A))
for W = (U; — Spec (A)),

;, an étale covering family, to an equivalence. Note however that this

covering sieve is the colimit of the Cech nerve
Ny : A% —s Pshg, (Aff}j)
of U. Since L preserves colimits, it thus suffices to show that the canonical map

colim L o Ny — L (y (Spec (A))) =~ She (Agt)

is an equivalence.

The functor Ny has a canonical lift to an augmented simplicial diagram
Nu: (AP =A% s Psh,, (Aff}j)

defining the canonical cocone for Ny with vertex y (Spec (A)) (which corresponds to the inclusion
of the subobject Sy < y (Spec (A4))). At the level of simplicial sets, the formation of right cones
is strictly left adjoint to the formation of slice quasicategories, so the map of simplicial sets m
is adjoint to a map

Ny : A% — Psho (Aff};) /y (Spec (A)).

Now L induces a colimit preserving functor
L : Pshy (Aﬂ-‘}j) Jy (Spec (A)) — Top., /Shoo (Aer)

By [28, Example 2.3.8] together with the fact that along representables L agrees with co-sheaves
on the small étale site, the diagram L o Ny consists of étale geometric morphisms of co-topoi
over Shy, (Ag) and therefore there is a factorization of L o Ny of the form

A% L5 Top® Shy, (Ast) — Top/She (Aer)

where Top® denotes the co-category of co-topoi and étale geometric morphisms, and moreover
the composite

AP 2 Top®t/Shog (Ay) — Topft — Top,,
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agrees up to equivalence with L o Ny.. Note that by [31, Remark 6.3.5.10], there is a canonical
equivalence of oo-categories Top® /Sheo (Agt) ~ Sheo (Ag) under which F' corresponds to the
Cech nerve of the same étale cover, except regarded as a simplicial diagram

Nu AP — Shoo (Aét) .

The colimit of this diagram is the terminal object. Notice that Top®/She (Ag) — Top pre-
serves colimits and so does Top®t — Top,, by [31, Theorem 6.3.5.13]. The result now follows
since the terminal object gets sent to She, (A¢) under the composite

Top /Shy (Agr) — Tops — Top,,. ]

Definition 2.3.11. Let F' be an oo-sheaf on (Aﬂ'}é, ét) . Then the small étale co-topos of F'
is

Shoo (Fet) 1= Shoo ((+) ) (F).-

We will proceed to justify this definition by showing it agrees with Definition 2.3.8 when F
is a Deligne-Mumford (co-)stack. First, we will show that the definition does not depend on the
ambient étale closed subcategory:

Remark 2.3.12. Suppose that Aff X is an essentially small étale closed category of affine schemes
which contains Aﬁ'%. Denote by ¢ the inclusion

it AfFY — AfF).
Then ¢ induces a restriction functor
i+ Shy, (Aﬂ‘v, ét) s Shy, (Afr}j, ét)
which has a fully faithful left adjoint
it - Shay (Affu, ét) < Shy, (AffV, ét) .

Concretely, iy is the unique colimit preserving functor sending each affine scheme Spec (A4) to
itself. Denote by
S : Shy, (Aff“, ét) = Top,

the colimit preserving functor from Lemma 2.3.10, and similarly denote by
R:Shy, (Aff)g, ét) = Topo,
the corresponding functor for the étale closed category Aﬁ'x. Then we have a canonical equiva-
lence
To see this, note the composition
Shy, (Aﬂ-‘}g, ét) My Sho (Aff}j, ét) Ry gop,
is colimit preserving and agrees with .S along representables. It follows that the above composition

Roi~S.
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We will now justify the notation for the functor She ((-)4) by showing it agrees with Defi-
nition 2.3.8:

Proposition 2.3.13. Let S = Sho ((+),,) be the functor from Lemma 2.5.10, and let X be a
Deligne-Mumford oo-stack. Then S (X) is equivalent to the small étale co-topos of X, in the sense
of Definition 2.3.8.

Proof. Denote by DM (k‘)g(;ét the subcategory of Deligne-Mumford oo-stacks built out of affines
in U, where the morphisms are (not necessarily representable) étale maps. By [6, Proposition

5.2.11 and Remark 5.3.11], it follows that the composition
DM (k)L — DM (k)L < Sha (Aff}j, ét)
preserves colimits. Hence
DM (k)L — DM (k)L < She (Aﬂ"u, ét) 5 Top,,

preserves colimits as well. By [28, Remark 5.3.11, Lemma 5.1.1, and Proposition 4.3.1], so does
the composite
DM (k)L ~ DMSchy ™ — Top? |

where @SﬁSch}j’ét is the oo-category of Deligne-Mumford schemes and their étale morphisms,
and hence, by [31, Theorem 6.3.5.13], the composite

DM (k)L ~ DMSch” — Top? — Top.,
also preserves colimits. Note that the latter composite sends a Deligne-Mumford oo-stack X
which is the functor of points of a Deligne-Mumford scheme (&, O¢) to the co-topos €. So both
composites

DM (k)L ~ DMSchi™ — Top? — Top.,

and

DM (£)L — DM (k)L < She (Aﬂ"u, ét) 5 Top,,

are colimit preserving and send an affine scheme Spec (A) to She (Ag) . By [6, Theorem 5.37]
(combined with Remark 4.31 of op. cit.) we see that there is a canonical equivalence of oco-
categories

Shae (Aﬁ’u’ét> ~ DM (k)L

[e.9]

which sends the sheaf of étale points of an affine scheme Spec (A) to Spec (A) itself. The result
now follows from [31, Proposition 5.5.4.20 and Theorem 5.1.5.6|, together with Lemma 2.3.9 of
this article. O

Remark 2.3.14. The results of this section readily generalize to the settings of derived and spec-
tral algebraic geometry. The proofs are exactly the same, once one replaces the étale geometry
(28, Definition 2.6.12]) with the derived étale geometry (|28, Definition 4.3.13]) or the spectral
étale geometry (|32, Definition 8.11]) respectively. We presented the results in the setting of non-
derived schemes merely to avoid overburdening the reader with new concepts. In fact, nothing is
lost, since for a derived Deligne-Mumford stack, its underlying classical Deligne-Mumford stack
has the same underlying oco-topos.
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2.4 Etale homotopy type We now present the definition of the étale homotopy type of
a general oco-sheaf on the étale site of Aff%, for some small étale closed subcategory of affine
k-schemes, in the sense of Definition 2.3.1.

Definition 2.4.1. The étale fundamental co-groupoid functor is the composite

Shee(()20) Shape
Shae (Aff}j, ét) Y Top, L Pro(8),

and is denoted by Hif]. For F' an oo-sheaf on (Aﬁ'g,ét), its étale homotopy type is
Shape (Shoo (Fet)) , the shape of its small étale oo-topos.

We also introduce a slight variant:
Definition 2.4.2. The hyper-étale fundamental co-groupoid functor is the composite

Shoo(( . )ét) Shape

H
Top e ———— Top,, ——— Pro(S),

She, (Aff}j, ét)

where Hyp is the hypercompletion functor. We denote this composite by T2, For F' an oo-
sheaf on | AffY, ét) , its hyper-étale homotopy type is Shape (HypSh, (Fs)), the shape of
the hypercompletion of its small étale co-topos.

Remark 2.4.3. The process of hypercompleting an co-topos is indeed functorial. Let P/’s\hOO (Topo)
denote the co-category of large presheaves of co-groupoids on the oco-category of co-topoi, and
consider the inclusion

q: TopC s Top

of the full subcategory of hypercomplete co-topoi. Then, by [31, Proposition 6.5.2.13], for any
oco-topos &, if i (€) is its associated representable (large) presheaf, the presheaf ¢*y (&) on Topc
is representable by the hypercompletion €. Tt follows that there is a canonical natural equivalence
making the following diagram commute

Top,, L Pshoe (Top,) 7, Psha (Tophi€)

—

=~ Yy
e TopiC,
Moreover, this canonical equivalence component-wise
y (E) — q"y (&)
under the Yoneda lemma corresponds to the canonical geometric morphism
€g: & — &,
and hence Hyp is right adjoint to the canonical inclusion
TopHC Top o,

with counit
€:qoHyp = idzep__-
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Example 2.4.4. There exists a pseudo-algebraically closed field F such that
TS, (Spec (F)) ¢TI0 (Spec (F)) .

Proof. Fix a prime p, and consider the p-adic integers Z, as a profinite group. Since Z, is
projective, by [15, 23.1.3], there exists a pseudo-algebraically closed field F such that the absolute
Galois group

Gal (F*?/F) = Z,,.

By |7, Proposition 4.9], we have that Shy (F¢) ~ 8/BGal (F*?/F) , where §/ - is the right
adjoint to Shape. But as BGal (F*?/IF) is a profinite space, by [27, Theorem E.2.4.1], it follows
that

Shape (Sheo (Fg)) ~ BGal (F*P /F).

Consider the sheaves F' and F” defined as in [31, Warning 7.2.2.31]. There it is argued that F' is
not a hypersheaf. Now, the canonical co-connective map a : F' — F’ induces an equivalence

a(a):a(F) = a(F),
where a denote hypersheafification. Since a («) is invertible, there is an induced map
F' = a(F') = a(F)

inducing a global section of a (F') not in the image of F. It follows that the co-topos Sheo (Fet)
has a different shape than its hypercompletion, since their corresponding shapes, as functors
from 8§ — 8 do not agree on K. Hence

5 (Spec (F)) 0 (Spec (F)) . .

Remark 2.4.5. This is another case of the shape of the hypercompletion of an oo-topos differing
from the shape of the co-topos itself. Also, it implies that the “well-known” fact that the étale
homotopy type of Spec (k¢) is BGal (k*P/k) can actually be false if we use hypersheaves.
However, most of the literature is in the setting of working with f-equivalences of pro-spaces, so
this distinction is erased.

Definition 2.4.6. The profinite étale fundamental co-groupoid functor is the composite

Sheo ((+)er) Shape PTOf
Shae (Aff%, ét> L Top, L Prof (8),

and is denoted by ﬁgé For F' an oco-sheaf on (Aff%, ét) , its profinite étale homotopy type
is ShapePrOf (Sheo (Fet)) , the shape of its small étale oo-topos.

