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Abstract

We construct, using finitely many generating cells and relations, props in the category of CW-
complexes with the property that their associated operads are models for the FE..-operad. We
use one of these to construct a cellular F-bialgebra structure on the interval and derive from
it a natural cellular E-coalgebra structure on the geometric realization of a simplicial set
which, passing to cellular chains, recovers up to signs the Barratt-Eccles and Surjection coalgebra
structures introduced by Berger-Fresse and McClure-Smith. We use another prop, a quotient of
the first, to relate our constructions to earlier work of Kaufmann and prove a conjecture of his.
This is the second of two papers in a series, the first investigates analogous constructions in the
category of chain complexes.
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1. Introduction

This is the second of two papers that, with the exception of section 5.3.; can be read indepen-
dently. In the first [24], we work over the category of differential graded modules. In this one,
we do so over the category of CW-complexes and CW-maps.

A purposeful construction of model for the E-operad is central in most contexts where
commutativity up to coherent homotopies plays a role. No model for the E-operad can be
described in terms of finitely many generating cells and relations. However, as demonstrated in
this work, passing to a more general setting with multiple inputs and outputs allows to finitely
present props whose associated operad is a model for the F..-operad.

We introduce three such props related by quotient morphisms

S-S MS.
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The cellular chains on the props & and MS are isomorphic to the algebraic props introduced
in [24], in particular, the cellular chains of the operad associated to MS are isomorphic up to
signs to the Surjection operad of [19, 1]. We use S to provide the interval with an E..-bialgebra
structure and derive from it a natural E,-coalgebra structure on the geometric realization of a
simplicial set extending a cellular approximation to the diagonal. We describe how the natural
Barratt-Eccles and Surjection coalgebra structures defined in [1] and [19] on the normalized
chains of simplicial sets are deduced, up to signs, from the E,.-bialgebra structure on the interval
introduced here. Additionally, we prove that MS is isomorphic to an Arc Surface prop [13] whose
associated operad, introduced by Kaufmann in [11], was conjectured in section 4.4. loc. cit. to
have cellular chains isomorphic to the Surjection operad.

Given the concise graphical language it provides, the combinatorial formulation we present
in this paper is of independent interest. In a string topology interpretation |30, 9|, we note that
the isomorphism of our prop MS and Kaufmann’s stabilized Arc Surface prop induces an action
of the cellular chains of MS on the Hochschild cochains of a normalized semi-simple Frobenius
algebra, see Theorem 8 in [10]. The coproduct and product in our presentation correspond, via
the input-output duality, to the Chas-Sullivan product [5] and Goresky-Hingston coproduct [§|
in the formalism of [12].

We present an overview of the content of this article. In the second section, we review the
material on operads and props needed for the rest of the paper, in particular we define the
notion of finite presentation of a cellular prop. In the third section, we finitely present the prop
S and compute its homotopy type. In the fourth section, we construct a natural F.,-coalgebra
structure on the geometric realization of simplicial sets from an S-bialgebra structure on the
interval. In the final section, we introduce the props & and MS and study their relationships to
Arc Surface props and the Surjection operad.

2. Preliminaries

We work in the symmetric monoidal category (CW, x,1) of CW-complexes and CW-maps. We
denote the interval [0, 1] endowed with its usual CW-structure by I.

2.1 FE-operads and F.-props. We say that an operad O is Y-free if the action of 3, on
O(m) is free for every m. A Y-free resolution of an operad O is an operad morphism from a
Y -free operad to O inducing a homotopy equivalence in each arity m.

For any X € CW, there are two types of representations of an operad O on X. They are
referred to as O-coalgebra and O-algebra structures and are respectively given by collections
of CW-maps

{O(m) x X — X™},>0 and {O(m) x X™ — X }n>0

satisfying associativity, equivariance, and unitality relations.

The terminal operad 1 = {1},,>0 is of particular importance. Its (co)algebras define usual
(co)commutative, (co)associative, and (co)unital (co)algebra structures.

Following May [18], an operad O is called an E.-operad if it is a X-free resolution of the
terminal operad and O(0) = 1.

