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Abstract
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1. Introduction

1.1 Motivation and overview

1.1.1 Synthetic mathematics in homotopy type theory So far, homotopy type theory (HoTT)
has served as a convenient framework for a lot of homotopical mathematics. It allows one
to reason synthetically about homotopy types, for example to study homotopy or cohomology
groups [83, 9, 68]. Indeed, it functions as an internal language for higher toposes. This had
been conjectured for some time by Awodey, and then recently established by Shulman [71].
Alas, developing specifically the field of higher category theory in standard Book HoTT has not
been as fruitful yet. For example, it is still an important open problem to give a definition of
the notion of (oo, 1)-category completely internal to HoTT. Currently, one has to rely on some
extension such as two-level type theory [2].

It is also not possible to directly interpret types as higher categories, since not all functors
are exponentiable. At the level of model structures presenting the homotopy theory of (oo, 1)-
categories (such as the Joyal or Rezk model structure), this manifests itself in their failure to be
right proper.
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1.1.2  Synthetic higher category theory in simplicial homotopy type theory Outside the realm
of Book HoTT, there do exist various approaches to reason type-theoretically about higher
categorical structues, cf. [13] for an overview and discussion. As one solution, simplicial (homo-
topy) type theory (sHoTT) has been suggested by Riehl-Shulman [62, 60]. Also independently
proposed by Joyal, the idea is to work internally to simplicial spaces, or more generally, simpli-
cial objects in any higher topos. This extension of HoTT comes with two new kinds of gadgets:
shapes and extension types, both with judgmental equalities. The strict shape layer encompasses
e.g. the standard n-simplices A", boundaries A", and horns A}. The strict extension types
correspond to subtypes of dependent function types whose elements judgmentally restrict to a
fixed section defined on a subshape of a larger shape. These extension types make it possibly
to define e.g., the directed hom-types hom4(z,y), for types A and elements z,y : A, derived
from the arrow type AN Importantly, extension types are homotopically and computationally
well-behaved: they allow for strict computations while maintaining fibrancy.

The prime model of sHoTT is the (oo, 1)-topos sSpace := [AOP,Space] of simplicial oc-
groupoids, hence sHoTT can be understood as a synthetic theory of simplicial co-groupoids.
The internal simplicial structure of each type A can be probed by investigating the function
type A™ — A. This allows for reasoning about higher categories in a convenient way because
one can state the conditions for a type to be groupoidal (aka discrete) or (complete) Segal in
relatively simple and finitary terms using extension types, as shown by Joyal in the classical
set-theoretic setting. Semantically, these, in fact correspond to the desired properties, cf. [62,
Appendix A].

1.1.3 Synthetic fibered higher category theory In this paper, we complement Riehl-Shulman’s
work on covariant families, i.e., functorial type families with groupoidal fibers, by a development
of a synthetic notion of cocartesian family, i.e., functorial type families with categorical fibers.
That is, cocartesian families represent functors to the category of categories. Dually, we obtain a
synthetic notion of cartesian family as well, representing contravariant functors to the category
of categories.

Specifically, we give characterizations of cocartesian fibrations via certain adjointness con-
ditions, one of which being the so-called Chevalley criterion which traditionally is known from
2-category theory due to Street [81] and Gray [23], and in the past years has been recovered
in Riehl-Verity’s model-independent higher category theory [64]. We furthermore prove a type-
theoretic 2-Yoneda Lemma, which for co-cosmoses has been established by [65], [64, Section
5.7] (in turn being inspired by [80]). This implies the discrete case as a corollary, which previ-
ously has been formulated and proven in the type-theoretic setting in [62], and semantically for
(complete) Segal spaces in [32, 57].

The type-theoretic Yoneda Lemma can also be understood as an induction principle for
directed arrows. Furthermore, we establish various theorems about cocartesian functors, anal-
ogous to [64], including characterization theorems in terms of invertibility of mates, as well as
several closure properties inspired by oco-cosmos theory. In fact, these closure properties could
be understood as completeness results about the (0o, 1)-category of small cocartesian fibrations
w.r.t. (oo, 1)-categorical limits. However, in the work at hand the universal properties will
be spelled out explicitly since the universe type in consideration will not itself be an (oo, 1)-
category. For previous discussions on more structured universes and the Directed Univalence
Axiom, cf. Cavallo-Riehl-Sattler [61] and Weaver—Licata [86]. In the context of the latter, Licata
has an Agda formalization of the definition of cocartesian families [35].
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Section 1
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Figure 1: Dependency of the sections

Prior to these main developments, we also briefly touch on non-functorial families of synthetic
(pre-)(oo, 1)-categories. These notions, admittedly of somewhat auxiliary character, primarily
serve to conceptually systematize our developments in the realm of simplicial types. At the end
of the paper, we also provide some tie-ins with the pre-established theory of covariant fami-
lies from [62], recovering the familiar characterization of covariant families among cocartesian

families.

1.2 Contributions We re-develop the basic theory of fibered (oo, 1)-categories in (a mild
extension of) the synthetic setting of Riehl-Shulman’s simplicial homotopy type theory [62].
Specifically, we prove several closure properties, characterization theorems, and a Yoneda Lemma
for cocartesian fibrations and cocartesian functors. Along the way, we also discuss non-functorial
families of (pre-)(oo, 1)-categories as auxiliary notions.

Notably, Riehl-Verity’s model-independent higher category theory in co-cosmoses [64] has
been serving as a principal guiding stone for our developments. Tying in with previous work
by Riehl-Shulman, we establish additional characterizations of discrete covariant fibrations and
left adjoint right inverse (LARI) adjunctions.

To argue that our synthetic theory in fact captures the well-known analytic theory of fibered
(00, 1)-categories, we briefly point out the semantics in (a suitable presentation of) the (oo, 1)-
topos of simplicial spaces (or, more generally, simplicial objects in an (oo, 1)-topos). However,
a detailed semantic discussion is omitted in this text.

1.3 Structure of the paper After the introductory Section 1, we give in Section 2 an
exposition of Riehl-Shulman’s simplicial type theory [62] and our concrete type-theoretic setup.

In the subsequent two sections we set the stage for our study of synthetic cocartesian fi-
brations which makes up the main part of the paper. Namely, in Section 3 we discuss closure
properties of two kinds of “fibrations” which formally generalize cocartesian fibrations and their
discrete analogue. Section 4 captures non-functorial families of synthetic (pre-) (oo, 1)-categories.
Similar to (for instance) Joyal and Lurie’s inner (or mid) fibrations, we discuss these somewhat
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auxiliary notions of fibrations since at the most general level, types are not necessarily cate-
gories. !

Afterwards, in Section 5, cocartesian fibrations are introduced and discussed, along with
cocartesian functors. The development closely parallels Riehl-Verity’s theory of cocartesian
fibrations in oo-cosmoses [64, Chapter 5. The relations of our setup to discrete covariant
fibrations, previously introduced by Riehl-Shulman, are discussed in Section 6. As an application
of our theory we present a Yoneda Lemma for cocartesian fibrations in Section 7, which type-
theoretically can be viewed as a principle of directed arrow induction for functorial families of
Rezk types. This is a direct generalization of Riehl-Shulman’s discrete Yoneda Lemma in [62,
Section 9], and at the same time a type-theoretic analogue of Riehl-Verity’s Yoneda Lemma
in [64, Section 5.7].

Appendices A and B cover basic results on left adjoint right inverse (LARI) adjunctions and
mates, inspired by [62, Section 11] and [64, Appendix B.3/4].

In Figure 1 we outline the logical dependency of the sections with suggested reading orders.
Readers primarily interested in the results about cocartesian fibrations and the Yoneda Lemma
are invited to follow the path indicated by squiggly arrows “~-”. This is also recommended for
a first skim through the paper focusing on the main parts of the theory, avoiding some of the
more technical aspects. A complete tour through the main text is given by straight arrows “—",
extendable by side trips through the appendices as indicated by dashed arrows “--+".

1.4 Related work This article extends the theory of discrete fibrations in the setting of
Riehl-Shulman’s type theory for synthetic (oo, 1)-categories [62, Section 8] to cover various more
general notions of fibered (oo, 1)-categories, building on Riehl-Verity’s theory of co-/cartesian
fibrations in co-cosmoses, cf. [64, Chapter 5] and [66, 65]. These, in turn, generalize work by
Gray [23] and Street [80, 81, 77]. An extensive analytical and model categorical account to
(internal) co-/cartesian fibrations is laid out by Rasekh in [54, 53, 52, 56].

Segal and Rezk spaces have been studied by Rezk [58], Joyal-Tierney [30], Lurie [38],
Kazhdan—Varshavsky [32], and Rasekh [54, 53]. Segal objects are treated by Boavida de Brito [21],
Stenzel [75], and Rasekh [52, 55]. For broad developments of these and related techniques, see
also the monographs by Simpson [73], Bergner [8], and Paoli [50].