Remark 2.4.7. There is no need to introduce a hyper-étale variant of the profinite étale oo-
groupoid functor since by Proposition 2.2.12, for each étale oo-sheaf F' we have an induced
equivalence of profinite spaces

ShapePrOf (HypSh,, (Fg)) — ShapePrOf (Sheo (Fet)) -

In particular, this has an effect of “erasing the difference” between the étale homotopy type and
the hyper-étale homotopy type of a stack.
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3. Comparison to Artin-Mazur and Friedlander’s approach

In this section, we will explain in what sense our definition of étale homotopy type agrees with
Friedlander’s definition, when his makes sense, e.g. in the locally Noetherian setting, and in
what sense our definition is a refinement of that of Artin and Mazur.

It should be noted however that one needs a locally connected hypothesis in order for either
the Artin-Mazur or Friedlander étale homotopy type to be defined, whereas our definition does
not need this assumption. The reason the approaches of Artin-Mazur and Friedlander need
additional assumptions than ours is because both of these definitions (|2, Definition 9.6] and
[17, Definition 4.4]) use Verdier’s connected-component functor, which is only defined for locally
connected sites. The small étale site of a locally Noetherian scheme is locally connected, but this
is not true for arbitrary schemes. As we will shall see, Verdier’s connected-component functor
arises naturally when one tries to derive an explicit formula for the (hyper)étale homotopy type
in the locally connected setting. Therefore, before explaining this comparison, we will make a
short excursion into the theory of locally connected topoi. In the process, we will prove some
basic properties that we will need later.

3.1 Locally connected oco-topoi.

Definition 3.1.1. An object F in a topos € is connected if whenever there is an isomorphism
E=UTJV in &, then exactly one of U and V is not an initial object.

Remark 3.1.2. An object F in a topos € is connected if and only if the functor
Homg (E, ) : € — Set
preserves coproducts. (See Proposition 3.1.16.)

Definition 3.1.3. A topos € is locally connected if and only if every object F in € can be
written as a coproduct of connected objects. (The initial object is an empty coproduct).

Lemma 3.1.4. [24, Lemma C.3.3.6] A topos & is locally connected if and only if the inverse
image functor
A Set — €

has a left adjoint I1j.

Remark 3.1.5. Let U be a connected object of a locally connected topos &€, and let S be a set.
Then we have:

Hom (Il (U),S) = Hom (U,A(S5))
= Hom (U, Hl)
seS
= HHom (U, 1)
seS
= H *
ses

I

S,
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where the second to last isomorphism follows from Remark 3.1.2, and thus ITy (U) = *. It follows

that if E = [JU; is a decomposition of E into connected objects, then
el

hence the “set of connected components of E” is well defined up to isomorphism, and isomorphic
to HO (E) .

Definition 3.1.6. The functor Iy (for historical reasons) is called the Verdier connected
component functor.

Definition 3.1.7. A locally connected topos € is connected if and only if the terminal object
1 is connected. Equivalently, if and only if

The following proposition is standard:

Proposition 3.1.8. Let € be a locally connected Grothendieck site as in [2, Section 9], then the
topos of sheaves of sets Sh(€) is locally connected.

Example 3.1.9. Let X be a locally connected topological space (in the strong sense that the each
point x has a neighborhood basis of connected open subsets). Then the open cover Grothendieck
topology on the poset of open subsets Op (X) is a locally connected site, and hence Sh (X) is
locally connected. Any sheaf of sets F' on X is the sections of a local homeomorphism L (F) — X
and such an F' is connected if and only if the space L (F) is.

Example 3.1.10. Let X be a locally Noetherian scheme. Then its small étale site X¢; is locally
connected (see [18, I 6.1.9]). It follows that the small étale topos Sh (X;) is locally connected.
Concretely, a representable sheaf Y — X in Sh(X), i.e. an étale map from a scheme Y, is
connected if and only Y is a connected scheme. More generally, as any étale sheaf over a scheme
is representable by an étale map P — X from an algebraic space (with no separation conditions),
a sheaf F'in Sh (X¢) corresponding to such a map is connected if and only if the algebraic space
P is.

Definition 3.1.11. An oco-topos € is locally connected if its underlying topos Disc (€) of
discrete objects is a locally connected topos, where Disc (€) is the full subcategory of € spanned
by the O-truncated objects.

Remark 3.1.12. It might be tempting to think an oco-topos is locally connected if and only if
the inverse image functor

A:Gpdy — €

has a left adjoint I1,. However, this is a strictly stronger condition; an co-topos satisfying this
property is said to be locally oo-connected. For example, a locally connected space X may
not have HypSh, (X) locally co-connected, but this will hold if X is locally contractible.

Definition 3.1.13. An object FE in an co-topos € is connected if whenever there is an equiv-
alence E ~ U [V in &, then exactly one of U and V is not an initial object.

Lemma 3.1.14. An object E in an oo-topos & is connected if and only if its O-truncation my (E)
is connected in Disc(€).
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Proof. Suppose that 7y (F) is connected, and we have E' ~ U [[ V. Then since 7 is a left adjoint,
we have

o (B) = mo (U) [[ o (V).
So, without loss of generality, mo (U) is an initial object, and hence so is U. Hence F is connected.
Conversely, suppose that E is connected and that

m (BE)=UJ]V.
Then since colimits are universal,
E~FE Xnm U E Xno(m) V-
and hence, without loss of generality, E' X ) U is an initial object. However, since
E — m (E)
is an epimorphism, it follows that so is ) = F Xro(E) U — U, therefore U is initial. O

Lemma 3.1.15. Let € be a locally connected co-topos. Then any object E can be written as a
coproduct of connected objects.

Proof. Let E be an object of a locally connected oco-topos. Then by definition, m (F) is an
object of a locally connected topos, hence we can write

mo () = HUi

i€l

where each Uj; is connected. But then, since colimits are universal, it follows that

E ~[[E Xy Ui-

i€l
Now, since,
70 (E Xnyo(p) Ui) = Ui,
each E X (g U; is connected by Lemma 3.1.14. O

Proposition 3.1.16. Let E be an object of a locally connected co-topos . Then E is connected
if and only if the functor
Homg (E, -) : € — Gpd,,

preserves coproducts.

Proof. Let E be connected and let X = [[X; be an object of €. Let
el

fiEF—=X
be a map in €. Then since colimits are universal, we have
E~]]E xx X:.
iel
Fix j € I and write

EzExXXj—i—HExXXi.
i#]
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Since E is connected, only one the above factors can be non-initial. Moreover, we cannot have
that E ~ F x x X; is initial for all j € I, for this would imply that E was initial. Now suppose
by way of contradiction that there is j # £ in I such that £ ~ F xx X; and F ~ E x x X}, are
both non-initial. Then since F is connected,

[IE xx Xi
i#£]
is initial, but
HEXXXi:EXXXk+ H E xx X;,
i#j i,k
and F X x X} is non-initial, which then leads to a contradiction. So F X x X; is non-initial for

exactly one %, and hence for this 7,
E XX Xz ~ F.

It follows that f factors through the inclusion X; — X. Hence Homg (E, -) preserves coproducts.
Conversely, suppose that Homg (F, - ) preserves coproducts and that £ ~ U [[ V. Then

Homg (E, UHV) ~ Home¢ (E,U) HHomg (E,V),

so the equivalence
E—U[]W

must factor through one of the factors, and hence the other factor must be initial. O

3.2 Comparing definitions of étale homotopy type

Remark 3.2.1. Let us derive, from a modern perspective, the formula of Artin-Mazur for the
étale homotopy type of a locally Noetherian scheme X [2, Definition 9.6 on p. 114|, by unwinding
the definitions to derive an explicit formula for the hyper-étale homotopy type as in Definition
2.4.2. Since X is locally Noetherian, its small étale site is locally connected by [18, 1 6.1.9]. Let
Z be a space in 8. Then, as a left exact functor

M (x): 8 -8,

we have
Heé
50 (X) (Z) = Thiypsh_ (xe) Altypsh_ (Xa) (£) 1
that is, it assigns Z the space of sections of the hypersheafification on the constant presheaf with

value Z.
Hypersheafification of a presheaf F' can be constructed in one-step (|31, p. 672|) as follows:

Fi(X) = colim [lim F ()],
U*—X
with the colimit ranging over a suitable filtered category of split hypercovers by connected objects
in the small étale site for X. (See [2, Lemma 8.8] for a justification as to why we can restrict to split
hypercovers, and see |20, Section 5| for a more precise meaning of “suitable filtered category.”)
Such a hypercover is a simplicial object in presheaves which is degree-wise the coproduct of
representables. Explicitly, one has for all n

v = TIven, (2)

i€l
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with each C7* a connected object in the small étale site of X, and the notation
lim F'(U*®)

is shorthand for

. —

lim [TFr@Ee)=11F ) 2 T[F(ch)...

neA |iel, jen kel
For such a hypercover

U*— X

let IIp (U™) be the set of connected components of U™ in the sense of Definition 3.1.6 (also |2,
p. 111]), and denote the corresponding simplicial set by = (U*®). Explicitly, in the notation (2),
IIp (U™) = I, since each representable in (2) is connected. By abuse of notation, we will denote
the associated object in 8 by the same symbol 7 (U®). Note that we have

7w (U®) = colim ITy (U") .

—
neA°P

We thus have that
H-ét _ . :
I (X) (Z) = colim Jim H A
Ue—X |n€A gelg(Un)

i.e.

Hompyo(s, (T (X),j(2)) = colim [lim g
I'O()( > Ue—X @aenl}U")

12

colim Homg (colim I, (U™), Z>
Ue—X neAop

colim Homg (7 (U*®), Z)

Us—X

Homp, ) ( im 7 (U®),j (Z)> ,

U*—X

1

1

so we conclude that TTE% (X) can be identified with the pro-space Jim 7w (U®). Comparing
Ut—X

this to the Verdier functor [2, p. 112], we see the only difference between TTE-¢ (X) and the

Artin-Mazur étale homotopy type of X is that TI-¢ (X) is a pro-object in the oo-category of

spaces, whereas the Artin-Mazur étale homotopy type is a pro-object in the homotopy category

of spaces.

We will make the above argument more precise in what follows, by instead, directly comparing
with Friedlander’s approach. Let us introduce some notation. Let

q:Set®” =8

be the functor sending a simplicial set to its associated oo-groupoid. We can realize this concretely
e.g. as
) colim (-)
Set®” = Psh (A) < Pshy, (A) ——— 8.
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Notice that ¢ induces a well-defined functor
Pro(q) : Pro (SetAOp) — Pro (§).
The following is a result of Hoyois:

Proposition 3.2.2. (/20, cor 3.4])
Let X be a pointed connected locally Noetherian scheme. Denote by gt (X) the étale homotopy
type of X, as defined by Friedlander (17, Definition 4.4]). Then

Pro(q) (%’tét (X)) ~ Shape (HypSh,, (X¢)),

i.e. the pro-space associated to Ft (X) agrees with TIEL¢ (X).