A prop is a strict symmetric monoidal category P = (P, ®,0) enriched in CW generated
by a single object. For any prop P with generator p denote the CW-complex Homp (p©™, p©™)
by P(n,m). The symmetry of the monoidal structure induces commuting right and left actions
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of ¥, and X,, on P(n,m). Therefore, we think of the data of a prop as a ¥-biobject, i.e.,
a collection P = {P(n,m)}
together with three types of maps

o of CW-complexes with commuting actions of ¥, and X,

Op : P(nlvml) X X P(nsams) _>P(n1 + "'+n57m1 + - +ms)7
oy : P(n, k) x P(k,m) — P(n,m),
n:1— P(n,n).

These types of maps are referred to respectively as horizontal compositions, vertical com-
positions, and units. They are derived respectively from the monoidal product, the categorical
composition, and the identity morphisms of P.

For any CW-complex X there are two types of representations of a prop P on X. They are
referred to as P-bialgebra and opposite P-bialgebra structures and are respectively given by
collections of CW-maps

{P(n,m) x X" - x™} _ and {P(n,m)x X™ — X"}

n,m>0.

satisfying associativity, equivariance, and unitality relations.

Let U be the functor from the category of props to that of operads given by naturally
inducing from a prop P an operad structure on the Y-module U(P) = {P(1,m)}m>0. Notice
that a P-bialgebra (resp. opposite P-algebra) structure on X induces a U(P)-coalgebra (resp.
U(P)-algebra) structure on X.

Following Boardman and Vogt [2], a prop P is called an E-prop if U(P) is an Es-operad.

2.2 Free props and presentations. As described for example in [7], the free prop F(B)
generated by a X-bimodule B is constructed using open directed graphs with no directed loops
that are enriched with a labeling described next. We think of each directed edge as built from
two compatibly directed half-edges. For each vertex v of a directed graph G, we have the sets
in(v) and out(v) of half-edges that are respectively incoming to and outgoing from v. Half-edges
that do not belong to in(v) or out(v) for any v are divided into the disjoint sets in(G) and out(Q)
of incoming and outgoing external half-edges. For any positive integer n, let m = {1,...,n} and

0 = (). For any finite set S, denote the cardinality of S by |S|. The labeling is given by bijections
lin(G)| — in(G) lout(G)| — out(G)

and

lin(v)| — in(v) lout(v)| — out(v)

for every vertex v. We refer to the isomorphism classes of such labeled directed graphs with no
directed loops as (n, m)-graphs. We consider the right action of ¥, and the left action of ¥,
on a (n,m)-graph given respectively by permuting the labels of in(G) and out(G).

The free prop F(B) is given by all (n, m)-graphs which are B-decorated in the following way.
To every vertex v of one such G, one assigns an element p € B(|in(v)], |out(v)|) and introduces
the equivalence relations:

Lo lin@] (1) alfin) Leor(in@) 1 (i)
1 | S
Ll I Lo
L-eclout@)] (1) er(lout(v)) 1Leerlout@)l) 1 - -r(lout(w))




A finitely presented E,-prop II: cellular context 189

where p € B(n,m), 0 € ¥, and 7 € ¥,,.

For any Y¥-bimodule B, the above construction defines the free prop F'(B) associated to B. It
satisfies the following universal property: Let ¢ : B — F(B) be the morphism sending an element
p € B(n,m) to the labeled and decorated (n,m)-corolla

1 n
[
v D
Il

For any >-bimodule map ¢ : B — P where P is a prop, there exists a unique prop morphism
F(¢): F(B) =P

such that
6 =F(g)or.

Furthermore, there is a canonical isomorphism F(F(B)) — F(B) given by regarding graphs
containing graphs as graphs.

Given any bisequence of spaces {B (n, m)}n m>o the free 3-bimodule B¥ is defined by
BE(n,m) = %,, x B(n,m) x %,

and satisfies the following universal property: Let & : B — B> be the bisequence map that
crosses with the identity elements in the corresponding symmetric groups. For any bisequence
map ¢ : B — B, there exists a unique ¥-bimodule map ¢* : B* — B such that ¢ = ¢* o €.

We will now describe what is meant by a presentation (G, ®, R) of a prop.

The first piece of data is a collection G = {G4} of bisequences with each G4(n,m) a disjoint
union of spaces isomorphic to I?. Each such space is called a generating d-cell in biarity (n,m).
We denote the bisequence containing their boundaries by G4 and notice that (0G4)* = 0G2.