Originally, the theory of Grothendieck aka cartesian fibrations of (oo, 1)-categories (imple-
mented as quasi-categories) has been developed by Joyal [30] as well as Lurie [39]. Notable and
fundamental follow-up work on fibrations of (internal) (oo, 1)-categories has been done by Ayala—
Francis [3], Boavida de Brito [21], Barwick-Dotto-Glasman-Nardin-Shah [5], Barwick—Shah [6],
Mazel-Gee [44], Rezk [59], Cisinski [16], and Nguyen [46].

Recently, a model-agnostic and more semantics-minded theory of internal (oo, 1)-categories
and co-/cartesian fibrations internal to an (oo, 1)-topos has been under development by Mar-
tini [42, 41] and Martini-Wolf [43].

A range of directed homotopy type theories has been proposed in the works of Warren [85],
Licata—Harper [36], North [47], Nuyts [49, 48], Kavvos [31], and Altenkirch—Sestini [1]. Going
back to Voevodsky [84] (originally under the name of homotopy type system (HTS)) is the idea
of two-level type theories, which have been further treated by Capriotti [14] and Annenkov—
Capriotti-Kraus—Sattler [2]. For a conceptual discussion, see the essay [13] by the first named
author.

'Rather, they are (Reedy fibrant) simplicial objects.
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Specifically in the case of simplicial type theory an account to directed univalence has been
given by Cavallo-Riehl-Sattler [15], and in a bicubical setting by Weaver—Licata [86]. A develop-
ment of limits and colimits in simplicial HoTT is now available due to Bardomiano Martinez [40].

The theory of synthetic co-/cartesian fibrations in the article at hand has later been developed
further by the second named author in his doctoral dissertation [87] and in subsequent articles to
include so-called Beck—Chevalley and Moens or extensive fibrations [88] (after [45], [82, Sections 5
and 6], and [37]; cf. also [76, [003C] Theorem 1.1-b]) as well as sliced and two-sided cartesian
fibrations [90] (after [64, Chapter 7]). A semantic treatment of extension types, complementing
[62, Appendix A], is given in [89].

A proof assistant for simplicial type theory is being implemented by Kudasov [34].

Another expansive treatment of simplicial homotopy type theory, both from a syntactic and
semantic point of view, including cocartesian fibrations and other material discussed in the
present paper is given in the master’s thesis of Bakke [4].

2. Exposition of Riehl-Shulman’s synthetic (oo, 1)-category theory

We recall some basic features and results from Riehl-Shulman’s synthetic (oo, 1)-category the-
ory [62], at a very brief and informal level. A significantly more thorough treatment is provided
in the original paper.

2.1 Simplicial type theory

2.1.1 Shapes In terms of homotopy theory, the shape layer enables us to reason about gener-
ating anodyne cofibrations using strict equalities.

In simplicial HoTT, next to the familiar layer of (univalent) intensional Martin-Lof type
theory, there are new “non-fibrant” layers added that provide a logical calculus of geometric
shapes. We start of from the cube layer, i.e., a Lawvere theory generated by a single bi-pointed
object 0,1 : 2, the standard 1-cube. A cube context

is thus a finite list of cubes

I,, cube

for1 <m <k.

On top of the cube layer, we can form topes through logical comprehension via (intuitionistic)
conjunction A, disjunction V, and equality =. The tope layer hence captures sub-polytopes of
n-cubes (with explicit embedding). A tope formula ¢(t1,...,tx) together with a cube context
=E=[hL,..., Iy, J_] gives rise to a tope

=+ ¢ tope.

The interval 2 under consideration shall also come equipped with an inequality tope
z,y:2Fx <y tope

making it a total order (w.r.t. the strict equality tope =) with 0 and 1 as the bottom and top
element, respectively.? In particular, we also sometimes make use of connections on the cube
terms as discussed in [62, Proposition 3.5].

2For a comparison with the setup of cubical type theory [19] cf. [62, Remark 3.2].
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A cube together with a tope is called a shape:

I cube t: I+ ptope
{t:I]p}type

As an addition to the original theory by Riehl-Shulman, we will moreover coerce all shapes
to be types, cf. Section 2.4. This is still in accordance with the intended class of models.

2.1.2 Eaxtension types In addition to the strict layers, the other new feature of simplicial type
theory is a new type former called the extension type, the idea of which originally was due to
Lumsdaine and Shulman. Given a shape ¥ and a type family P : I' =& ¥ — U/ together with
a partial section a : [[py 4 P, where ® C U denotes a subshape, we can form the corresponding
family of extension types

T+ (T PO)]T)
which is interpreted as a (strict) pullback, cf. [62, Theorem A.16]:
(oo PO|) PY

r Gldr ) P® X pygye (I x 0)¥

This means, the elements of <Ht:\1, P(t)
judgmentally:

;?> are total sections b : [[, g P such that bl = a holds

»*P — s P

I'x® e—- s I'x U

The type-theoretic rules are analogous to the familiar rules of Il-types, but with the desired
judgmental equalities added, cf. [62, Figure 4].

In particular, non-dependent instances give rise to function types A® where ® is a shape
rather than a type (even though, later on all of our shapes are assumed to be fibrant, cf. Sub-
section 2.4). Semantically, this reflects the fact that the intended model is cotensored over
simplicial sets, cf. also the discussion in [62, Appendix A].

From the given rules one can show that the extension types interact well with the usual
II- and X-types, as shown in [62, Subsections 4.1, 4.2]. In particular, there is a version of the
type-theoretic axiom of choice involving extension types that will be used a lot.

Theorem 2.1.1 (Type-theoretic axiom of choice for extension types, [62, Theorem 4.2]). Let
® C VU be a shape inclusion. Suppose we are given families P : ¥ — U, Q : [[,.4(P(t) = U) and
sections a : [l P(t), b: 1o Q(t,a(t)). Then there is an equivalence

<Ht:\If > a:p(t) QL x)‘?t.(a(t),b(t)>> = Z <Ht:\1/ Qt, f(t))‘f,b> .
F([Lo POIT)

A further important principle is relative function extensionality, which is added as an axiom:
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(0,1) (1,1) (0,1) (1,1) 0,1) — (1,1)
| A N
° 0—1 (0,0) — (1,0) (0,0) — (1,0) (0,0) — (1,0)
A9 Al A2 A? Al x Al

Figure 2: Some shapes

Axiom 2.1.2 (Relative function extensionality, [62, Axiom 4.6]). Let & C ¥ be a shape in-
clusion. Given a family P : W — U such that each P(t) is contractible, and a partial section
a:l.e P(t), then the extension type <Ht:\1, P(t)

g’> is contractible.
An important consequence is the homotopy extension property (HEP):

Proposition 2.1.3 (Homotopy extension property (HEP), [62, Proposition 4.10]). Fiz a shape
inclusion ® C W. Let P : U — U be family, b : [],.¢ P(t) a total section, and a : [].qo A(t)
a partial section. Then, given a homotopy H : [.4 a(t) = b(t), there exist totalizations o’ :

(Mo P)[2) and H': (T @' (8) = b3 )-

2.1.3 Semantics in simplicial spaces A model of simplicial type theory is given by the Reedy
model structure on bisimplicial sets, which presents the (oo, 1)-topos of simplicial spaces. The
main steps in proving this are discussed in [62, Appendix A], with previous work done in [72,
17]. The splitting of the extension type former is carried out in [89]. In fact, it is conceivable
that one can replace the base by an arbitrary (Grothendieck) (oo, 1)-topos € so that the results
developed synthetically will hold for Rezk objects (i.e., internal (oo, 1)-categories, cf. e.g. [38,
21, 75, 54] and [64, Proposition E.3.7]) in &, also as explained in ¢bid. One should note that the
definitions and constructions we are presenting always have characterizations in terms of basic
notions, such as (fibered) weak equivalences, (LARI) adjunctions, etc. (See for instance the
characterizations of cocartesian fibrations and functors via Theorems 5.2.6, 5.2.7 and 5.3.19) By
Riehl-Verity’s results on model-independence and Rasekh’s work on simplicial and (complete)
Segal spaces one can systematically argue that, in essence, all of our internal notions externalize
to their intended semantic counterparts—at least when restricting to the Rezk types, which are
our objects of primary interest after all.

2.2 Synthetic higher categories Via the inequality tope of the interval 2 we can define
simplices and subshapes familiar from simplicial homotopy theory. The first few low-dimensional
simplices are given by

AY:={t:1|T}, Ali={t:2|T}, A?:={{t,s):2x2]|s<t}.

The logical connectives of the tope layer enable us to carve out subshapes, such as boundaries
and horns, e.g.