Corollary 3.2.3. Let X be a pointed connected locally Noetherian scheme. Then the image of
¢t (X)) in the category Pro(J(.) of pro-objects in the pointed homotopy category, agrees with
the homotopy type of X as defined by Artin and Mazur.

Proof. This follows from Proposition 3.2.2 and [17, Proposition 4.5]. O

We finally show that Friedlander’s definition for the étale homotopy type of a simplicial
scheme, also agrees with our definition, up to profinite completion:

Theorem 3.2.4. Let Xq be a pointed connected locally Noetherian simplicial scheme. Let

[Xe] = colim X,
=

denote its associated stack in Sheo <Aﬁ'}i,ét) (e.g. if Xo is the nerve of a groupoid object in

schemes, [Xe| is the associated algebraic stack). Then
¢ ([Xa]) = Pro(q) (3% (X.)).

Proof. Note that since II¢ preserves colimits,

% ([X,]) ~ colim IT% (X,).
neA°p

Now, from Proposition 2.2.12 and Proposition 3.2.2; it follows that this in turn is equivalent to

colim Pro (q) <8’tét (Xn)> .
neAor

For a simplicial scheme Y,, denote by HR (Y) and HRR (Y,) the homotopy category of hyper-
covers and rigid hypercovers of Y, respectively, in the sense of |17, Definitions 3.3 and Proposition
4.3]. Notice that

Pro(q) (3tét (X.)) ~ lim <CO£>H Q (Un,n)> :

UcHRR(X,) neAopP

The proof of [17, Proposition 4.5] implies that the canonical map HRR (Ys) — HR (Y,) is left
final. Also, for any n, the canonical restriction map

HR(Y,) — HR(Y,)
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is left final for all n. Using these facts, combined with |20, cor 5.5], we deduce that for each n,

Pro(q) (3 (X.))

~

m

m (colimw(Ukm)) .
UEHRR(Xs) \keAor

Let V be a w-finite space. Then:

—

g ([Xe]) (V)

colim Pro (q)

12
A/~

(3 (Xn))) (V)

neA°P
~ Hom | colim lim j (colimﬂ' Ukn) | ,3(V)
neArUcHRR(X.) ke Aop

12

Jim Hom ( fm <colim ™ (Ukn)> yJ (V))
neA UcHRR(X.) keAop

l'&n colim  Hom (j (colim T (Ukn)> ,J (V)) .
)

n€A UeHRR(X4)%P keAop

1

But, since V' is w-finite, it is m-truncated for some m, and so by [8, Lemma 2.21], this is

furthermore equivalent to

n

145

colim  Hom <j (colim 7T (Uk,n)> yJ (V)>
m UEHRR(X,)P keAer

and since filtered colimits commute with finite limits we have this is in turn equivalent to

12

12

1

12

1

12

~

(Uk,n)> 'J (V))

@ Hom (j <colim7r
k€Aep

UeHRR(X,)°? N€A<m

Q
=
E

colim @Hom (j (Colim T (Uk,n)> v J (V)>
U€HRR(X,)% meA keAop

colim Hom (cohm] <coi>n 7 (Ug n)) yJ (V))
UeHRR(X neAor  \ keAor

Cohm Hom (cohm 7 (Up n)) v J (V)> -
UGHRR neA°P

Q
o,
lg

Hom ( j
UGHRR X.)

Hom ( j
UEHRR Xe)

Hom (Pro Std
Pro (q) (§v° (X)) (V )-

[
) )
:

colim 7 ( ) ,J (V))
neA°r

7.]

Remark 3.2.5. All that was needed was that each w-finite space is truncated, so we actually

get an equivalence between their pro-truncated spaces.

4. A concrete description of the étale homotopy type

Thus far, we have succeeded in generalizing the previously existing definitions of étale homotopy

type to a definition that makes sense for arbitrary higher stacks on the big étale site. However,
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when the stack in question is not Deligne-Mumford, this construction is a bit opaque, since it
involves taking the shape of a colimit of co-topoi indexed by the right fibration associated to the
stack in question. This may seem unsatisfying since the definition of Friedlander, which agrees
with ours in the locally Noetherian setting, has an explicit (albeit complex) formula. In this
subsection, we will rectify this by showing the pro-space associated to our construction of the
étale homotopy type, even when applied to an arbitrary higher stack, has a natural concrete
description given by a very simple formula.
Consider the essentially unique geometric morphism

She, (Aff“, ét) 58
to the terminal co-topos. This is represented by an adjoint pair A% - ', and A is left exact.

Moreover, A% assigns a space Z the sheafification of the constant presheaf with value Z, and T'g
assigns an oo-sheaf F' the value F' (Spec (k)) .

Let F' be an object of Shy (Aﬂ'u, ét) . Consider the composition of functors

ét evp

S — = . Sh, (Affu, ét) Y Pshy, (Shoo (Aff}j, ét>> s

where

evp : Psha, (Shoo (Aff}j, ét)) 58

is the functor evaluating a presheaf G on Shy (Aﬂ'u, ét) at the object F. Since limits in a functor

oo-category are computed object-wise, and since A is left exact, the above composition is also
left-exact, hence a pro-space. Let us denote this pro-space by [ (F'). The pro-space [ (F) is given
by the simple formula

[(F) (Z) = Homgy,_(agtt o) (F A (Z)) . (3)
This can be formulated more abstractly as follows. Let & be an arbitrary co-topos and let
A8 4T,
denote the essentially unique geometric morphism e : € — 8. Let E be an object in € and let
mp:&/E— &
denote the associated étale geometric morphism. Then the composite
g/E—"2 e °g8
is the essentially unique geometric morphism from £/F to 8, so
AYE ~ o A8
It follows that for Z in § we have:
Shape (£/E) (Z) ~ Te/p (AS/E (Z))
~ T (Exa%(2) - E)

~ Homg <E AE (Z)> .
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By [31, Proposition 6.3.5.14], the assignment E — &/FE assembles into a colimit preserving
functor

X:E€— Top.
By composition, we get a colimit preserving functor

X Shape
& X5 Top,, — 4 Pro(s)

sending an object E of & to Shape (€/FE) . By the above discussion, we see that for F' an object
of the oo-topos She, (Aﬁ'}j, ét) , the pro-space [ (F') is nothing but Shape (ShoO (Aﬁ‘%, ét) /F) ,

and hence the assignment F' +— [ (F') assembles into a colimit preserving functor

Shape
Shac (Aﬂ"u, ét) X Top,, ——  Pro(8).

Lemma 4.1. Consider the ringed co-topos Spec ¢ (k) and denote by
§:8 = Shoo (ket)
the inverse image functor of the unique geometric morphism
Shoo (ket) — 8

from the underlying oo-topos of Spec¢: (k) to the terminal oo-topos of spaces. Let Z be an
arbitrary space. Then Spec ¢ (k) /0 (Z) is a Deligne-Mumford scheme, whose functor of points
is the stack A (Z).

Proof. Tt follows from |28, Proposition 2.3.10] that Spec ¢ (k) /d (Z) is a Deligne-Mumford scheme.
It therefore suffices to show that its functor of points is A (Z). Consider the composition of
functors

8 25 Shoo (ket) — DM (k) /Spec ¢ (k) — DM (k)L — DM (k)L < Sha (Aﬁ"g, ét) .

By [28, Proposition 2.3.5] and [6, Proposition 5.2.11|, the composition preserves small colimits.
Moreover, it sends the one point space * to Spec (k), which is terminal. The functor A also
has this property, and since the above composite and A% are both colimit preserving functors
out of § = Pshy, (*), they must agree, but this is exactly what we wanted to show, since the
composite sends a space Z to the functor of points of Spec¢ (k) /6 (Z). O

Theorem 4.2. There is a canonical equivalence of functors
¢ =5 Shape o x.

In particular, for any co-sheaf F' on (Affu, ét) , there is a canonical equivalence of pro-spaces
% (F) == 1(F),

where | (F) is defined as in equation (3).
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Proof. Since both functors Shape o x and 11 are colimit preserving functors
Sha (Affu, ét) ~ Pro(8),

by [31, Proposition 5.5.4.20 and Theorem 5.1.5.6], it suffices to show that both functors agree
up to equivalence when restricted to affine schemes. Note that both Spec (A) and A (Z) are
functors of points of Deligne-Mumford schemes, and the functor of points construction is a
fully faithful embedding of Deligne-Mumford schemes into She (Aff”, ét) Tt follows that the

canonical map

Hom oyt (Specet (A) , Spec et (k) /0 (Z)) — Homgy,  (agy 1) (Spec (4), A% (2))
2
[ (Spec (4)) (2)

is an equivalence of co-groupoids.
By |28, Remark 2.3.20], the following is a pullback diagram in D9t (k)go

Spec gt (A) /f*0(Z) — Spec g (k) /6(2)
Spec ¢ (A) S Spec ¢ (k) ,

where f is the map whose functor of points is the unique map to Spec (k). Since Spec ¢ (k) is
the terminal Deligne-Mumford scheme, it follows that

Homggng e (Spec et (A) ,Spec g (k) /6 (Z))
is equivalent to the space of sections of the étale map
Spec¢: (A) /f*6(Z) — Spec¢ (A),

and since any section of an étale map is étale, this is in turn the space of maps in the slice
category

Hom g on 166t s e o (4) (18pec ¢y(4): SPec et (A) /f70 (Z) — Specer (A)) -

Now, by [28, Proposition 2.3.5|, this is equivalent to the space of maps
Homgy, (4, (1 f*6(2)) =T (f*6(2)).

Since 8 is the terminal co-topos, it follows that f*6 ~ A%, (where Af} is the inverse image of
the unique geometric morphism to 8) and hence

r4(f*5(2)) =~ (a4 (2))
= Sh/ape (Spec (A)) (Z) O
12 (Spec (4)) (7).