The second piece of data ® are the generating attaching maps. These are morphisms of
Y-bimodules

©d : 8G§ — F(G?_l).

Let Xo be equal to F(Gg) and for d > 0 let X4 be equal to the pushout

F
FOGS) 290 PGS ) = F(GS ) — Xu

I |

F(GY) X

The limit of this process X is endowed with the induced prop structure.

The third piece of data is a bisequence R of subcomplexes of X called the relations. Denote
by (R) the smallest sub-YX-bimodule in X containing R and closed under compositions. We say
that the triple (G, ®, R) is a presentation of the prop X/(R).



190 Anibal M. Medina-Mardones, Higher Structures 5(1):186-203, 2021.

2.3 Immersion convention. Graphs immersed in the plane will be used to represent labeled
directed graphs with no directed loops, the convention we will follow is that the direction is given
from top to bottom and the labeling from left to right. For example,

3. The prop S
In this section we define the prop S via a finite presentation and show it is an Eas-prop.

Definition 3.1. Let S be the prop generated by

1-5 8

le So(1,0) Ledo(1,2) Y e fedi,

with generating attaching maps

10 01

and restricted by the relations

1-5 s

Aol Yol tol
Recall that 1 stands for the terminal CW-complex, i.e., a single O-cell.

Lemma 3.2. Let

_ 1 ifn>0
0 ifn=0

endowed with the trivial prop structure. The unique map S—>T1isa homotopy equivalence.

Proof. For n = 0, we notice that S(0,m) = § = 1(0,m). For n > 0 and m > 0 we start by
showing that the CW-complexes S(n,m) and S(n,m + 1) are homotopy equivalent. Consider
the collection of maps {i : S(n,m) — S(n,m + 1)} described by the following diagram

Consider also the collection of maps {r : S(n,m + 1) — S(n,m)} described by
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1 -+ n 1 ---n
B N
LG G
'12'-m‘+1 l1(711

191

A A [ A N B A
G G1 s G =1 G~ G =0 G
T e A T A I
Let us compute diagrammatically the composition i o r
! 77777 J r ! 77777 J\ ) T J
G o Goars [ G
O A S S Y A
The composition ¢ o r is homotopic to the identity since
SSSSN[N SOS I B SO S O B
\7767117\ = \776}77\ ~ \776}77\ = \776}77\ = \776}77\ ~ \776}77\ - \776}77\
O I S N e A O e A A A A R
1 2- 1 m m 1 m 1 m 1 m 1 ---m

These computations show that 7 and r are homotopy inverses, and the relations imposed on S

imply that S(n,0) contains only the class of

We conclude that each S(n,m) is contractible for n > 0.

Theorem 3.3. The prop S is an E-prop.

Proof. Since by construction the action of ¥,,, on U(S)(m) = S(1,m) is free, the theorem follows

from the previous lemma.

O

Remark 3.4. Notice that the operad obtained by restricting to {S(n,1)} is not X-free. For

example,
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|1

in S(3,1) is fixed by the transposition (1,2).

192

4. Cellular F-coalgebra on simplicial sets
In this section we derive from an S-bialgebra structure on the interval a natural U (5)—coalgebra

structures on the geometric realization of simplicial sets.
Definition 4.1. Let us denote the singleton {0} by A" and the interval [0,1] C R by Al or L.

For d > 1 let
A = {(ml,...,xd) c1? | 21 < -+ < x4}
Fori=0,...,d+1 the coface maps §; : A? - A%l and codegeneracy maps o; : A4l — A¢
are respectively defined by
(O,xl,...,xd) z':(),
(51‘(.%'1,...,.%‘51) = (xl,...,:pi,xi,...,azd) O<i<d+1,
(l’l,...,md,l) i=d+1,
and
O'i(.Tl, PN ,xd_H) == (:El, PN ,EC\Z', PN aSUd—l—l)-

We give the spaces A? the coarser CW-structure making coface and codegeneracy maps into
., xq) belongs to the k-skeleton

CW-maps. With respect to this CW-structure an element (z1,

of A% if an only if the cardinality of {z; | #; # 0,1} is less than or equal to k.
The simplex category is the subcategory of CW-complexes with objects A% and morphisms

generated by coface and codegeneracy maps.