AV :={t:2|t=0Vvt=1}, A2:={(t,s):2x2|s=0Vt=1]},
OA% :={(t,s):2x2|s=tVs=0Vt=1}.
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f:hom? (e, ¢’)

u : homp (b, b')

Figure 3: Dependent arrows

Cf. Figure 2 for an illustration and [62, Section 3.2] for a detailed discussion.
We then can define, for any type B and fixed elements b, b’ : B the type of arrows from b to
b as
hompg(b, V) := <A1 — B gﬁ,}]>.
Given a type family P : B — U and an arrow u : hompg(b,?’) in the base, the type of arrows
lying over u, from e : Pb to ¢’ : PV, is given by

hom? (e, ') := <Ht:A1 P(u(t))

OAT

[676’]> :

Such an arrow is also called a dependent arrow or dependent homomomorphism, cf. Figure 3.
We will also be considering types of 2-cells, defined by?

hom?% (u, v;w) = <A2 — B

2 2
ﬁfv,w}> ) hom?;P(f? g; h) = <H(t,s>:A2 P(U<t7 3)) ?fég,h}> ’

see Figure 4 for an illustration:

¢ :hom>"'(f,g; )

o : hom% (u, v;w)

Figure 4: Dependent 2-cells

3The boundary here is given by

u s=0
[u,v,w] : OA®> = B, [u,v,w](t,s): = v t=1
w s=t

and similarly for the dependent case.
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We abbreviate
hompg(b, )= (b =g V)= (b= V)

when the intent is clear from the context. For families P : B — U, we write
hom? (e, ') = (e =L €).
For a type B, we have two projections from the arrow type, given by evaluation
O : B 5 B, 0= Au.u(k),

for k=0, 1.
Similarly to the notation introduced above, for the type of natural transformations between
a fixed pair of functors we abbreviate

h =(f=g9).

hom(f, g) = (f = 9)

Sometimes, we also denote the type of 2-simplices by
hom% (u, v;w) = (u,v = w),

and likewise for the dependent version. With these prerequisites, Riehl-Shulman [62] define a
type B to be a Segal type such that the proposition

isSegal(B) := H H isContr( Z homQB(u,v;w))
b,b/ b'":B u:b—b’ w:b—b"
v:b’ —b"
is true. This means that B has weak composition of directed arrows. After Joyal, the Segal
condition can be stated as

isSegal(B) ~ isEquiv(B"*),

with the inclusion where ¢ : A? < A2 ie., B' :=(—o01): BA* 5 BM restricts filled 2-simplices
in B onto their (2, 1)-horn.

Segal types can be thought of as synthetic pre-(oo, 1)-categories, which here in simplicial
homotopy type theory is expressed as a property rather than structure, echoing the familiar
situation from the semantics in simplicial spaces. As discussed in [62, Section 5], Segal types
can be endowed with a weak composition operation which is weakly associative. For arrows
fira—b, g:b— cin some Segal type B, one writes g o f for the chosen composite arrow.

The identity arrow of an element b : B is given by the constant map

id, := M.b: Al - B.

Often, naturality w.r.t. directed arrows comes “for free”. In particular, any function f: A —
B between Segal types is a functor in the sense that it preserves composition and identities
up to propositional equality, as proven in [62, Section 6.1]. The action of a functor on points
already determines its actions on arrows as discussed in loc. cit.

Although the semantics is given by a structure presenting an (0o, 1)-topos—a certain kind
of (o0, 1)-category—we, in fact, have access to portions of the 2-dimensional structure present
in the model as well. Since Segal types form an exponential ideal, the type A — B is Segal if
B is, and this allows us to study natural transformations between functors and lax diagrams
of types, cf. Appendix A and the groundwork in [62, Section 6]. This enables us to adapt
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several developments from Riehl-Verity’s model-independent higher category theory from oo-

% is a model for an (oo, 2)-categorical universe

cosmoses to type theory. Roughly, an oo-cosmos
of a given notion of “co-category” which could mean (oo, n)-categories (for 0 < n < oo) but also
e.g., fibrations thereof. This semantical theory will turn out to be an important guiding stone
for our internal developments.

Segal types come with two possible notions of isomorphism (analogous to the semantic situ-
ation for Segal spaces), the “spatial” one given by propositional equality, and the “categorical”
one derived from the directed arrows. Namely, an arrow f : a — b in a Segal type B is a

(categorical) isomorphism if the type

isIso(f) := Z (9f =ida) x (fh =idy)

g,h:b—a

is inhabited. As discussed in [62, Section 10], the type isIso(f) turns out to be a proposition, so
we can define the subtypes

isop(a,b) := Z isIso(a, b).
f:hom 4 (a,b)

In particular, for all b : B one has® idy : isog(a, b). By path induction we define the comparison
map
idtoisop : H (a =p b) —isop(a,b), idtoisop qq(refly) :=idg,
a,b:B

and demanding that this be an equivalence leads to the notion of Rezk completeness:
isRezkCompl(B) := isEquiv(idtoisop).

A complete Segal type aka Rezk type is a Segal type that is also Rezk complete. A type B : U
being Rezk is witnessed by the proposition

isRezk(B) := isSegal(B) x isRezkCompl(B)
~ isEquiv(B") x isEquiv(idtoisop).

Then Rezk completeness condition can be understood as a local version of the Univalence Axiom.
In the simplicial space model, Rezk types are interpreted as Rezk spaces, which justifies viewing
Rezk types as synthetic (0o, 1)-categories. Even though a lot of the development in [62] actually
already works well on the level of (not necessarily complete) Segal types, our study of cocartesian
families mostly restricts to complete Segal types, which is in line with preexisting studies of
co-/cartesian fibrations in the higher categorical context [28, 39, 64, 52, 21, 3, 6].

Among the synthetic (oo, 1)-categories, we can also consider types that are synthetic (oo, 0)-
categories, i.e., co-groupoids. These are called discrete types,® which refers to the condition that
all directed arrows be invertible, namely the comparison map defined inductively by

idtoarrp : H (a =p b) = homp(a,b), idtoarrp g, (refly) :=id,,
a,b:B

4The name “co-cosmos” has been suggested by Peter May [64, Acknowledgments|, after Street’s (fibrational)
cosmoses [79, 78].

Sleaving the witnessing proposition implicit in our notation

Ssemantically known as Bousfield-Segal spaces due to Bergner [7, Section 6], cf. also earlier work by Bousfield [12]
and more recent work by Stenzel [74]
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be an equivalence:
isDisc(B) := H isEquiv(idtoarrpg 4.p)
a,b:B
In fact, this discreteness condition entails the Rezk condition as shown by Riehl-Shulman.
Furthermore, if B is a Segal type, for any a,b : B, the hom-type homp(a,b) is discrete by [62,
Proposition 8.13].

2.3 Covariant families Riehl-Shulman have introduced the notion of covariant family, i.e.,
families of discrete types varying functorially w.r.t. directed arrows in the base. A type family
P : B — U over a (Segal or Rezk) type B is covariant if

isCovFam(P) := H H isContr ( Z(d —P e)),
a,b:Bbd:Pa e:Pb
u.a—r

i.e., arrows in the base can be uniquely lifted w.r.t. a given source vertex.
Semantically, these correspond to left fibrations, which encode (0o, 1)-copresheaves. Hence,
as expected, an example is given, for any a : B by the family

homp(a,—) := Ab.homp(a,b) : B — U.

The central topic of our work is to generalize this study to synthetic cocartesian fibrations,
i.e., the case where the fibers are Rezk rather than discrete.”

2.4 Fibrant shapes In the models we are interested in, the shapes will be fibrant objects,
so we may reflect the shape layer into the type layer. In a generalized algebraic presentation of
the syntax, this will be done with a constructor corresponding to the inference rule:®

I cube t: I+ ptope
(t:1]¢p)type

In fact, we take the interval Al as a type, and the inequality relation < : A! — A! — Prop as a
type family, and then all shapes are types using the ordinary type formers. It seems it should be
possible to develop everything we do using standard type theory extended with (Al, <) along
with the postulate that this is an interval object, i.e., a totally ordered set with bottom element 0
and top element 1, where 0 # 1. This nicely complements the fact that the 1-topos of simplicial
sets is the classifying topos for the geometric theory of a strict interval [27].

Recall that if A is a type and B is a type family over A, then [],.4 B(z) is equivalent
to the type of sections of the first projection Y .., B(x) — A. Similarly, the extension type

<Hx:(1|w) Az)

f> is equivalent to

> 1 (ez=ra),

Pl a1 Ale) 2:(019)

i.e., the type of functions over the large shape together with a homotopy to the given function
over the small shape. Indeed, for any a, we have a map from the extension type to the latter

"Everything dualizes to the case of cartesian fibrations, of course, but we don’t spell this out.
8The introduction, elimination and computation rules state elements of type (I | ¢) are precisely those of the
corresponding shape I | ¢. We elide these forms from our notation to ease readability.
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type, so it suffices to show that the induced map on total types,

> <Hm:([|1/)) A(z) f> — > > I (az=r=)

Loz A®) [ Lau(r10) 4@ ST L 11 Al®) = (T19)

is an equivalence. The codomain here is equivalent to just ],y A(z) (by relative function
extensionality), and the composite maps (a, f) to f. This map has an obvious inverse that maps
f to the pair of f restricted to (I | ¢) and f.