For X, a simplicial object in the 1-topos Sh (Af‘fu7 ét) . We can associate to it, its colimit

[X.] := colim X, in the co-topos Sh (Aﬂ‘u, ét) .
Aop
neA°
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Corollary 4.3. In the situation above, the étale homotopy type TI¢ ([X,]) agrees up to profinite
completion with the topological type of Xe in the sense of Chough [10, Definition 3.2.6] (and
agrees without the completion when X, is n-truncated for some n).

Proof. Translating into oo-categorical language, Chough’s topological type of X, is the shape
of the oco-topos HypSh (Aﬂ'u, ét) /[X.]", where [X,]" is the hypersheafification of [X,]. The
result now follows from Proposition 2.2.12 and Theorem 4.2. O

5. A profinite comparison theorem

In this section, we extend the results of [2] to show that the profinite étale homotopy type of any
higher stack on the site of affine schemes of finite type over C agrees with the profinite homotopy
type of its underlying topological stack.

We start by recalling some notions and results from Section 3 of [8].

Let Top be the category of topological spaces and let Topg denote the full subcategory on
all those spaces which are contractible and locally contractible spaces which are homeomorphic
to a subspace of R" for some n. Denote by Top¢ the following subcategory of topological spaces:

Definition 5.1. A topological space T" is in Topc if 7' has an open cover (U, — T),, such that
each U, is an object of Topg.

The reason for decorating the notation with “C” is that Top¢ is a good recipient for the
analytification functor from complex schemes. Recall from [49] that there is an analytification

functor
(an : SchéFT — Top,

from schemes locally of finite type over C to topological spaces, and this functor preserves finite
limits. When X is a scheme, X,, = X (C) is its space of C-points equipped with the complex
analytic topology. X, is locally (over any affine) a triangulated space by [26], so in particular
Xan is locally contractible, and since X4, is locally cut-out of C™ by polynomials, so it follows
that Xy, is in Topc.

In [35, Section 20|, Noohi extends the analytification functor to a left exact functor

(“)op : AlgSE™ — TopSt

from Artin stacks locally of finite type over C to topological stacks. For X an Artin stack, Xiop
is called its underlying topological stack. In [8, Theorem 3.1 and cor 3.11], we extend this further
to a left exact colimit preserving functor

(*)iop * Shoo (AFFEFT ét) — HypSh,, (Topg)

from oco-sheaves on the étale site of affine schemes of finite type over C, to hypersheaves on Top¢
(with respect to the open cover topology). For X any oo-stack on (AfféF T ét) , we refer to Xyop
as its underlying stack on Topg.

Remark 5.2. Even though Topc is not a small category, HypSh,, (Top¢) is an co-topos, since
there is a canonical equivalence of co-categories

HypSh, (Top¢) ~ HypSh,, (Topg.) -

See [8, Section 3.1].
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In Section 3.2 of [8], we also prove the following theorem:

Theorem 5.3. [8, Proposition 3.12,cor 3.13, and Remark 3.14] The co-topos HypSh, (Topc)
18 locally oo-connected, and the left adjoint to the constant functor A is a colimit preserving
functor

I : HypSh, (Topc) — 8

which sends a space X in Topge, to its underlying weak homotopy type.

The functor Il is called the fundamental co-groupoid functor. (This is an extension of
the results of 36].)

We now state our main result:

For any oo-sheaf F' on (Aﬂ'éF T ét) , there is an equivalence of profinite spaces
M (F) 2 Moo (Fop)

between the profinite étale homotopy type of F' and the profinite completion of the homotopy
type of the underlying stack Fi,, on Top¢ (see Theorem 5.13).

We will need a few preliminaries. Notice that there is a canonical functor Topes — Top,
which factors as Sh
Topc — Top — Top — Top,

the canonical inclusion, followed by the canonical functor 7"+ Sh(T") from topological spaces to
topoi (which is fully faithful when restricted to sober spaces), followed by the canonical inclusion
identifying topoi with 1-localic co-topoi.

Since the poset of open subsets of a topological space has finite limits, it follows from [31,
Proposition 6.4.5.4| that the total composite sends a topological space T' to the co-topos Sho, (T')
of oco-sheaves over T. Denote by

Hyp : Topo, — Topo

the hypercompletion functor (see Remark 2.4.3).
Recall that by Remark 5.2, there is a canonical equivalence of co-categories

HypSh,, (Topc) ~ HypSh,, (Top¢) -

With this in mind, the following lemma’s proof is completely analogous to that of Lemma
2.3.10. We leave the details to the reader:

Lemma 5.4. There exists a colimit preserving functor
HypSh,, (-) : HypSh, (Topc) — Top,

which sends a representable sheaf y (T) , where T is a topological space, to the oo-topos of hyper-
sheaves on T.

Lemma 5.5. The following diagram commutes up to equivalence:

S .
HypSh,, (Topc) pShe () Top,,

Hool JShape

8¢ ! Pro(8).
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Proof. Recall that the there is a canonical equivalence
HypSh,, (Topc) ~ HypSh,, (Topg) -

Since all the functors in the above diagram preserve colimits, it suffices by [31, Proposition
5.5.4.20, Theorem 5.1.5.6] to prove that there is a natural equivalence of functors

Shape o HypSh (-) oy~ jollcoy

where
y : Tope — HypSh,, (Topc)

is the Yoneda embedding. Let T' be an object of Top¢. In particular, 7' is locally contractible.
By the proof of Proposition 2.2.7, we have a canonical identification

Shape (HypSh,, (T') ~ j (I (T)) ,
and by construction, there is a canonical equivalence
Shape (HypSh, (T')) ~ Shape o HypSh (-) (y (T)) . O
Proposition 5.6. There is a canonical natural transformation

HypShoo( : )O( ) )top

/_\

Sheo (AFFEFT, ét)\ﬁ/ Top,,
Sheo () er)

Such that the induced natural transformation

ane L0, ¢
Shap © Shape™F o Shag ((+),,) = Tt

[e.9]

Shapel ™ o HypSh._ () o (+)

top
s an equivalence.

To prove the above proposition, since all the functors involved are colimit preserving, by [31,
Proposition 5.5.4.20, Theorem 5.1.5.6] it suffices to prove the result after restricting the functors
to affine schemes of finite type over C. The affine assumption will not play a role, so we will
establish the result for any scheme X of finite type over C.

Following [1, exposé XI.4]:

Denote by Top® /Xan the category of local homeomorphisms over X,,. Let

o Xeg — Topét/Xan

be the restriction of the analytification functor; it sends an étale map of schemes f : Y — X
to the local homeomorphism f,, : Yo, — Xan. Note also that via the étalé space construction,
there is a canonical equivalence of categories Top® /Xan =~ Sh (Xg4p) . Since Sh (X,,,) has enough
points, and since « is left exact, it follows that « is flat, and hence by [24, B3.2.7|, a induces a
geometric morphism

¢ : Sh (Xan) — Psh (Xg) .



On the étale homotopy type of higher stacks 157

*

Explicitly, ¢* is the left Kan extension Lan, (a) of « along the Yoneda embedding, and for

F a sheaf on X, corresponding to a local homeomorphism LF — X, ¢« (F) evaluated on
an étale morphism Y — X is Homx,, (Yan, LEF). The functor a sends étale covering families
in Xg to families of jointly surjective local homeomorphisms. These are exactly the effective
epimorphisms in Top® /X,,. Hence, identifying o with a functor Xz — Sh(X,,), we see that
a pulls back sheaves on Sh (X,,) equipped with the canonical topology to sheaves, since the
canonical topology Sh (X,,,) is precisely generated by jointly epimorphic families. It follows that
@« (F') is always a sheaf, and hence ¢* restricts to a left exact colimit preserving functor

ex : Sh(Xg) — Sh(Xan),
hence constitutes a geometric morphism
ex : Sh(Xan) = Sh(Xg) .

Since both X and the poset of open subsets of X, have finite limits, this canonically extends
to a geometric morphism of co-topoi

ex : Sheo (Xan) — Sheo (Xgt)

by [31, Proposition 6.4.5.4].
We define £x as the composition

HypShe, (Xan) — = Shee (Xen) —— Sheo (Xer) -
Suppose that f : X — Y is a morphism of schemes, and consider the following diagram of
categories:
Sh (Xz1) — Sh (Xan)
AR
Sh (Vi) — $h (Yan)

Since all the functors involved preserve colimits, and since analytification preserves finite limits,
it follows that there is a canonical 2-morphism

e(f)iekof" = fanoey.

That is to say, € (f) represents a 2-morphism in the (2, 1)-category Top of topoi, making the
following diagram commute

Sh (Xan) — Sh (X&)
Sh (Yyn) —— Sh (Ya) .

Moreover, it is easy to check that the various geometric morphisms ex together with these

2-morphisms assemble into a lax natural-transformation

Sh(-)o( )y

LFT /\

Sh((+))-

Top.
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(The necessary coherency conditions follow by a similar argument by pasting diagrams.) By
abuse of notation, composition with the canonical inclusion

Top — Top

induces a natural transformation

Shoo(-)o(+)a

AFFLFT /ﬂa\‘
¥//?

Sheo ((+)er)-

Top

Finally, by composing with the counit
€:qoHyp = idgep__

of the coreflective subcategory of hypercomplete co-topoi (Remark 2.4.3), we get a natural trans-

formation

HypShoo( . )O( . )an

Shee ((+)er)

AfFET

Again, since all the functors involved in the statement of Proposition 5.6 are colimit preserving,
by [31, Proposition 5.5.4.20, Theorem 5.1.5.6] this natural transformation lifts to one of the form

HypShoo( ) )O( : )top

/\

Sheo (ALY, ét)\&/ Topoo,
Shoo (( . )ét)
Prof

and to prove that it is an equivalence after applying Shape , it suffices to show that each

geometric morphism £x is a profinite homotopy equivalence, when X is a scheme of finite type
over C. Note that by Proposition 2.2.12,

ex : HypSh, (Xan) = Sheo (Xan)
is a profinite homotopy equivalence for all X, so it suffices to prove that each geometric morphism
ex : Sheo (Xan) — Sheo (X¢t)
is a profinite homotopy equivalence as well.

Remark 5.7. The morphism between profinite shapes induced by ex, regarded as map in pro-
objects in the homotopy category, agrees with the comparison map of Artin-Mazur in [2, Theorem
12.9]; their map is also directly induced from the same map of sites.
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Let us fix a scheme X of finite type over C and denote ex from now on by €.
The main ingredient in showing that ¢ is a profinite homotopy equivalence is the following
classical result from [1]:

Theorem 5.8. [1, exposé XI1.J Theorem 4.3, Theorem 4.4, and exposé XVI.4, Theorem 4.1] Let
X C-scheme. Then
1) If X is locally of finite type, then analytification functor o : Xg — Topét/Xan induces
an equivalence of categories between finite étale maps over X and finite covering spaces of
Xan-
2) If X is finite type, then € induces an isomorphism in cohomology with coefficients in any
local system of finite abelian groups.