(0)17]‘> (17]‘71)
(0,0,1)7 #1,0,1)
() - (1,1,0)
(0,0,0) (1,0,0)

Figure 1: The simplex A% drawn with think lines.

Definition 4.2. For arbitrary z,y € A' and s € I define:
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1. the diagonal approximation A : Al — Al x Al by

(0,2x) if x<1/2,
Az) =
2z —1,1) if z>1/2,

2. the join 1 : I x Al x Al = Al by
ws(%y) = ST + (1 - 5)?]7

3. the counit homotopy ¢ : I x Al — Al

4. and the terminal map ¢ : Al — {0}.

Lemma 4.3. The maps given by

SN, (z1,...,24)) = (MA1), ..., T1A(Tq)), (T2A(z1), ..., m2A(24))),
(L, (21, 20)) = (e(m1), -, 6(a)),

(Y, (e, xa), (1o va) = (alen ). el va),

(I)( f s (l'h e xd)) ¢s(x1> "7¢S(xd>)7

define a S-bialgebra structure on A%,

Proof. For any s € I and € A! each of the functions
WlAv 7T2A7 ¢S(‘T7_)7 sz)(_vx)v ¢S : Al — Al

is order preserving, so the maps above are well defined. By counting the number of distinct
coordinates of (z1,...,z4) that are not equal to 0 or 1 before and after applying the maps above
we can verify they are cellular. To check these maps define a S-structure we need to verify they
satisfy the identities coming from the attaching maps and relations on the generating cells of S.
In what follows we use the isomorphisms A% x A% =2 A4 >~ A? x A® with no further comment.
For x = (x1,...,2,) and y = (y1,...,yn) we have

Attaching maps:

(p(u\(l, x, y):yg(I’(H, €, y)
oY,z y)=z=o(ll, z, y)
ot 2) =z =o(l, )

o y ) 201 ifx <
7 :I: -
1 ifax >

N|— N[
—N—
[\
8
IS
=]
8
IS
| I
N D=
N———
[
iy
S—
&

Relations:
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Finally we need to verify naturality. Given the coordinate-wise nature of the S-bialgebra struc-
ture, naturality with respect to codegeneracy maps and coface maps &; : A% — AL for
0 < ¢ < d is immediate. Using

d(N, Sox) = ((mA(O),mA(m)), (WQA(O),WQA(:L’)))
= ((07 ﬂlA(x))v (07 WQA('I‘)))
= do(mA(z), mA(x))
= 50@()\ s J})
and
B( Y, Sow, Soy) = (15(0,0), vy (2, ) (1, doz) = (5(0), ds(x))
—(0,8( Y ,z,9)) = (0,(f,))
:(50@(1-S s,.’E,y) = 60@({71')
we can deduce the naturality of dg. The naturality of d; is derived analogously. O

Definition 4.4. A simplicial set I is a contravariant functor from the simplex category to the
category of sets. Denote I'(A%) by I'y. Its geometric realization is the CW-complex

U] = HFdxAd/N
d>0
where 7*(7) x x ~ a x 7(x) for any 7 € Hom(A? A€), v € T, and x € A%

Theorem 4.5. Let I be a simplicial set. A natural U(S)-coalgebra structure is defined on its
geometric realization by

U(@)(g: (v,x)) = (v m2(9,%)); - -, (v, Tm®(g,x)))
where g € U(S)(m), v € Tq and x € A%

Proof. To verify U(®) : U(S)(m) x|T'| — |T|™ is a well defined map, consider two representatives
7*(v) x x and v x 7(x). We have

(T*(fy)aﬂ-l(E(gvx)? LR T*(')/),ﬂ'm(:b(g,X))
is equivalent in |T'|™ to
(VaT(WI(I)(gvx)% cee ’Y,T(qu)(g,x)))
which equals
(77771@(9)7—()())7 e ’V’Wm(I)(gvT(x)))

since, by naturality,
T(ﬂ'iq)(g7x)) = Fiqu)(g7X) = ﬂ-iq)<ga T(X))'
The equivariance of U(®) and the identity
U(®)(h, U(®)(g, (v,x))) = U(2)(hog,(v,%))

follow from those satisfied by ®. O
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Remark 4.6. It is not the case that |I'| carries an S-bialgebra structure. For example, if

1-5 8§

IT| = {z,y} then ®( Y, x,y) is not well defined.