In particular, this gives the following formulation of (diagrammatic, weak) lifting problems
in terms of (formulaic, strict) contractibility statements.

Observation 2.4.1. Consider a family P : B — U and a shape inclusion ® C ¥. Then, given
a total diagram o : ¥ — B with a partial diagram & : [[4 0" P lying over, the diagram

0} HHﬁ
v B

possesses a diagonal filler uniquely up to homotopy if and only if the proposition

D)

isContr(< H P(o(s))
t:w

is inhabited.

Example 2.4.2. Recall from [62] that a type A is Segal precisely if A — 1 is right orthogonal
to A? < A% Another example is given by the class of covariant families, namely P : B — U is
covariant if and only if P — B is right orthogonal to the initial vertex inclusion i : 1 < A

We can also type-theoretically express the Leibniz construction familiar from categorical
homotopy theory [64, Definitions C.2.8, C.2.10, C.3.8] as follows. We remark that Leibniz
cotensor maps will be ubiquitous in our treatise since the fibrations of interest are defined by
conditions on them.

Definition 2.4.3 (Leibniz cotensor). Let j : Y — X be a type map or shape inclusion, and
7 : E — B a map between types. The Leibniz cotensor of j and 7 (aka Leibniz exponential of
7 by j or pullback hom) is defined as the following gap map:

Y E EX
Jl A JW = J{j;h\w
X B BX x gy EY

The map 7 is right orthogonal to j, meaning that for any square as below there exists a filler
uniquely up to homotopy



86 Buchholtz and Weinberger, Higher Structures 7(1):74-165, 2023.

if and only if the Leibniz cotensor map is an equivalence
jhr: BX =5 BX x gy EY,

cf. Proposition 3.1.1.
Though sparsely explicitly present in the text, we will also mention the dual operation.

Definition 2.4.4 (Pushout product). Let j : Y — X and k : T — S each be type maps or
shape inclusions. The Leibniz tensor of j and k (or pushout product) is defined as the following

cogap map:
Y T Y xSy X xT YXT — Y xS
Jl ® Jk = lj@k
X S X xS

In particular, recall from [62, Theorem 4.2], the explicit formula for the pushout product of
two shape inclusions:

{t: 1]} {s:Jx} {{t,8) : Ix T (e AV (PAX)}
[ s | = 1
{t: Iy} {s:J]¢} {(t,s) : I x J|¢ AC}

2.5 Families vs. fibrations Recall from [83] that in presence of the univalence axiom, there

is an equivalence between type families and fibrations.’

Consider the types

FibU):= > A— B, Fam() := > (B = U)
A,B:U B:U

of functions in U (viewed as type-theoretic fibrations'"), and families with U/-small fibers, resp.

Both these types naturally are fibered over U via the following maps:

01:=AA,B,f.B pri:=AB,P.B

Fib(U)

u Fam(U)

Over a type B : U, we obtain the type of maps into (or fibrations over) B as the fiber:

U/B ———  Fib(U)

| Jo
1 . u

9 Assuming universes with better structural properties—such as the Segal condition or directed univalence—would
be fruitful for further considerations, but this is part of future work.

'°The inhabitants of Fib({{) are just maps between arbitrary U-small types, but viewed as “U-small type theoretic
fibrations over a U-small base”.
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Theorem 2.5.1 (Type-theoretic Grothendieck construction, cf. [83, Theorem 4.8.3]). There is
a fiberwise quasi-equivalence

St
Fib(U —— Fam(U)

\/

at stage B : U given by a pair

Stg
Uu/B — (B—=U)
ng
with straightening
Stp(m) := A\b.fiby(m)

and unstraightening
Unp(P) := (P, 7p)

(rp: P:=Y,.5 Pb— B the total space projection).

The spirit of dependent type theory somewhat favors type families over fibrations, but we
will often resort to the fibrational viewpoint because it allows us to replay familiar categorical
arguments. For instance, Riehl-Shulman’s covariant type families are a type-theoretic version
of left fibrations, and we want to be able to conveniently make use of both incarnations of the
same concept which motivates the following:

Definition 2.5.2 (Notions of families and fibrations). A notion of family (or notion of fibration)
is a family
F : Fam(U) — Prop

of propositions on the type of U/-small fibrations. For a notion of family F, we say that a family
P: B — U is an F-family'' if and only if the proposition

isFamz(P) := F(P)
holds. A map 7 : E — B is called an F-fibration if its family of fibers Stp(7) is an F-family.

By univalence and the Grothendieck construction, this definition is well-behaved, i.e., a (U-
small) map is an F-fibration if and only if it is (equivalent to) a projection associated to an
F-family (valued in U).

In particular, we observe the following. Considering

Fibr(U) := Z isFamz(St(m)), Famg(U) = Z isFam g (P),
E,EB:Z/]{B P:Fam(U)
T L—r

the Grothendieck construction descends to a fiberwise equivalence, for any notion of fibra-
tion/family F:

171n practice, the name of F will often be a linguistic predicate such as “covariant”, “cocartesian” etc. in which case
we drop the hyphen and treat it as part of the natural meta-language, e.g., we will simply speak of “cocartesian”
or “covariant fibrations”.
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St
Fibr(U) ~ Fam (U

Sl
[

Remark 2.5.3. As a convention, we will always state the definitions of the various notions of

Fam(U)

fibration in terms of families, and the above definition schema immediately yields the respective
corresponding notion in fibrational terms.

As a convention, we will also often denote a map which satisfies such a fibration condition (or
possibly even just a usual map which is to be regarded as a type-theoretic fibration) by a double
hooked arrow w : E — B, as is customary in homotopical algebra or categorical homotopy
theory.

Furthermore, as a consequence of univalence, any such propositionally defined notion of
family /fibration is invariant under equivalence.

Proposition 2.5.4 (Homotopy invariance of notions of fibrations). Let F be a notion of fibra-
tion. When given a commutative square

F—= F

d Iy

A—_——B

the map & is an F-fibration if and only if 7 is.

2.6 Comma and co-/cone types
Definition 2.6.1 (Comma types). Consider a cospan of types

C g A ! B

The comma type f | g is given by the following pullback:

flg ——— A%

T e

CxB T AxA
In the case that f is the identity id4, we write shorthand A | g for f | g, and dually f | A if g
is the identity.

Definition 2.6.2 (Co-/cone types). Let X be a type or a shape and A a type. In a setting
such as the present one, a map u : X — A is sometimes referred to as an X -shaped diagram in
A. The cospans

A cst 4 AX m 1 1 m AX cst 4 A
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give rise to the type u/A := u | cstq of cocones in A under u, and, dually A/u := cstq | u of
cones in A over u, resp., defined as comma objects:

ufA ———— (AX)A Ay ————— (AX)A
l l@hao) l l(31,30>
Ax1 —SAXt L AX o gX 1x A Xt AX o pX

Example 2.6.3 (Co-/slice types). For a fixed point b : B, the co-/slice types are defined as b/ B
and B/b, resp. Note that b/B ~ b | B, and similarly for the slice types.

3. Right orthogonal and LARI families

An important part in our study of synthetic fibered (oo, 1)-categories is to provide proofs of
certain closure properties, which are chosen to parallel those of co-cosmoses [64, Definition 1.2.1].
Recall from [64], that any oo-cosmos K provides an intrinsic notion of cocartesian fibrations,
which themselves form an oo-cosmos coCart(K). The discrete cocartesian fibrations form an
embedded oo-cosmos DisccoCart(K) < coCart(K). We prove type-theoretic analogues of the
oo-cosmological closure properties, formulated internally to the type theory of the “ambient”
(00, 1)-topos of simplicial objects.

First, we consider maps which are, more generally, defined by a unique right lifting property
against an arbitrary map. Next, we discuss j-LARI maps which are defined by a left adjoint
right inverse condition on a Leibniz cotensor map.

Specifically, let j : Y — X be some type map.'> A map 7 : E — B is called j-orthogonal if
any square as below has a contractible space of fillers:

Y —— F

|
X~———>B

If a map 7 : E — B is right orthogonal to a map j : ¥ — X, we write jLx. Similarly, for

families P : B — U, we write jLP if jL Unpg(P).

Classes of maps defined by such lifting conditions play an important role in categorical
homotopy theory and have been extensively studied in various contexts. In particular, classes
defined by right orthogonal lifting conditions necessarily satisfy certain closure properties. We
are giving type theoretic proofs which will later apply for the specific kinds of j-orthogonal maps
that we are interested in, namely (iso)inner fibrations and left fibrations aka discrete covariant
fibrations. For instance, a map 7 : E — B (over a Segal type B) is a covariant fibration if and
only if it is right orthogonal to the initial vertex inclusion ig : 1 — Al.