Lemma 5.9. Let G be a finite group, and X a scheme of finite type over C. Then the analytifi-
cation functor
Xew = Top® [ Xan

induces an equivalence of categories between the category of G-torsors on X and the category of
principal G-bundles over Xg,.

Proof. Let H be a group object in a Cartesian monoidal category %. Recall that a H-torsor in
% is an inhabited H-object
p:HxP—P

such that the canonical map

HxP—-PxP

is an isomorphism. Note that any finite group G is canonically and simultaneously a group
object both in the category of finite étale maps over X and the category of finite covering maps
of X4n. A G-torsor in these categories is a G-torsor over X and principal G-bundle over X,
respectively. The result now follows from Theorem 5.8, 1). OJ

Recall that from Remark 2.2.11 that € is a profinite homotopy equivalence if and only if for
every m-finite space V, the induced map

Ly A% (V) = Ty A" (V)

is an equivalence, where
A€t
Shoo (Xé ) _— S
Pet

and

Aﬂ.n
Shoo (Xan) —)F 8

are the unique geometric morphisms to the terminal co-topos 8. Our method of proof will be to
first establish this for connected w-finite spaces by using induction on Postnikov towers.

Lemma 5.10. Let f: € = F be a geometric morphism of co-topoi and let A be an abelian sheaf
i F. Suppose that for all n > 0, f induces an isomorphism in sheaf cohomology groups

H™ (F,A) =5 H" (&, f*A).



160 David Carchedi, Higher Structures 5(1):121-185, 2021.

Then for all n, then induced map
Iy (K (A,n)) = Te (K (f*A, n))
s an equivalence of co-groupoids.
Proof. First of all, it follows immediately from [31, Remark 6.5.1.4] that
[TK(An) = K(f*A;n),

which explains the induced map above; it is induced by the functor f* (since f* preserves the
terminal object). Notice that for any abelian sheaf B on an co-topos X, for n > 0, K (B, n) has
the structure of a grouplike E -object in X, and consequently,

Ty (K (B,n)) = Homy (1, K (B, n))

is a grouplike Eo-space. Let e : 1 — K (B, n) be the group unit. We can identify e with a map
from the one-point space
* — Homy (1, K (B,n)).

Since the Eo-space Homy (1, K (B, n)) is grouplike, it suffice to prove that
Iy (K (A,n)) = Te (K (f*A,n))

induces an isomorphism on 7y and on all higher homotopy groups at the canonical base point e.
So it suffices to show that for all £ > 0 the induced map

w2 (D (K (A,n))) = moQ (Te (K (f*A,n)))

is an isomorphism.

Notice that the canonical base point e is in the image of the global sections functor I'y, i.e.
e=Tg(e): T'5 (1) = I'g (K (A,n)),
and since 'y preserves finite limits, it then follows that
QF (T (K (A,m))) = Ty (2 (K (4,0)))) -

When k < n, QF (K (A,n))) ~ K (A,n—k) and for k > n, it’s the terminal object. Conse-
quently, we have that

m, Ty (K (A,n)) €)= moQ Ty (K (A,n))) = H* " (F,A)
for k& < n, and otherwise is zero, and similarly for 7 (I'e (K (f*A,n)),e). O
Proposition 5.11. Let X be a connected scheme of finite type over C. Then
€ Shoo (Xan) = Sheo (Xeét)

18 a profinite homotopy equivalence.
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Proof. It suffices to prove that for every m-finite space, the induced map
e A% (V) = Dan A" (V)

is an equivalence of oo-groupoids. Denote by % the full subcategory of 8§ spanned by all spaces
V for which the above map is an equivalence. Note that since the functors T'gs, A%, Tgrn, A% all
preserve finite limits, if follows that % is closed under finite limits in 8. Note by Theorem 5.8, 2),
together with Lemma 5.10 it follows in particular that 4" contains all Eilenberg-MacLane spaces
of the form K (A,n), with A a finite abelian group. Also, it follows from Lemma 5.9 that &
contains all K (G, 1) for all finite groups G.

Fix a finite abelian group A and let n > 0 be an integer. We claim that BAut (K (A,n)) is
also in €. Let us establish this claim. We have already seen that the canonical map

FuA% (K (Aut (A),1)) — gy A (K (Aut (4), 1))
is an equivalence of co-groupoids. Consider the canonical map
Y : BAut (K (A,n)) — K (Aut (A),1)

induced by identifying K (Aut(A),1) as the 1-truncation of BAut (K (A,n)). It suffices to
prove that for every base point

7% = Dy A% (K (Aut (4),1)),
the induced maps between the (homotopy) fiber of
Ty A% (1))

over 7 and the (homotopy) fiber of
FanAan (w)

over €7 is an equivalence of oo-groupoids. Let F,, denote the fiber of
Ta A ()
over 7, i.e. the pullback
Fn —— Homgy, (v, (1, A% (BAut (K (A,n))))
JFétAét(w)
* ——» Homgy, (v, (1,A% (K (Aut (4),1))) .

By [31, Proposition 5.5.5.12], we have a canonical identification

Fy = Homgy, _(x,)/a% (K (Aut(4),1)) (Tv A W) :

The latter space of maps is the space of lifts

1 XAét(K(Aut(A),l)) Aét (BAllt (K (A, n))) E— Aét (BAut (K (A, n)))

-
J T JAéﬁ(w)

—

1== T A (K (Aut (A), 1))
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which is canonically equivalent to the space
T (1 % a1y A (BAUE (K (4,m)))) .

Since A% preserves finite limits, it follows from Lemma A.1.8 that the following is a pullback
diagram in She (X¢):

A (BAut (K (A, n))) A (K (Aut (A), 1))

A (1) A (Ont1)

A (0n+1)

A% (K (Aut (A), 1)) A (BAut (K (A,n+1))).

In light of this, by the pullback square at the end of the proof of Theorem A.2.13, we have a
canonical identification

1 X et (i (Aut(a)1)) A (BAut (K (A,n))) ~ K (Fr,n+1),

where JF; is the abelian sheaf classified by the local system 7. In summary, we have that the fiber
of T¢; A% (1)) over T can canonically be identified with T's; (K (F,,n 4 1)). Hence the induced
map between fibers can be identified with the induced map

Fet (K (Fr,n+1)) 5 Topn (K (Ferryn+1)).
By Theorem 5.8, 2), for all n, the induced map
H"™ (Sheo (X¢t),Fr) — H™ (Shoo (Xan) , Ferr)

is an isomorphism. The claim now follows from Lemma 5.10.

Since X is connected, it follows that so is X,,, and hence the terminal objects of both
Sheo (Xan) and Sheo (X¢) are connected, by Lemma 3.1.14. It follows then from Proposition
3.1.16 that both I'¢; and T'y, preserve coproducts, and hence % is closed under coproducts in 8.
This reduces our job to checking that

Ly A% (V) = Ty A" (V)

is an equivalence for all connected w-finite spaces.

Let us prove by induction on n that ¥ contains all connected n-truncated m-finite spaces.
We have already established that this holds for n = 1. Suppose by hypothesis that n > 2 and
¢ contains all (n — 1)-truncated connected 7-finite spaces. We wish to show that ¢ contains all
n-truncated connected w-finite spaces. Let Z be such a space. Denote by Z,_; the (n — l)St—
truncation of Z. Then Z — Z,,_ has fiber K (7, (Z),n). Let A be the abelian group 7, (Z).
Then by Proposition A.1.5, we have a pullback square

Z—— K (Aut(4),1)

J P

Zn1 — BAut (K (A,n)).

Since % is stable under finite limits, it now follows that Z is in & as well. O
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Proposition 5.12. Let X be a scheme of finite type over C. Then
€1 Shoo (Xan) — Shoo (Xet)
18 a profinite homotopy equivalence.

Proof. Notice that both oco-topoi involved are locally connected. With this in mind, let X =
[[Xa, with each X, a connected scheme. For any space V,
[0

et ACt (V) = HomShoo(Xét) <HXC¥’ At (V))
~ HHomShoo(Xét) (Xom Aét (V))
~ JTHomgy (o), (187 (V)

~ J[réaadv).

The analytification of X is

and each X, is connected as a topological space. By analogous reasoning as above we have

T AT (V) ~ [[rarAs (V).

[e%
The result now follows from Proposition 5.11. O
This establishes the proof of Proposition 5.6. We now prove our main theorem:
Theorem 5.13. The following diagram commutes up to equivalence:

ét
Shoo (AFELFT ¢t) — =, Prof(s)

(- Dtop )

o

HypSh,, (Topc) 8.

In particular, for any oo-sheaf F' on (Aﬂ'éFT, ét) , there is an equivalence of profinite spaces

between the profinite étale homotopy type of F' and the profinite completion of the homotopy type
of the underlying stack Fio, on Topc.

Proof. By Proposition 5.6, we have an equivalence

Shapeprof(g) ﬁét

top ~ oo*

ShapePrOf o HypSh, (<)o (-)
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Note that by definition we have
ShapePrOf = 1" o Shape,

SO

ShapePrOf oHypSh,, (-)o(+),,, =i o Shape o HypSh, (-) o (')top-

top

By Lemma 5.5 we have an equivalence
Shape o HypSh () ~ joll.

Furthermore, by definition the profinite completion functor

—

(+):8 — Prof
is 1* o j, so finally
ShapeP T o HypShy, (+) 0 ()0 = (1) 0 Tso 0 () 0p - 0
Corollary 5.14. Let X be an Artin stack locally of finite type over C, then there is an equivalence

of profinite spaces

1% () = Tlao (Xiop)

between the profinite étale homotopy type of X and the profinite completion of the homotopy type
of the underlying topological stack Xiop.

Remark 5.15. In light of Remark 5.7, we conclude that for pointed schemes of finite type over
C, our comparison map in Theorem 5.13 induces the same one as Artin and Mazur.

Example 5.16. Consider the moduli stack M, of proper smooth curves of genus g with n
marked points, and let I'y , be the mapping class group of a surface of genus g with n marked
points. Fix an embedding

Q—C.
Then it was shown in [38] that the homotopy type of the analytification of
Myn®Q
is that of BI'y,,. It follows that there is an equivalence of profinite spaces
% (M, Q) ~ BT, .