Remark 4.7. For any d > 0 and j > 0 let [j] = ([j]1,...,[jls) € A? be given by

) 0 k<d—j
[k = )
1 k>d—j.

For any finite set of integers {vy, . .., v}, denote the convex closure of [vg], ..., [vk] by [vo, ..., vk].
These subsets correspond to the cells of A? and we have

d
(A, vo, .-, ve]) = [Jlvos -y vi] x v, -, v
1=0
¢(i7[007 '77)16]) = [O]
H(I)(lt(s, [’Uo, . ,’Uj], [vj+1, ce ,’UkD = [’Uo, <oy U5, V541, - .,Uk]
sel
H(b(#v [UO’ ’Uk]) - [UO, ,Uk]
sel

Remark 4.8. We conjecture that a natural cellular action of U(S) can be defined on the geo-
metric realization of cubical sets with or without connections. For cubical chains, an action of

the prop obtained by applying cellular chains to U(S) is defined in [15].

5. The prop MS

In this section we introduce the finitely presented Eo-prop MS. We provide a description of MS
in terms of oriented surfaces with a weighted 1-skeleton. We show that the operad associated to
MS is isomorphic to Kaufmann’s Arc Surface model for the E-operad [11], and that its cellular
chains are isomorphic, up to signs, to the Surjection operad [19, 1|. These two identifications

combine to verify a conjecture of Kaufmann.

5.1 Edge-weights and definition

Definition 5.1. Let S be the prop generated by

1-5 8§

le 81,000 AeS(1,2)0 Y €8(2,1)

with generating attaching maps

and restricted by the relations

A=l=A Yol

Remark 5.2. This prop is a strictly counital version of S and it receives a quotient map from it.
We notice that a simplified version of the proof given for Lemma 3.2 shows this is an F.-prop.
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We define alternative coordinates on the prop S. Consider a d-cell in S(n,m) and an (n,m)-
graph G supporting it. The edge-weight coordinates of this cell are given by the assignment of
a non-negative real number to each edge of G, referred to as its weight, satisfying the following
conditions:!

1. Edges of the form | have weight 0.
2. Edges in out(G) have weight 1.
3. For every vertex v of G, the sum of the edge-weights in in(v) and in out(v) are the same.

Edge-weight coordinates are well defined as we can see from:

bbb 0 0

Aele A Yo o uz

0O b b b 0

1-5 8

We can pass from the original coordinates induced from Y to edge-weight coordinates via
the following inductive procedure: Edges containing | are set to have weights 0. Edges in out(G)
are set to have weight 1. The other edges get their weights from

a+b (1-s)a sa
)\ = )\ and 1—3\(5 — \(
a b a b a a

The passage from edge-weight coordinates to the original coordinates is induced by

a+b

b ¢
N
a)\bH)\ and \(Ha\(

a

Definition 5.3. Let MS be the quotient of S by the involutive, coassociative, associative,
commutative and Leibniz relations

a a a+b+c a+b+c a bc ab c
a a a b c a b c a+b+c a+b+c a+b a+b

and
al az al az a2 al a
X — N or %
ay—by b1—a1
b1 b2 b1 b2 b2 bl b2

depending respectively on if a1 > b1, a1 = by or a1 < b;.

Remark 5.4. We can express the Leibniz relation in the following alternative way. Consider

a; a2
b1 ba

We say an edge belongs to in(G), out(G), in(v) or out(v) if one of its two half-edges does.
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with a1 +ag = by +by. In R? consider the rectangle with opposite vertices at coordinates (0,0) and
(b1 + be, 3). Cut along the lines joining (b1,0) with (b1,2) and (a1, 3) with (a1,1). Deformation
retract keeping the vertical coordinate invariant to a (2,2)-graph with labelings induced from
the plane. Give this (2,2)-graph the edge-weight coordinates coming from the width of their
corresponding sub-rectangle For example, if a; > b; we have

ai a2

a3 —b7

b1 ba b1 ba

Notation 5.5. We will utilize the following diagrammatic simplification

YA

to represent labeled directed graphs resulting from iterated grafting of the product and coproduct