In general, 7 : E — B being j-orthogonal can be rephrased as the condition that the gap
map in the following diagram be an equivalence:

12This is often a shape inclusion; recall from Subsection 2.4 that we have coercion of (strict) shapes into types.
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Weakening this condition by requiring the gap map to only have a left adjoint right inverse
(LARI) leads to the notion of j-LARI map, i.e., 7 : E — B is a j-LARI map if and only if the
induced map EX — BX xgv EY has a LARL:

Between Rezk types, a map 7 : E — B is a cocartesian fibration if and only if it is an io-LARI
map, for the initial vertex inclusion ig : 1 — AL

Both j-orthogonal and j-LARI maps are closed under dependent products, composition,
and pullback. In addition, j-orthogonal maps are closed under sequential limits and Leibniz
cotensoring. In addition, they satisfy left canceling.

3.1 Right orthogonal fibrations

3.1.1  j-orthogonal families Recall from the discussion [69, Section 32.3] the following formu-
lation of right orthogonality of a map in type theoretic terms.

Proposition 3.1.1. A map 7 : E — B is right orthogonal to a type map j : Y — X if and only
if the Leibniz cotensor map

is an equivalence, i.e., the following proposition is true:

H H isContr( Z j*g = f)

v: X—B f:HY(j*v)*P g:HX v*P

In the case of shape inclusions, by de-/strictifcation we obtain a “strict” version of this
statement in terms of extension types (for a special case cf. [62, Theorem 8.5]):

Corollary 3.1.2. Let P : B — U be a type family. Then P is orthogonal w.r.t. a shape inclusion
t: 1ot if and only if

11 [I  isContr ((ITuo PO®)|F)),

v:V—B f;HM> P(v(t))

where ® and U denote the topes, corresponding to ¢ and Y, resp.
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At first, we prove the analogous universal properties, for maps between types rather than
families. Note that these are equivalent to the constructions given for families since as a general
principle of homotopy type theory any map between types can be replaced by the projection of
the total space of a family. Likewise, any (homotopy) commutative square can be seen as a map
between families.

Stability under pullback follows from an instance of a Pullback Lemma for cube-shaped
diagrams as considered by Rijke in [69, Section 24].

3.1.2  Closure properties of j-orthogonal families

Proposition 3.1.3 (Equivalences are j-orthogonal). For a type map or shape inclusion j : Y —
X, any equivalence f : B’ ~ B is j-orthogonal.

Proof. By univalence, we can assume f to be the identity idg. Then the claim follows easily. [

Proposition 3.1.4 (Closedness under dependent products). Let I be a type, and B : I — U
be a family. Assume there is a function P : [, B — U. If there is a map or shape inclusion
f:Y — X such that fLP; for all i: 1, we also have f1]]; P.

Proof. For i: I, denote by m; : E; — B; the projection associated to the family P; : B; — U. By
assumption, the exponential squares

EX — 4 BY

. |
B ——— BY

are pullbacks. Since dependent products preserve pullbacks and commute with exponents, we

have
(ITi.s Ei)X ~ .1 EzX — L EZY ~ (ILi.s Ei)y
(Hi:[ B’L)X = Hi:[ BzX E— Hi:[ BzY = (Hi:[ Bl)y
as desired. O

Corollary 3.1.5 (Closedness under binary products). Let C, B : U with families P : B — U
and Q : C — U. If both P and Q are orthogonal to a map j :' Y — X, then so is the binary
product family P x Q : Bx C — U.

Corollary 3.1.6 (Closedness under exponentiation). Let P : B — U be a family, orthogonal
to a shape inclusion or type map j : Y — X. Then, for any type or shape Z, also PZ is
j-orthogonal.

Proposition 3.1.7 (Closedness under composition, and left cancelation, cf. [64, Lemma 5.5.9]).
Let j : Y — X be a map. Let P : B — U and Q : P — U be families with composite
QOP:B—U. If jLP then j1Q ® P if and only if j LQ.
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Proof. Consider £ — B/@l F — B, the associated total projections to the family P and
@, resp. Observe that Q ©®@ P ~ @ We assume ¢ 1 P which yields the following commutative
diagram:

FX —  FY

lX lY
1

BX — BY

Then by the Pasting Lemma for pullbacks (e.g. [69, Theorem 22.5.8]) the composite diagram is
a pullback if and only if the upper square is a pullbacks. O

In presence of categorical universes of fibrations this statement would imply that the left
adjoint to the change of base functor, i.e., postcomposition with the given fibration, preserves
and reflects j-orthogonality.

Theorem 3.1.8 (Closedness under pullback along families). Let 7w : E — B be right orthogonal
to a type map j:Y — X. Then, for any pullback

F——F
I
AT>B

the map £ = k*n : F' — A is also right orthogonal to j.

Proof. By assumption, EX ~ BX x5y EY. Now, since exponentiation preserves pullbacks, we
obtain the following cube:

EX FY
v >
\ EY FX
-
BX AY
\ e \ e

We have to show that the back square is a pullback as well, and this follows from the Cube
Pullback Lemma [69, Lemma 24.1.4 and Remark 24.1.5]. O

Corollary 3.1.9 (Closedness under pullback along maps). Let B be a type, P : B — U a family,
and r: C — B a map. Assume j1LP. Then for the pullback r*P : C — U we have j1Lr*P.

Corollary 3.1.10 (Fibers of j-orthogonal maps). Let P : B — U be a j-orthogonal family.
Then, for any b: B the fiber P b is j-orthogonal.

Corollary 3.1.11 (Closedness under fiber product). If P,Q : B — U are j-orthogonal families,
then so is their fiber product P xg Q : B — U.
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Corollary 3.1.12 (j-orthogonal maps from j-orthogonal types). Let B be a type and j : Y — X
a map between types, or a shape inclusion. If the type B is j-orthogonal, then so is the map
B*: B¢ — BP forallk:D — C.

Corollary 3.1.13 (Closedness under Leibniz cotensors). Let 7 : E— B be a j-orthogonal map.
For any k : D — C, the Leibniz cotensor map ki : E¢ — EP x zp B is j-orthogonal as well.

Proposition 3.1.14 (Orthogonal families are closed under sequential limits). Let j : Y — X
be a type map. Consider a tower of maps given by A : N — U together with f : [],.y An+1 = An
such that for any n : N, the map fn : Apy1 — Ay s j-orthogonal. Then, for the sequential limit
Aso = limyy Ay = limp.n{( Ay, fn), the map mg : Ao — Ag is j-orthogonal as well.'?

Proof. By precondition, for any n : N we have equivalences AX,; ~ AX x AY AY. | via the
structure maps. By composition, we get equivalences AX ~ Ag X aY AZ. In sum, we obtain

X 1 X o1 X Yy o 4X Y
n:N n:N 0 0

again via the structure maps. O

Proposition 3.1.15 (Maps between j-orthogonal types are j-orthogonal). Let j : Y — X be a
type map or shape inclusion. If both E and B are j-orthogonal types, then any map 7w : E — B
is j-orthogonal as well.

Proof. Since B is j-orthogonal, the restriction map BX — BY is an equivalence, and so is its
pullback along EY — BY:

EX = EY

Now, since by assumption EX — EY is an equivalence is well, so is the gap map by 2-for-3 for
equivalences. O

Proposition 3.1.16 (Total types of j-orthogonal maps). Let j : Y — X be a type map or shape
inclusion and 7w : E — B be a map with j-orthogonal codomain. Then E is j-orthogonal if and
only if m is.

Proof. Similar as for Proposition 3.1.15. O

3.2 LARI families For a type map j: Y — X, we call a family P: B — U a j-LARI family
if the Leibniz cotensor map j hmr: PX o pPY x gy BX has a left adjoint right inverse (LARI).
Typically, 7 : Y — X will be a shape inclusion. In fact, we eventually consider the case of the
initial vertex inclusion ig : 1 < A! which precisely defines the notion of cocartesian fibration.

However, already for general maps j : Y — X we can prove that the j-LARI fibrations
satisfy several closure properties considered before in the case of j-orthogonal fibrations.

A basic account of LARI adjunctions in the synthetic setting is given in Appendix B, based
on Riehl-Shulman’s theory of adjunctions [62, Section 11].

13Then, by left cancelation so are all projections m, : Aos — A, for n : N.
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Remark 3.2.1. We also note the following. If U : F — B : F is a LARI adjunction of Segal
types, we may assume—by fibrant replacement, cf. [83, Theorem 4.8.3] and Section 2.5—that E
is the total type of a family P : B — U, that U is the projection, and that Fz := (z, f z) for
some section f:[],.5 Px.

In any LARI adjuction, the left adjoint is fully faithful, as hompg(b,d’) ~ homp(b,UF V') ~
hompg(F b, FV).