An analogous result was shown in [38] using the machinery of étale homotopy type of Friedlander,
and the notion of profinite completion of Artin-Mazur. Similarly, it follows from [12] that

IS, (Mg ® Q) = BCLg,
where My, ,, is the Deligne-Mumford compactification, and €L, is the Charney-Lee category.
Example 5.17. Consider the moduli stack of elliptic curves M, and fix an embedding
Q—=C.

Then it is shown in [14] than the homotopy type of the analytification is that of BSL (2,Z),
from which it follows that -

0% (Mo ® Q) ~ BSL(2,7Z).
As above, an analogous result was shown in the same paper, but using the machinery of étale
homotopy type of Friedlander, and the notion of profinite completion of Artin-Mazur.
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Example 5.18. Let GG be an algebraic group over C. Then
¥ (BG) ~ BGan.
Note: If G is discrete and good in the sense of Serre [45], then BGan ~ BG.

Example 5.19. Let X be a fine saturated log scheme locally of finite type over C, and let ¥/X
be its infinite-root stack in the sense of [48]. (This is a pro-object in algebraic stacks). It was
shown in [8] that the homotopy type of the underlying (pro-)topological stack, after profinite
completion agrees with the Kato-Nakayama space Xj,4 of X in the sense of [25]. It thus follows
that

e (VX) = Xigg.

As the Kato-Nakayama space is only defined for log schemes over C, this suggests that the infinite
root stack could be a suitable replacement for it in positive characteristics.

Appendix A: Cohomology with coefficients in a local system

In this appendix we give a careful introduction to the concept of cohomology with coefficients in
a local system of abelian groups using the modern language of oco-categories. We work this out
first for the case of spaces, and then for an arbitrary oo-topos, and link these definitions with
the classical definition of cohomology with twisted coefficients in a topos. The material in this
section plays a pivotal role in proving the main theorem of this paper.

A.1 Topological case In this subsection, we will explain how to define the cohomology of a
space X with coefficients in a local system of abelian groups by using classifying spaces. The
basic idea is not new and goes back to [43, 5], and we benefited greatly from discussion with
Achim Krause. In what follows, we formulate cohomology of local systems on spaces in the
natural setting of the oco-category 8 of spaces.

A.1.1  Preliminaries on co-groupoids Let X be a space in 8. Regarding X as an oco-groupoid
(and hence as an oco-category), by the proof of [31, cor 5.3.5.4], there is a canonical equivalence
of co-categories

8/X ~ Pshug (X).

Let us unravel this equivalence a little. First note that since X is an oo-groupoid, X is natu-
rally equivalent to its opposite oco-category X°P, so we have a canonical equivalence Pshy, (X)) ~
Fun (X, 8). It will be convenient to phrase things in terms of Fun (X, 8) instead:

Given an object f:Y — X of 8§/X, it defines a functor F': X — 8§ = Gpd,, by assigning to
each object x of the oo-groupoid X, the co-groupoid of lifts

Y
f

A
v
v
7z

* — X.
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By abstract nonsense, this is the same as the co-groupoid of lifts in the pullback diagram

*xg)”(’fY—A/

Z J,
/ l s
\

AN z ¥

~

* ’ )

in other words the space
Hom (*,* ><§<’f Y) ~ % xﬁ(’f Y.

In particular, if f : X — Y arises from a continuous map f of topological spaces, F' (z) is the
homotopy fiber of f over x. Conversely, given an arbitrary functor F' : X — Gpd, it corresponds

to a left fibration
TR :/ F— X,
X

which since X is a Kan complex (when regarded as a quasicategory) is also a Kan fibration, and
hence 75 is a map of Kan complexes, corresponding to an object of 8/X. It follows from the proof
of [31, cor 5.3.5.4] that as an oo-category, using the identification Fun (X, 8) ~ Pshy (X), [ F
is the full subcategory of the slice category Pshy (X) /F on those morphisms whose domain is
a representable presheaf, and this co-category is an oo-groupoid.

Proposition A.1.1. If F: X — § is a functor, its associated left fibration

WFI/F—>X
X

can canonically be identified with the canonical map
colim FF — X.
—_—

Proof. This statement is essentially [31, cor 3.3.4.6], but we provide here another proof which the
reader comfortable with standard 1-categorical arguments may find more conceptual: Consider
the composite

Pshoo (X) -5 8/X — 8,

where the functor §/X — 8 is the forgetful functor, which is colimit preserving. Let x be an
object of the co-groupoid X. Then the representable presheaf y (z) gets mapped as

y@)—z:x—= X =

under the above composite. It follows from [31, Theorem 5.1.5.6] that the composite must in
fact be equivalent to the left Kan extension of the terminal functor X — 8 (sending everything
to the contractible space) along the Yoneda embedding

y: X < Pshy (X).

It follows that the composite is the functor assigning a presheaf F' its colimit. The result now
follows from [31, Proposition 1.2.13.8|. O
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A.1.2  Universal fibrations Let Gpd,, be the co-category of small co-groupoids. Recall that for
% an oo-category, given a functor

there is an associated left fibration

This is an co-categorical analogue of the classical Grothendieck construction from category the-
ory, which associates a functor
F: 2 — Gpd,

with Z a small category, to its associated cofibered category

/F—>@.

9
This construction is part of an equivalence of co-categories between the functor category Fun (%', Gpd)

and the oo-category of left fibrations over ¢ (more precisely the oo-category associated to the
covariant model structure on marked simplicial sets over %’; see |31, Section 2.1|).

Definition A.1.2. Let id : Gpd,, — Gpd,, be the identity functor. The universal left
fibration is its associated left fibration

Zg — Gpdoo ~ 8.

The universal property of the above left fibration, which justifies its name, is that if F': € —
Gpd,, is a functor, then the following is a pullback diagram

[F——28

Lo

(in the oco-category Catoo of large oo-categories). See [31, Section 3.3.2].
The following lemma follows immediately:

Lemma A.1.3. Let f : € — 2 be a functor between co-categories and let G : 9 — & be another
functor. Then the following diagram is a pullback diagram:

Jo (Gof)— [,G

|,

C—— 9.

A.1.8 Classifying spaces and cohomology with coefficients local systems Fix A an abelian group
and let n > 0 be an integer. Denote by Sk (4 ) the full subcategory of spaces on the single space
K (A,n), and denote by BAut (K (A, n)) its maximal sub-Kan-complex, i.e. the co-groupoid ob-
tained by throwing out all the arrows which are not equivalences. Define the space Aut (K (A,n))
to be the mapping space Hompaug(x(an)) (K (A,n), K (A,n)). Concretely, Aut (K (4,n)) is
the space of self homotopy equivalences of K (A,n). Denote by ©,, the canonical inclusion

BAut (K (A, n)) — SK(A,n) — 8.
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Denote by 6,, : U2 — BAut (K (A, n)) the left fibration classified by the functor ©,,, which is
simply a map of spaces.

Denote by Aut, (K (A,n)) the space of homotopy equivalences of K (A, n) that preserve the
base-point. It is the subcategory of the co-groupoid

End, (K (A,n)) = Homg, (K (A,n),K (A,n))

of pointed endomorphisms of K (A, n) on those which are equivalences. By [30, Theorem 5.1.3.6]
the n-fold loop space functor
Q" 87" — Monf? (8)

from the oco-category of pointed n-connective spaces to the co-category of grouplike E,-spaces is
an equivalence. Since K (A,n) is n-connective, it follows that

End, (K (4,n)) = Homg>n (K (4,n),K (A,n))
~ Homyjopor ('K (A, n), QK (A,n))
~ HOmMon]%p (A, A) .

Since A is a discrete group, we have finally that
End, (K (A,n)) ~ Homgyp (A4, A) .

It follows that
Aut, (K (A,n)) ~ Aut(4).

Note also that we have a pullback diagram in §:

Aut (A) ~ Aut, (K (A,n)) — Aut (K (4,n))

* K (A,n).

Unwinding the definitions, since the inverse functor to 2" is B™, we have that the map above
Aut (A) — Aut (K (A,n))
sends an automorphism ¢ : A — A to the automorphism
K (p,n): K(A,n) — K (An).

Also, via the long exact sequence in homotopy groups from the fibration sequence associated to
the above diagram, we conclude that

mo (Aut (K (A,n))) = Aut (A)
and the only other non-trivial homotopy group is
T (Aut (K (A,n))) = A.
In other words, we have an equivalence of spaces

Aut (K (A,n)) ~ Aut (A) x K (A,n). (4)
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In fact, we even have a semi-direct product decomposition
Aut (K (A,n)) ~ Aut (A) x K (A,n).
Recall that 6,, : U2t — BAut (K (A, n)) is the left fibration classified by the canonical functor
©, : BAut (K (A,n)) — 8.

Let us compute what UZ is explicitly. As an co-category, this is the full subcategory of the slice
category Pshe (BAut (K (A,n))) /O, on those maps G — ©,, with G a representable presheaf.
But, BAut (K (A,n)) only has one object, call it . Denote by y (x) its associated presheaf,
which sends x to Aut (K (A,n)). By the Yoneda lemma, we have

Hom (y (%),0,) ~ K (A,n).

It follows that the oo-category U also has a single object, call it V. We can write
V iy (x) = On.

The space of maps Homy; 4 (V,V) is the space of maps in the slice category

Psho (BAut (K (A4,n))) /On.
By [31, Proposition 5.5.5.12], we can identify Homga (V, V) with the fiber of the map

Hom (y (%) ,y (x)) = Hom (y (%) , On)

induced by composition with V. By the Yoneda lemma, this is equivalent to the fiber of the map

Aut (K (A,n)) —» K (A,n).
Unwinding the definitions, we see that the above map

Aut (K (A,n)) ~ Aut (A) x K (A,n) — K (A,n)

is just the first projection. It follows that
1) Homya (V,V) ~ Aut (4),
2) The canonical map Homga (V,V) — Aut (K (A, n)) induced by the left fibration

0, : U2 — BAut (K (A,n))
sends an automorphism
p: A5 A

to the automorphism
K (p,n): K (A,n) — K (An).