\<</ 1 2 3 n

Definition 5.6. A canonical (n, m)-graph is an (n, m)-graph of the form

1 n
1 -7 1 - Tn

in the left comb order

containing no internal vertices or copies of either | or ¢ and such that for each i = 1,...,m the
induced map

{1k = | {1y << {1}
is order preserving.
Definition 5.7. Given an element v in MS(n, m), thought of as an equivalence of weighted

(n,m)-graphs, we say that an (n,m)-graph I' supports it if I" is equal to a representative of -y
after forgetting its weights.

Lemma 5.8. For every element in MS(n,m) with m > 0 there ezists a unique canonical graph
supporting it.

Proof. Consider an element in MS(n, m) and an (n, m)-graph supporting it. We start by getting
rid of all occurrences of | . Consider one such strand and follow it up until hitting a vertex, which
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we must since m > 0. If the vertex we encounter is in a subgraph of the form Y we can replace
this with || and continue the excursion up along one of the strands. If alternatively we encounter
a vertex contained in a subgraph of one of the following forms A or A we can replace this with |
and choose another strand | to repeat the process.

We have constructed a (n, m)-graph with no copies of l supporting our element. We now use
the Leibniz relation to ensure that with respect to the direction of the (n, m)-graph all vertices
belonging to a subgraph of the form A appear before vertices belonging to subgraphs of the form
Y.

Now we now use coassociativity and associativity to enforce the left comb convention. Using
commutativity we reorder the strands of each iterated graftings of Y so that the order preserving
condition is satisfied. We then scan the supporting graph and replace each copy of ¢ by a copy
of | . This construction produces a canonical graph supporting our element.

In order to show the uniqueness of such canonical graph, we need to prove that the order
in which we performed the replacements above does not matter, in the terminology of Grébner
bases |6, 17|, that all critical monomials are confluent. For example,

v KHA N
% L or K\\H K@\or J\or &

e Ao L4y

and
¥ N
H\ or or
AN ¥
j; l or m or { ;
The other compositions are verified similarly. O

5.2 Surface realization of MS. For any element in MS(n,m) with m > 0 we faithfully
associate an oriented surface equipped with a CW-structure having a weighted 1-skeleton.

Construction 5.9. Consider an element in MS(n,m) with m > 0 and the canonical (n, m)-
graph supporting it as constructed in Lemma 5.8. By compactifying the open edges of the graph,
we introduce n + m new vertices. We glue to each of them both endpoints of an interval and
call the resulting n 4+ m circles the incoming and outgoing boundary circles depending on the
direction of the (n, m)-graph. We make this graph into a ribbon graph, i.e. give each vertex a
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/[

Figure 2: Illustrating Construction 5.9 with omitted weights and labelings

cyclic order of its incident edges as follows: For the new n 4+ m vertices choose any cyclic order
and for all others chose the natural extension of the total order induced from the labeling.

Consider the surface associated to this ribbon graph.? Remove from it the disks attached to
the boundary circles and collapse edges satisfying the following conditions: 1) one and only one
of their endpoint is in a boundary circle and 2) no other edge incident to their interior endpoint
has the same relative direction (towards or away from the vertex).

We refer to the directed and weighted 1-cells of the resulting CW-surface as arcs and notice
the original element in MS can be recovered from them.

Definition 5.10. The prop A is defined by pushing forward the CW and prop structures from
MS to the image of Construction 5.9.

Remark 5.11. Notice that A(n,0) = 0 for every n. Also, for a family of element in A
parametrized by the weight of an arc tending to zero, we see that the limit will remove the
arc and the topology of the surface will possibly change.

5.3 Relations to earlier work. The reader familiar with [13] will recognize the elements of
A as examples of Arc Surfaces. We make the connection more precise with the following

Proposition 5.12. The operad U(A) is isomorphic to StLGTree! (m) as defined by Kaufmann
in [11].

Proof. Comparing with Definition 2.4 in [11] and section 4.1 in the same reference, we notice
that any element in U(A)(m) corresponds a to quasi-filling element in £GTree(m)! and that
any such element arises this way. In the same reference, Corollary 2.2.7 states that any element

1 so we have a

in StLGTree(m)! corresponds to a unique quasi-filling element in £GT ree(m)
bijection between A(m) and StLGT ree(m)?.