3.2.1 LARI families

Definition 3.2.2 (LARI families). Let P : B — U be a family, and j : Y — X be any type map
or shape inclusion. Writing 7 : F — B for the associated fibration, we call P a j-LARI family if
and only we have a LARI adjunction (in one of the equivalent formulations of Theorem B.1.4)
in the following diagram:

LARI fibrations generalize right orthogonal fibrations, as we will see.

Proposition 3.2.3 (Adjoint equivalences, [64, Proposition 2.1.11/12]). Let u : B — A be an
equivalence between Rezk types. Then there exists a functor f: A — B s.t. f Ju.

Here, f can be taken to be a quasi-inverse of u.

Proof. Since u : B — A is an equivalence it has a quasi-inverse, i.e., there existsamap f : A - B
together with homotopies 7 : idg = uf, € : fu = idp. Then, by 2-for-3 for isomorphisms in a
Rezk type,'* this gives homotopies ue o nu = id,, and f o fn = id t- Together, these data make
up a quasi-diagrammatic adjunction which can be promoted to a coherent, bi-diagrammatic
adjunction by [62, Theorem 11.23]. O

Corollary 3.2.4. Let P: B — U be a j-orthogonal family over a Rezk type B. Then P is also
a j-LARI family.

3.2.2  Closure properties of j-LARI families

Proposition 3.2.5 (Closedness under products). Let I be a type, and B : I — U be a family.
Assume there is a function P : [[;.; B(i) — U. If there is a map or shape inclusion j : Y — X
such that P(i) is a j-LARI family for each i : I, then also [[; P is a j-LARI family

1 The 2-for-3 law for isomorphisms in a Segal type can easily be proven as in the case of 1-categories, using [62,
Proposition 10.1].
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Proof. Let E the total type of P and FE; the total type of P;, for any ¢ : I. Observe that we have

(X—>1;[E>: 3 H(HH((M%))

O—;X_>HI Bl \x:X

12

> (X — HP) (0).

0:X—>HIB I

For any i : I, we are given a LARI adjunction

which induces a LARI adjunction

L e
i

(IT; B)X T’ (IT; B)X “(I1,B)Y (I1; B)”

by Proposition B.1.5, since exponentiation commutes with dependent products. ]

Corollary 3.2.6 (Closedness of j-LARI families under binary products). Let C,B : U with
families P : B > U and Q : C — U. If both P and Q are j-LARI families w.r.t. to a map
j:Y = X, then so is the binary product family P x Q : B x C — U.

Proposition 3.2.7 (Closedness of j-LARI families under composition). Let j : Y — X be a
map. Let P: B —U and Q : P — U be families with composite Q ® P : B — U. If both P and
Q are j-LARI families, then so is Q ® P.

Proof. Let m: E — Band ¢ : ' — E be the projection maps associated to P and @), respectively.
Abbreviating S := BX xgv EY, T := EX xgv FY and R := BX xgy FY, from the LARI
adjunctions

/
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yields the claim, by first pulling back the LARI adjunction between EX and S, and then com-
posing with the one between FX and 7. Indeed, by Proposition B.1.7 LARI adjunctions com-
pose. ]

Theorem 3.2.8 (Closedness of j-LARI families under pullback). Let B be a type, P: B — U
be a family, and k : A — B be a map. Given a map j:Y — X, if P is a j-LARI family, then
the pullback k*P : A — U is a j-LARI family as well.

Proof. By assumption, writing 7 : & — B and £ : F — A for the associated projection maps,
we have a pullback together with a LARI adjunction:

F——E EX

- ~
bk
A ﬁ B EY XBY BX

We have to show that the map j rng : FX — FY x ,v AX has a LARI. Note first that we can
factor it through equivalences as follows:

FX o AX xpx BXY — AY Xy BY ~ A% x4y (AY xpy BY) ~ AX x v FY (3.1)
Next, observe that by the Pullback Lemma, the inner left square is a pullback:
EY xgy A X — 3 F¥ xgy BX —————— EY

! L |

AX BX BY

Similarly, the top square becomes a pullback:

AX xpx EX EX
i
| Ir
EY xgv AY ———— EY xpzv BX
I |

AX BX

LARI adjunctions are closed under pullback by Proposition B.1.6. Hence, this serves to induce
the LARI of the map

AX XBX EX —>EY XBY AX
which corresponds to j dAwf : FX — FY x v AX by 3.1. O

Corollary 3.2.9 (Closedness of j-LARI families under pullback along families). Let B be a types,
and P,Q : B — U be families. If P is a j-LARI family, then the pullback family Q*P : Q — U
is as well.

Corollary 3.2.10 (Closedness of j-LARI families under fiber product). If P,Q : B — U are
j-LARI families, then so is the fiber product P xp Q : B — U.
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4. (Iso)inner families

Our main objects of study are cocartesian families, 7.e., functorial families of synthetic (oo, 1)-
categories.

Since at the most general level types are not Segal, as an intermediate step to defining
cocartesian families, we have to deal with families of (complete) Segal types that are not nec-
essarily functorial. Inner families are those type families for which the associated projection is
right orthogonal to the horn inclusion A? < A2, Hence, between Segal types, inner families
correspond to fibrations in the Segal model structure. Bringing in Rezk completeness motivates
our definition of isoinner family, which in addition to being inner requires all fibers to be Rezk-
complete. Over Rezk types, this can be expressed by requiring the associated projection to be
right orthogonal to the terminal projection from the free bi-invertible arrow E.

In this section, we discuss the behavior of these non-functorial families of Segal and Rezk
types, respectively. Several closure properties will follow from the results of Section 3. We also
introduce the free bi-invertible arrow E, constructed as a colimit after [62, Appendix A.3].'
Along the way, we characterize Rezk types via right orthogonality w.r.t. either inclusion 1 — E,
or alternatively, the terminal projection E — 1.

4.1 Inner families We introduce the notion of an inner family, resembling—in some sense—
inner or mid fibrations from quasi-category theory, used by Joyal and Lurie as an auxiliary tool
to investigate co-/cartesian fibrations.

In the same vein, an inner family can be seen as a relativized version of the notion of Segal
type: in an inner family any (2,1)-horn sitting over a 2-simplex in the base can be extended,
uniquely up to homotopy, to a 2-simplex lying over. In particular, an inner family over the
terminal type 1 is the same as a Segal type.

4.1.1 Definition and characterization

Definition 4.1.1 (Inner Family). Let B be a type. A family P : B — U is called inner family

if
A%>)
’r] .

islnnerFam(P) := H H isContr (<Ht:A2 Po(t)

0:A2—>B n:Ht:A% P(o‘(t))

Unpacking this gives the following logically equivalent proposition:

islnnerFam(P) ~ H H H H H

b 0" B u:b—b TUwv=pwW e:Pb  fiePe
v:b' b /Py P

. ol NP1
w:b—b" e Py’ g:e —, e

isContr Z o :5 h

. P
h:e—ie

This can be expressed in categorical terms as the condition that the unstraightening P—»B
be right orthogonal to A? — A2 or equivalently, the Leibniz cotensor of these maps be an
equivalence.

5The walking bi-invertible arrow hence arises as a type in our case, although it might be possible to obtain it as
a shape by a suitable extension of the shape theory.
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vn:=lf,9]
dr:fig=sh

Vo:u,v=w

Figure 5: In an inner family, inner 2-horns can be extended uniquely up to homotopy relative
to a given 2-simplex in the base.

Proposition 4.1.2 (Orthogonality characterization of inner families). A type family P : B — U
is inmer if and only if the square

pa L pn

! !

BA — , BM
is a homotopy pullback.

Proof. This is an instance of Corollary 3.1.2. O

4.1.2  Closure and structural properties As an instance of Section 3.1.2 it follows that inner
families enjoy several closure properties.

Proposition 4.1.3. Inner families over arbitrary types are closed under fibered equivalences,
dependent products, composition, pullback, left cancelation, and sequential limits. Families cor-
responding to equivalences are always isoinner.

Proposition 4.1.4. Let P : B — U be an inner family. Then for every b : B the fiber Pb is a
Segal type.

Proof. This is an instance of Corollary 3.1.10. O

Proposition 4.1.5. Let P : B — U be a family over a Segal type B. Then the total type
P:=5",.5 Pb is Segal if and only if P is an inner family.

Proof. This is an instance of Proposition 3.1.16. O

The following observation reflects the semantic fact that between Segal spaces Reedy fi-
brations coincide with the fibrations of the Segal space model structure. It is also a formal
consequence of Proposition 3.1.15.

Proposition 4.1.6 (Maps between Segal types are inner). Let m : E — B be a map between
Segal types B, E. Then w: E — B is inner.



Synthetic fibered (0o, 1)-category theory 99

4.2 Isoinner families As a next step towards the synthetic version of cocartesian fibrations,
we consider non-functorial families of complete Segal, aka Rezk types. To be able to formulate an
appropriate right orthogonality condition, we start by defining the free (or walking) bi-invertible
arrow. This gives alternative formulations of the Rezk-completeness condition.