From 1) we conclude that U2 = K (Aut (A),1). Notice that K (Aut (A),1) is a 1-type, hence
a groupoid. Viewing it as a groupoid, it is the groupoid with one object x such that

Hom (x,x) = Aut (4).
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As such, there is a canonical functor into the category of abelian groups
xa: K (Aut(A),1) — Ab,

sending * to A and each automorphism of A to itself. Composition with the n** Eilenberg-

MacLane functor then yields a functor into spaces

K( 7n)
K (Aut (4),1) — 25 Ap S,

This functor sends the single object * to K (A, n) and sends each automorphism
p: A A

to
K (p,n): K (A,n) — K(A,n),

hence by 2), there is a factorization

K (Aut (A),1)

2 - JXA
7
0, -~

e Ab
I JK(~,n)
K
BAut (K (A,n)) —— 8,

Definition A.1.4. The map 6,, : K (Aut (A),1) — BAut (K (A,n)) is the universal K (A, n)-
fibration.

The following proposition justifies this terminology:

Proposition A.1.5. Let g : Y — X be any map of spaces whose fibers are all equivalent to
K (A,n). Then there is a pullback diagram

Y K (Aut(4),1)

‘C’J [

X ——— BAut (K (A,n)).

Proof. Under the equivalence 8§/ X ~ Fun (X,8), g: Y — X corresponds to a functor
G: X8

that factors as o
X % BAut (K (A,n)) ——— 8.

As
©, — BAut (K (A,n))
BAut(K(An))
can be canonically identified with

0, : K (Aut (A),1) — BAut (K (A,n)),

the result now follows from Lemma A.1.3. O
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A local system on a space X with coefficients in an abelian group A is usually defined in
the connected case as a group homomorphism

™ (X) — Aut (A),

or in the non-connected case, as an action of the fundamental groupoid II; (X) on A, or equiva-
lently, a functor of groupoids

I (X) - K(Aut(A),1).
This is the same data as a map

7: X - K(Aut(A),1).

Proposition A.1.6. Let n > 0 be an integer. Given a local system T as above, the nth-
cohomology group of X with coefficients in T is in natural bijection with the set of homotopy
classes of lifts

X—— K (Aut(4),1) —— BAut (K (A,n)).

Proof. Let 7 : X — K (Aut(A),1) be a local system with coefficients in A. Notice that the

composite

T XA K(-n)
X 75 K (Aut (4),1) Ab s (5)

has a factorization of the form
- K(-,n)
X -1 (X) — Ab ——— 8.
Denote by Lx (7,7n) the colimit of
K (T’,n) (I (X)) — 8.

There is a canonical map Lx (7,n) — II; (X) and by [5, cor 4.6], there is a natural bijection
between the set of homotopy classes of lifts

and the n" cohomology group of X with coefficients in 7. Note that the space of such lifts is
canonically homotopy equivalent to the space of sections

X Xy x) Lx (1,n) ———— Lx (7,n)
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By Lemma A.1.3, it follows that
X XH1(X) LX (7', n) — X

can canonically be identified with the colimit of the composite (6). Recall that the composite
(6) factors as

n

X 5 K (Aut (4),1) " . BAut (K (A,n)) ——— 8.

Again by Lemma A.1.3, it follows that the colimit of (6) agrees with the left vertical arrow in
the following pullback diagram

X XBAut(K(An)) K (Aut (A),1) —— K (Aut (A4),1)

;( -

BAut (K (A,n)).

00T

Finally, since this is a pullback diagram, the space of sections of this map is homotopy equivalent
to the space of lifts as in the statement of the proposition. O

Denote by A the underlying set of the abelian group A, and denote by
Aut (A) x A,

the action groupoid associated to the action of Aut (A) on A, i.e. the groupoid whose set of
objects is A and whose set of arrows is Aut (A) x A, where a pair (¢, a) is an arrow from a to
¢ (a) . Denote by

Op: Aut (A) x A — K (Aut (A),1)

the functor sending A to the unique object x and sending a pair (¢, a) to ¢.

Proposition A.1.7. Given a space X and a local system 7 : X — K (Aut(A),1), the 0'-
cohomology group of X with coefficients in T is in natural bijection with the set of homotopy
classes of lifts

Aut (A) x A
P
T
X“—— K (Aut(A),1).
Proof. Consider the composite

K(-,0
K (Aut (4), 1) — 4 4y 200 g

where the functor K (-,0) sends an abelian group to its underlying set. It’s easy to check
by direct calculation that this functor classifies the left fibration 6y. The local system 7 has a
factorization

X 5 IL (X) 75 K (Aut (4),1),
and by Lemma A.1.3, the composite

7 XA K( : 70)
1, (X) 25 K (Aut (4),1) Ab s (6)
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classifies the left fibration
H1 (X) XK(Aut(A),l) Aut (A) X A — H1 (X) .

By Proposition A.1.1, it follows that the colimit of the composite (6) is the fibered product
I (X) X g(Aut(a),1) Aut (A) x A, and hence one has an identification

1 (X) Xk (aut(a),1) Aut (4) x A~ Lx (7,0),

using the notation from [5, Definition 3.1|. By [5, cor 4.6] there is a bijection between homotopy
classes of lifts

X= IT; (X)

and degree 0 cohomology classes of X with coefficients in 7. However, the space of such lifts is
naturally homotopy equivalent to the space of lifts

Aut (A) x A

>
—~
—~
~
~ 00
~
~

~

XTI K (Aut(4),1).

Lemma A.1.8. Let n > 2 be an integer. The following is a pullback diagram

BAut (K (A,n — 1)) —— K (Aut (), 1)

K (Aut (A),1) ——— BAut (K (A,n)),

where BAut (K (A,n)) — K (Aut(A),1) = II; (BAut (K (A,n))) is the canonical map from
BAut (K (A,n)) to its 1-truncation. Also, the following diagram is a pullback square

B(Aut (A) x A) —— K (Aut (4), 1)

K (Aut (4),1) — s BAut (K (A, 1)),

where Aut (A) x A is the semi-direct product of groups.

Proof. Suppose that n > 1, then by (4), it follows that the canonical map from
BAut (K (A,n)) = II; (BAut (K (A,n)))

is the map

B (pr1) : BAut (K (A,n)) ~ B(Aut (A) x K (A,n)) = B(Aut(A)).
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The fiber of this map is K (A,n+ 1), i.e. we have a pullback diagram

K (A,n+1)—— BAut (K (A,n))

| |

s s BAut(4).

This means that
K (A,n+1) - BAut (K (A,n))

is an Aut (A)-principal bundle, and therefore
BAut (K (A,n)) ~K(A,n+1)//Aut(A).
Carefully tracing all the equivalences, this implies that the map
Op, : K (Aut (A),1) - BAut (K (A, n))
can be identified with the map
x//Aut (A) —» K (A,n+1)//Aut (A)

induced by the unique point of K (A,n+ 1). Note that this basepoint inclusion is Aut (A)-
equivariant. It follows that

K (Aut (A),1) ~ (* X K (An+1) *) //Aut (A),
which is furthermore equivalent to
K (A,n)//Aut(A).
But we just argued that this is equivalent to
BAut (K (A,n—1))
Now suppose that n = 1. Recall that the composite
K (Aut (A),1) —— BAut (K (4,1)) — S

is canonically equivalent to the composite

K( 71)
K (Aut (4),1) — 2 5 Ap 8.

Since additionally,
01 : K (Aut(A),1) - BAut (K (4,1))

is the left fibration associated with the canonical functor
BAut (K (A,1)) — 8,
it follows from Lemma A.1.3 that we can identify the map

K (Aut (A),1) Xgaug(k(a,1) K (Aut (A),1) = K (Aut (4),1)
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with the left fibration
/K(XA,l) — K (Aut (4),1).
K(Aut(A),1)
But
JECnY
K(Aut(A),1)

can be identified with the Grothendieck construction of the functor K (xa,1) when the target is
restricted to the 2-category of groupoids. Finally, a simple calculation identifies this Grothendieck
construction with B (Aut (A) x A) (the semi-direct product structures arises from the natural
composition formula for arrows in a Grothendieck construction). O

Suppose that n > 0. Given amap f: X — BAut (K (4,n)), we get an induced local system
with coefficients in A by considering the composite
X L5 BAut (K (A,n)) = 1II; (BAut (K (A,n))) = K (Aut (4),1).
Denoting by 7 (f) the induced local system, f itself can be identified with a section
Bg&ut (K (A,n))

—
—
—
—
—
—

—

X = K (Aut(A),1).

However, by Lemma A.1.8, f can be identified with a section

K (Aut (4),1)

-
7 lenﬂ
X=" L\ BAut(K(An+1)).
On+107(f)

In light of this, the following two corollaries follows immediately from Proposition A.1.6:

Corollary A.1.9. Let X be a space and let n > 0 be an integer. Then there is a natural bijection
between the set of homotopy classes of maps

[X, BAut (K (A,n))]
and the set of pairs (T, a), with
7€ [X,K (Aut(A),1)]

a local system on X and
ac H"N(X,T),

an (n + 1)St-coh0mology class of X with values in 7. Moreover, there is a natural bijection between
the set of homotopy classes of maps

[X,B(Aut (A) x A)]
and the set of pairs (T, ), with
7€ [X,K (Aut (4),1)]

a local system on X and
ac H (X,1),

a degree 1 cohomology class of X with values in T.
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A.2 The co-topos case In this subsection we define local systems on an arbitrary oco-topos
with coefficients in an abelian group and their associated cohomology groups. This is closely
connected with the definition of twisted cohomology in an oo-topos; see e.g. [34, Section 4].

Definition A.2.1. Let & be an oco-topos. Let A be an abelian group. Consider the groupoid
K (Aut (A),1), and its associated stack in €, A (K (Aut(A),1)). A local system with co-
efficients in A on & is a map

7:1 = A(K(Aut(A),1))
in €, where 1 is the terminal object.

Given a local system as above, there is an associated sheaf of abelian groups F classified by
7. (By a sheaf of abelian groups, we mean an abelian group object in Disc (€).) The main idea
is that it is constructed by pulling back a canonical sheaf of abelian groups on K (Aut (A4),1).
We now explain in detail.