Comparing the stabilization process introduced in Definition 2.24 of [11] with Remark 5.11
makes this bijection into a cellular isomorphism.

We can use Remark 5.4 to describe the composition in U(MS) and A in terms of vertically

invariant deformation retractions of cut rectangles:

2The surface associated to a ribbon graph is constructed by attaching a disk to each ribbon loop. A ribbon loop
can be described as follows: Choose an edge of the ribbon graph and a direction for that edge. Select from the
edges incident to the forward vertex v the one that follows directly after our original edge in the cyclic order
associated to v. We provide this second edge with the direction that has v as its backward vertex and repeat this
process until returning to our original edge in the original direction.
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b1 b2 bq

where a1 +---+a, = 1 and by +---+b; = b. This allows us to recognize the vertical composition
in A as that of the Arc Surface props [13]. See for example Section 1.2.2. in [11] for the definition
of this composition. In particular, this shows the correspondence of the operadic compositions
of U(A) and {StLGTree' (m)}, .. O

The prop Ce(MS) in the category of differential graded modules, resulting from applying
the functor of cellular chains to the prop MG, inherits a finite presentation with generators

le CoMS)(1,0) AeCoMS)(1,2) Y e Ci(MS)(2,1)

differential
ol=0 oaAk=0 oY=l

AL ALY 5 Ay X ARA

Lemma 17 of [24| shows that the operad associated to Ce(MS) is isomorphic up to signs

to the Surjection operad [19, 1]. We therefore have the following corollary to Proposition 5.12
which was conjectured by Kaufmann in 4.4 of [11].

Corollary 5.13. The operad obtained by applying the cellular chains to StLGTree' is up to
signs isomorphic to the Surjection operad.

Remark 5.14. For the Es-suboperad, this was independently established in [16].

Let us now return to E..-structures on simplicial sets. Consider the S—bialgebra structure
on the standard simplices as described in Lemma 4.3. Applying the functor of cellular chains,
we obtain a natural prop morphism

Ca(S) — End(Co(A%)) (1)

where End(Ce(A9))(n,m) = Hom(Ce(AY)®™, Co(AT)E™).
As can be seen from Remark 4.7, this map sends the generators of Ce(S) to the following

functions, which we describe up to signs:

q

A [v0, - -, Ug) :Z[UO7--~7UZ']®[Ui7--~77}q];
=0
1 ifg=0
i[vo,...,vq]:{ .
0 ifg>0, (2)

Vr(0)s++ -y U lfl#]lmphesvl;év
Y([UOw--,Up]®[Up+1,...,vq]):{[ ()0 ((1)] j

if not,
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The fact that { acts trivially serves as a motivation for considering the cellular chains on S
as introduced in Definition 5.1. We have an algebraic presentation of it with generators
le Cu(8)(1,0)0  AeCu(S)(1,2)0 Y eCuS)(2,1)

differential

al=o0 oakil=0 ov=Il-ll

and relations

T A=A

We can verify that these relations are satisfied by the assignments in (2), so we have a factorization

Ce(S) —— End(C4(A%)).

/

The above morphism Co(S) — End(C,s(A%)) was introduced and studied in [24] where it was
related to the Fo-structure defined by McClure-Smith and Berger-Fresse [19, 1].

Ce(S)

Remark 5.15. The restriction to biarity (1,2) of this E.-bialgebra induces Steenrod’s cup-i
products [27, 26]. In [20], an axiomatic characterization of these products was given, and in [22],
they were used to derive the nerve construction of higher categories as defined in [28]. In the
present paper, we were able to obtain Steenrod’s cup-i products naturally from only four maps
associated to the interval. We see this as further evidence of the fundamental nature of Steenrod’s
cup-i products. See [21] for algorithms using them to incorporate cohomology operations into
topological data analysis [4, 29|, and [23, 3| for their use constructing cochains enforcing the
Cartan and Adem relations at the cochain level. Higher arity products, analogous to the cup-i
products, defining Steenrod operations at odd primes are defined in [14] and implemented in [25].
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