4.2.1 The free bi-invertible arrow In order to exhibit Rezk completeness as an orthogonality
condition, we want to define a type E which for any type corepresents its type of isomorphisms,

i.€.,

iso(X) ~ (E — X)

for any type X : U. Moreover, this will also allow us to define a notion of (non-functorial) family
of Rezk types, which we call isoinner families. Semantically, these correspond—at least between
fibrant objects—to the fibrations of the Rezk model structure.

We internalize the construction of E due to [62, Definition A. 24, 25], by forming the colimit
E of the following diagram D of types

Al Al Al
/ le y X: y \
1 A2 A? 1

where d* : Al — A? is the k-th face inclusion, i.e., the “injection whose image is missing k”.
Concretely, this can be done using the theory of colimits over reflexive graphs as described by
Rijke [68, Section 3].

The free bi-invertible arrow is constructed as a colimit over a reflexive graph. Let G denote
the graph underlying the diagram D of types as shown above. By [68, Remark 3.5.6], it follows
that the colimit of the G-diagram D is given by the pushout of the cospan S(D) := (pry, pry)
associated to D via the total graph:

pra

> timy, Gi(i,j) x Di(z) =y ———=—— Dy

(4:y):Do
Prll
-

Do E

Proposition 4.2.1. The colimit E of the diagram D as above (covariantly) represents the types
of isomorphisms in a Segal type, i.e., for any Segal type A there is an equivalence of types

(E — A) ~iso(A).

Proof. We leave out the explicit descriptions of G and D, but they are straightforward. By the
universal property of the pushout, for an arbitrary type A : U, there is an equivalence

(E — A) =~ coconegpy(4).
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Then it follows by unwinding the data of the diagram D that there is a chain of equivalences

(E— A) Z Z (aodlzidb)x<aod2:7'od0)X(Todlzida)

a,b:A o, A2 A

~ > Y Jlett)=idyxo(1,t) =7(t,0) x 7(t,t) = id,

a,b:A o, A2 ALtAL
}> <A A 1d]>

=Y X (At ald

a,b:A f:a—b
~ Z Z fg=1idy x fh = id, (A is Segal, cf. [62, Proposition 5.10])
a,b:A fa—b
g,h:b—a
~ iso(A),
where one invokes de-/strictifcation as necessary. O

4.2.2  Rezk types For the walking bi-invertible arrow [, consider the terminal projection !g
E — 1 and the inclusion maps j; : 1 < E for k£ = 0, 1. For a fixed type B, we write ), := B :
BY — B. We prove a characterization of Rezk types & la [58, Proposition 6.4]. In particular,
the Rezk types are exactly those among Segal types that are E-null. This is in line with [58,
Theorem 6.2].

In general, given a map or shape inclusion j : Y — X we say a type B is j-local (cf. [70,
Definition 2.1]) if the terminal projection !p : B — 1 is j-orthogonal which is equivalent to
the map B/ : BX — BY being an equivalence. FE.g., a type is Segal iff it is t-local, where
L: A2 — A%

In case j =ly : Y — 1 is a terminal projection and B is !y-local we say that B is Y -null.

Proposition 4.2.2 (Characterization of Rezk types). Let B be a Segal type. Then the following
are equivalent:
1. The type B is Rezk, i.e.,
isEquiv(idtoisop) ~ H isContr( z (u,v,idtoisop 4. (p)) = (x,y, f})

z,y:B u,v:B
fiisop(z,y) p:(u=pv)

2. The type B is E-null, meaning B is !g-local, i.e.,
isEquiv(B' H isContr (Z f=id, )
f:BE z:B

3. The type B is ji-local for k=0 or k=1, i.e.,
isEquiv(B’*) H isContr ( Z Of = ZL')

/:BE

Proof. (1 == 2): By assumption, for (z,y, f) : 3, . pisop(,y) there exists, uniquely up to
homotopy, a datum (u,v,p) : 3, ,.g(u =p v) such that (u,v,p) = (x,y,idtoisop u(p)). By
path induction, we can take (u,v,p) := (z,x,refl,), thus yielding 2 : B uniquely with f =id,

(2 = 1): By assumption, it suffices to find for any = : B, uniquely up to homotopy a path
p:(u=v), u,v: B with idtoisop 4 (p) = id;. By path induction, p can be taken to be refl,.

(2 = 3): For any = : B clearly f :=id, is an isomorphism with 0 (f) = z. By assumption
however, for any isomorphism f : B, there is a path from f to some identity.

(3 = 2): Let f :isop(x,y), x,y : B. By assumption, any g : B¥ with dy(g) = = is
uniquely determined up to homotopy. Thus, f = id,. ]
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NB Even though the !g-local and the ji-local Segal types coincide, the relative version of this
statement is not true: not every !g-orthogonal family or map is jg-orthogonal. As a counterex-
ample, consider 1 + 1 — E.

4.2.8  Isoinmer families We introduce the notion of isoinner family over general bases, even
though we mostly will require the base to be (complete) Segal. Over Segal bases, being isoin-
ner can be expressed through relative Segal and Rezk conditions. Then it follows again by
Section 3.1.2 that these families are closed under several operations.

Definition 4.2.3 (Isoinner family). A type family P : B — U is an isoinner family if it is an
inner family and every fiber is !g-local, i.e., the proposition

isIsolnnerFam(P) := isInnerFam(P) x H H isContr ( Z f= ide)
b:B f:iso(Pb) e:Pb

is inhabited.

In case B is a Segal type, P : B — U being an isoinner family is equivalent to

isIsoInnerFam(P) ~ isInnerFam(P) x HisRezk(P b)
b:B

by Proposition 4.2.2.

Clearly, an isoinner family over 1 is the same as a Rezk type.

Recall in particular, that total spaces of inner families over Segal types are Segal. It turns
out that over Segal types, being isoinner can be expressed as a right orthogonality property.

Proposition 4.2.4 (Orthogonality characterization of isoinner families). Let P : B — U be a
family s.t. every fiber Pb is Segal. Then every fiber is Rezk if and only if m : E — B is right
orthogonal to E — 1, i.e., the diagram

~ total(pttoid ~
p lorleoide) B

| |

B———— BF
pttoidp

is a homotopy pullback, where
pttoidg := Ab.idy, pttoidp := b, e.(idp, id).

Proof. The diagram is a pullback if and only if

H H isContr ( Z ide =g pyp f).

b:B f:E-Pb e:Pb
By Proposition 4.2.2 this is equivalent to every fiber being Rezk. O

Corollary 4.2.5. For any type B, an inner family P : B — U is isoinner if and only if it is
right orthogonal to E — 1.

Proposition 4.2.6. Let B be a Rezk type and P : B — U an isoinner family. Then the total
type P :=73 ;.5 Pb is a Rezk type.
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Proof. This is again an instance of Proposition 3.1.16. O

Formally from Subsection 3.1.2 it follows that, over Segal bases, isoinner families enjoy several
closure properties.

Proposition 4.2.7. Isoinner families over Segal types are closed under dependent products,
composition, pullback, left cancelation, and sequential limits. Families corresponding to equiva-
lences are always isoinner.

5. Cocartesian families

Cocartesian families P : B — U encode copresheaves of (0o, 1)-categories. All fibers Pb are
Rezk types, and P is (covariantly) functorial in the sense that an arrow u : a — b in B induces
a functor wy : Pa — Pb, and this transport operation is natural w.r.t. directed arrows in
B, i.e., it respects composition and identities. In fact, we will often reason about cocartesian
families P : B — U in terms of their associated projection w := wp : E — B. Our study is
informed by [64, Chapter 5] and [65] in an essential way, where Riehl-Verity develop a model-
independent theory of cocartesian fibrations intrinsic to an arbitrary oo-cosmos. While this
constitutes more generally a fibrational theory of (0o, n)-categories, for 0 < n < oo, our present
study restricts to (0o, 1)-categories, and at the same time extends Riehl-Shulman’s treatment
of synthetic (oo, 1)-categories fibered in co-groupoids.

Reminiscent to the classical (1-categorical) definition, we introduce cocartesian families in
terms of the existence of enough cocartesian liftings. However, we also give alternative charac-
terizations, such as the Chevalley criterion which allows us to develop the theory in the style of
formal category theory, as done by Riehl and Verity [64] for oco-cosmoses.

Specifically, over Rezk types cocartesian families are exactly the isoinner families that are
io-LARI families in the sense of Subsection 3.2, for iy : 1 — Al. Spelled out, this means that
the gap map in the pullback

BA' ——5— B
has a left adjoint right inverse xy : # | B — EA" which yields the up to homotopy uniquely
determined cocartesian lifts.