An abelian sheaf on the space K (Aut (A),1) is by definition a sheaf of abelian groups on
the co-topos Pshe (K (Aut (A),1)) ~ 8/ (Aut (A),1). Since K (Aut (A4), 1) is a groupoid, this
is the same as specifying a functor

K (Aut(A),1) — Ab,
to the category of abelian groups. We have already discussed such a functor x4, namely the
canonical functor sending x to A and each automorphism of A to itself. Let us denote this abelian

sheaf by F4.
We will now show that 7 corresponds canonically to a geometric morphism

7:&—8/(Aut(A),1),

and then we will define F, as the pullback sheaf 7*F 4.
Indeed, by [31, Remark 6.3.5.10], for any oo-topos &, there is an equivalence of oo-categories

& — Top? /€

between € and the oo-category of étale geometric morphisms over €, which sends an object
E € & to the canonical étale morphism £/F — €. Hence 7 corresponds to a section of the étale
geometric morphism

E/A(K (Aut(A),1)) —» &
corresponding to the object A (K (Aut (A4),1)) of &. By [31, Proposition 6.3.5.8|, there is a
pullback diagram in the oco-category of co-topoi

/A (K (Aut (A),1)) — 8/K (Aut (A),1)

| |

& S,

so the aforementioned section can be identified with a lift

8/K (Aut (A), 1)

_
T/
-~
-~
-

e s,
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and since 8 is the terminal co-topos, we conclude that the data of the local system 7 and the
geometric morphism

7:&—8/K(Aut(A),1)
are equivalent, or more precisely:
Proposition A.2.2. The construction just explained produces an equivalence of co-groupoids
Homg (1, A (K (Aut (A4),1))) ~ Homs,p_ (€,8/K (Aut (A),1))
between local systems with coefficients in A on € and geometric morphisms from € into 8/ K (Aut (A),1).
The following cor follows immediately from [31, Remark 7.1.6.15]:

Corollary A.2.3. There is an equivalence of co-groupoids
Home (1, A (K (Aut (A),1))) ~ Hom p <) (Shape (€) , K (Aut (A),1)).

Example A.2.4. If X is a scheme, then a local system on its small étale co-topos She (X¢t) is
the same a morphism

1% (X) = K (Aut (A),1)
from its étale fundamental oo-groupoid to K (Aut (A),1).

Definition A.2.5. Let 7 : 1 — K (Aut (A),1) be a local system with coefficients in A on €.
Then the abelian sheaf &, := 7"F 4 is the abelian sheaf classified by the local system 7.

Remark A.2.6. By the proof of Proposition A.1.7, the object in 8/ K (Aut (A), 1) correspond-
ing to the underlying sheaf of sets of ¥4 can be identified with the functor of groupoids

0y : Aut (A) x A — K (Aut (A),1).

Moreover, by construction, there is a factorization of 7 of the form

e T e/A(K (Aut(4),1) — S/K (Aut (4),1).

Unwinding the definitions, one sees that the underlying sheaf of sets of F;, I+ fits in a pullback
diagram

Fr—— A(Aut (A) x A)

[

1—"—=A(K (Aut (A),1)).

Definition A.2.7. Let A be an abelian group and € an oo-topos. A locally constant sheaf
with values in A on € is an abelian sheaf F on € such that there are objects (U;);; in € such

HUZ'—>1

i€l

that the canonical map

is an epimorphism, and such that the pullback of F to each slice topos € /Uj; is isomorphic to the
constant abelian sheaf with value A.
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Remark A.2.8. Let % be a small category equipped with a Grothendieck topology. Then any
object E in Shy (¥) admits an epimorphism from a coproduct of representables, hence a locally
constant abelian sheaf in Sho, (¢') can be identified with a classical locally constant abelian sheaf

on ¥.

Proposition A.2.9. Let 7:1 — K (Aut (A),1) be a local system in an oo-topos E. Then the
abelian sheaf F- classified by T is a locally constant sheaf with values in A.

Proof. Notice that A (K (Aut (A),1)) is the classifying stack for Aut (A)-torsors. In particular,
the universal Aut (A)-torsor

1= A — A (K (Aut (4),1))

is an epimorphism. Consider the following pullback diagram

P 1

l P(*)

1—"——A(K(Aut(A),1)).

The map P, — 1 is an epimorphism and by Remark A.2.6, we can identify the underlying sheaf
of sets of the pullback of F, to /P, as the map @ — P; in the following pullback diagram

Q— A(Aut(A) x A)

| l»

P——1—"%A(K(Aut(A),1)).

Note that the pullback diagram defining P, in particular commutes, so the above pullback
diagram may also be computed as

Q A (Aut (4) x A)
J . [+
P, 1— 20 A (K (Aut (4),1)).

By the proof of Proposition A.1.7, and the fact that A preserves finite limits, the following
diagram is also a pullback

AA)——— A(Aut(A) x A)

J I
A(%)

A (%) A (K (Aut (4),1)).

It follows that Q ~ P; x A (A) — Py, i.e. the pullback of I, to £/P; is equivalent to the constant
sheaf A7 (A). Hence the same is true for the abelian sheaf, i.e. the pullback of F, to /P is
constant with value A, and hence F; is locally constant. OJ

Remark A.2.10. For a general co-topos &, it is not true that every locally constant sheaf with
values in A is classified by a local system

7:1— K (Aut(A),1),
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however it is true if € is locally connected. The reason is as follows. Let A be any abelian sheaf.
We say for an object E of &, that an abelian sheaf F on £/F is locally isomorphic to A (or a
twisted form of A) if there is an epimorphism

[[E - E,
7

such that the restriction of F to each E; is isomorphic to the restriction of A to each E;. It is a
classical fact that the groupoid of abelian sheaves on E locally isomorphic to A is equivalent to
the groupoid of morphisms Hom (E, B (Aut (A))), where Aut (A) is the automorphism sheaf
of A, c.f. [33, Chapter III, Section 4]. Now consider the constant sheaf A (A) for A an abelian
group. To show that locally constant sheaves with values in A are classified by morphisms into

A(K (Aut(A),1)) ~ A(BAut (4)),
it suffices to show that
A (BAut (A)) ~ BAut (A (A)).
Notice that
BAut (A) ~ colim Aut (A)",

=
neA°pP

and since A preserves colimits and finite limits we have
A (BAut (A)) ~ colim A (Aut (A))" ~ B (A (Aut (A))).
neA°pP

So it suffices to show that
A(Aut (A)) = Aut (A (4)),

when € is locally connected. This follows readily from the following observation: Let .S be any
set, and denote by Apy;q. the inverse image functor of the essentially unique geometric morphism
of 1-topoi

Disc (&) — Set.

Then since Apy;q. has a left adjoint Ilp, it preserves limits and we have

(11
S
=~ [[as)
S
= End(A(5)).

1

A (Hom (S, §))

Definition A.2.11. Let € be an co-topos, A an abelian group, and
7:1— A(K (Aut(A),1))
a local system on €. The n*"* cohomology group of & with values in 7 is
moHome (1, K (F7,n)),

where K (F,,n) is the n'® Eilenberg-MacLane object of the abelian sheaf F, classified by 7.
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Remark A.2.12. Let % be a small category equipped with a Grothendieck topology. Let 7 be
a local system on Shy, (¢) with values in an abelian group A. By Remark A.2.8, we can identify
the abelian sheaf classified by 7 with a classical locally constant sheaf of abelian groups F, on
% . Furthermore, by [31, Remark 7.2.2.17], we can identify the n® cohomology group of Sh, (%)
with values in 7 as just defined with the n*" cohomology group of F, as computed using classical
sheaf cohomology.

Theorem A.2.13. Let £ be an co-topos, A an abelian group and

7:1 = A(K (Aut),1)

Oth

a local system on & with values in A. The cohomology group of €& with coefficients in T is

isomorphic to
mo (Homg A (k (Aut(4),1)) (T: A (60))) ,

1.e. my of the space of lifts
A(Aut (A) x A)
>

7 P(QO)
12- 5 A (K (Aut (4), 1))

equipped with the group structure induced from that of A. Moreover, forn > 0, the n'" cohomology
group of & with coefficients in T can be identified with

7o (Home A(BAut(K (An)) (A (On) 0 7, A (6,)))

i.e. g of the space of lifts

1=———— A (K (Aut (A),1)) — e A (BAut (K (A,n))).

Proof. The statement about the 0" cohomology group follows immediately from Remark A.2.6.
Now suppose that n > 0. Recall that F4 is the abelian sheaf on §/K (Aut (A),1) corre-
sponding to the functor
XA : K (Aut(A),1) — Ab,

and JF; is by definition 7*F 4, where 7 : € — 8§/ K (Aut (A), 1) is the geometric morphism induced
by 7. Denote by K (F4,n) the n'” Eilenberg-MacLane object of 4 in 8/K (Aut (A),1). By
[31, Remark 6.5.1.4], it follows that

T'K (Fa,n) =~ K(F;,n).
Under the equivalence

8/K (Aut (A),1) ~ Fun (K (Aut (4),1),8),
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K (F4,n) corresponds to the composite

K('vn)
K (Aut(A),1) > Ab —— 8,

which means that K (F4,n) in §/K (Aut (A),1) is the left fibration classified by the above
composite functor. Recall this functor also factors as the composite

K (Aut (4),1) 2 BAut (K (A,n)) 25 8,

where O,, : BAut (K (A,n)) — 8 is the natural functor which in fact classifies the universal
K (A, n)-fibration
O, : K (Aut (A),1) - BAut (K (4,n)).

Denote by
8/0n :8/K (Aut (A),1) - §/BAut (K (A,n))

the geometric morphism induced by 6, then regarding 6,, as an object of §/BAut (K (A,n)),
we have a canonical identification

(8/6,)" (0n) ~ K (Fa,n).

And hence K (F;,n) can be identified with the pullback of 6,, along the geometric morphism

&7y S/K (Aut (A),1) 570 S/BAut (K (A,n)).

Unwinding the definitions, this means that we have a pullback diagram in &

K (F,,n) A (K (Aut (4),1))
A(6n)
i AT A (BAut (K (4,n))).
The result now follows. O

The following cor is proved in the same was as cor A.1.9:

Corollary A.2.14. Let € be an co-topos, A an abelian group, and n > 0 be an integer. Then
there is a natural bijection between the set of global sections

7ol (A (BAut (K (A,n))))
and the set of pairs (7, ), with
Teml (K (Aut(A),1))

a local system on € and
ae H'(E,7),

an (n + 1)St—coh0mology class of & with values in 7. Moreover, there is a natural bijection between
the set global sections
mol' (A (B (Aut (A) x A)))
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and the set of pairs (7, ), with
7€ ml (A (K (Aut(A),1)))

a local system on & and
acH (&),

a degree 1 cohomology class of & with values in T.
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