We proceed by studying cocartesian functors between cocartesian families (incarnated as
fibrations). Then, using Subsection 3.2.2, we are able to prove type-theoretic versions of the oco-
cosmological closure properties of cocartesian fibrations, which in our case means that the (oo, 1)-
category of cocartesian fibrations is complete w.r.t. to certain (oo, 1)-limits.!® Note that, ideally,
these would be statements involving universe types which themselves are Rezk. These are beyond

1611 more technical terms, our results can be interpreted as type-theoretic proofs of the completeness of the (00,1)-
categorical core of the co-cosmos coCart(Rezk), itself presenting an (oo, 2)-category (cf. [64, Definition 12.1.10,
Remark 12.1.11]).
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the scope of the current discussion, but nevertheless we can “externalize” these completeness
statements to our univalent universe U of arbitrary simplicial types, yielding Proposition 5.3.17.

Finally, we prove characterizations of cocartesian functors complementing the ones for co-
cartesian fibrations, e.g., the Chevalley criterion for cocartesian functors says that a fibered

functor
F— 3 F

d Iy

A—— B

between cocartesian fibrations is a cocartesian functor if and only if the mate of the induced
square
FA A
N
=

LA S 71|B

ioMm

is invertible.!” As an application, we prove that fibered adjunctions between cocartesian fibra-
tions are cocartesian functors, adapting Riehl—Verity’s proof in co-cosmoses to the type-theoretic
setting.

5.1 Cocartesian arrows Just as in 1-category theory, there is also a notion of cocartesian
arrow in higher dimensional category theory. These are dependent arrows'® satisfying a certain
initiality property.

In this section, we provide a few characterizations, analogous to Joyal and Lurie’s for quasi-
categories, and a few properties that will be useful later on when investigating cocartesian
fibrations.

5.1.1 Definition and basic properties

Definition 5.1.1 (Cocartesian arrow). Let B be a type and P : B — U be an inner family.
Let b, : B, u : hompg(b,¥'), and e : Pb, ¢’ : P¥. An arrow f : hom! (e, €') is a (P-)cocartesian
morphism or (P-)cocartesian arrow if and only if

A

(Fh /)

This is illustrated in Figure 6. Notice that being a cocartesian arrow is a proposition. By

isCocartArr? f .= H H isContr <<H<t,s>:A2 Po(t,s)
A(1)> h:Ht:Al Po(tt)

U:<A2~>B

expressing the functions on simplices in terms of objects, morphisms and composition, we obtain
an equivalent type:

isCocartArr? f ~ H H H isContr( Z (f,g=r h))

b':B o v=pw e":pp"’ g:e!=Pe (5.1)
vib' —b"’ hie—Ee! !
w:b—b"’

17A development of the required results about adjunctions in simplicial type theory is given in Sections A.1
and A.2.

181n fact, in general co-cosmoses Riehl-Verity consider cocartesian 2-cells between generalized elements [64, Def-
inition 5.1.1]. In simplicial type theory one could imagine a similar development as well, using exponential
transposition and closedness of cocartesian families under dependent products, cf. also [64, Lemma 5.6.5].
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dr:fig=,h

Vo:u,v=w

Figure 6: The universal property of cocartesian arrows

Diagrammatically, this is expressed as the existence of a filler, unique up to homotopy, as in
a diagram of the following form, cf. Section 2.4:

f
/x ~
1 2
{071} AO A T

NB We will refrain from reasoning about cocartesian arrows at this level of generality, i.e., for
the case of arbitrary type families with non-trivial composition 2-cells. Hence, from now on we
will mostly consider families of (complete) Segal types.

Notation: Let f be a cocartesian arrow. Then, given an arrow v in the base with 0 (7 f) =
Oo(v) and h a dependent arrow over v o 7(f) with 9y f = 0y h, we denote by fill, ¢(h) the arrow
g determined uniquely up to homotopy such that gf = h. In the notation, we will usually
leave the arrow v implicit, writing fill(h). This is justified syntactically since syntactically the
datum v can be inferred from f. But please do keep in my mind that the universal property of
f quantifies explicitly first over v, then h.

Definition 5.1.2 (Cocartesian lift). Let B be a type and P : B — U be an inner family. For
b,b' : B, u: homp(b,b'), and e : Pb, we define the type of (P-)cocartesian lifts of u starting at
e to be
CocartLift p(u, e) := Z Z isCocartArr? f.
€:PV f:hom? (e,e’)

For Segal types, where composites are uniquely determined, we can further rewrite (5.1):'

isCocartArrff ~ H H H H isContr( Z gol f= h).

b":B vt —pb” e":Pb' hiesP e gie'—=Fe’

In fact, we recognize the right-hand side as expressing the initiality of the object (V/,idy, €, f)

A(u,e) = Z Z Z (e =F €. (5.2)

VB vb—pgb’ e:PY’

in the type

9Here, composition in the family is to be understood as dependent composition in the sense of [62, Remark 8.11],
though we will mostly leave this implicit in our notation.
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Indeed, A(u,e) is a Segal type as can be seen as follows.
First, note that we can use the types

b@%2:<Al%B

bAg>, b EA ~ Z ZeiE

u:blBe:Pb

as strict models for the pullbacks:

y*BA? __, BA? b+ A gAY % g
[ 2 fow R e
1—b% B 1—% B

These serve to define the pullback

SJ—> b*EA
* A2 7‘><idpb
b*B=> xPb——bl B XxPb

where
q: = u,d,d, flw,d):b*EX b BxPb

and
7= A, 000U b BA bl B.
All the occuring types are Segal, hence S — b | B x Pb is an inner fibration, equivalent to the
projection A ~ DtueybiBxpb Alu,e) = b B x Pb.
In particular A ~ S is Segal. Initiality in the type A(u, e) implies furthermore that cocarte-
sian lifts (w.r.t. the given data) are uniquely determined up to homotopy.

Proposition 5.1.3 (Uniqueness of cocartesian lifts (in isoinner families), [64, Lemma 5.1.11]).
Let B be a Rezk type and P : B — U be an isoinner family. Then P-cocartesian lifts of arrows
of B are unique up to homotopy.

Corollary 5.1.4. Let P: B — U be an isoinner family over a Rezk type B.
1. If f : e — € is a P-cocartesian arrow, and h : ¢ — €’ is an arbitrary arrow, then
fill;(h) o f = h.
2. If f : e — € is a P-cocartesian arrow, and g : e
filly(gf) = g.

As an indication that our definition of cocartesian arrow is correct, we note the following

/ "

— e’ is an arbitrary arrow, then

expected result.

u

Proposition 5.1.5. Let B be a Rezk type, and let b <~ b = ¢ be a span in B. This span
s equivalently determined by an arrow u in B and an element v in the domain fibration Jy :
BA" 5 B over b, the domain of u. Then a cocone (v, f,a) of the span, giving a square in B,

makes a pushout square, if and only if (f,«) is a cocartesian lift of u starting at v.
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Let us first clarify what we mean by a pushout (and, for the sake of completeness, a pullback)
in a Rezk type. Recall from Section 2.6 the definition of cocone types.

Definition 5.1.6 (Co-/span shape). The span and cospan shape, resp., are defined as the shapes
T={(t,s):22 [t =0Vs=0}, L:={({ts):2%|t=1Vs=1}.
Of course there are weak equivalences
M~ Ag, a A%,
but these pairs of shapes do not coincide on the strict level of topes.

Definition 5.1.7 (Pullbacks and pushouts in a Rezk type). A span o in a Rezk type is a
diagram ¢ : B". Dually, a cospan 7 is a diagram 7 : B~. A pullback over ¢ in B is a terminal
element in the cone type B/o. Dually, a pushout over T in B is an initial element in the cocone
type o/B.

The type of cocones can be rewritten as

o/B ~ <A1 x Al

)

For a span 0 : B with 0 = (¢ < a 5 b), a cocone ¥ : o/B is given by a span ¥ = (¢ % d L b).
One checks that a cocone 9 := (x,10,¢1) : 0/B is a pushout square if and only if it satisfies
the familiar universal property?” internally to the given Rezk type:

isPushoutp ,(¥) ~ H isContr ( Z yo=fXxXyou = g)
ri=( c—>déb ):0/B vie—d
One can make similar considerations for pullbacks internal to a Rezk type.

Proof of Proposition 5.1.5. We observed above that (f,«) is a cocartesian lift of u starting at
v, if and only if it is an initial object of the type (5.2), which in the case of the domain family
P(b) :=>"..5(b —p c¢) becomes

Z Z Z ((va) *>5’ou (Clvv,))a

b":B u:b'—pb’ (d):PV

as illustrated below:

There is a forgetful map U from this type to the type of cocones, and U has a LARI given by
taking u’ := idy. Now we conclude by Lemma B.1.8. O

20Tt is possible to provide a completely strict description replacing the identity types by strict extensions. This
could be done elegantly using a join operation on shapes, as is common in simplicial homotopy theory, but we
will not need this here.
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Proposition 5.1.8 (Closedness under composition, and right cancelation, [64, Lemma 5.1.5]).
Let P : B — U be a cocartesian family over a Rezk type B. For arrows u : hompg(b,¥),
v : homp(b',b"), with b,V/,¥" : B, consider dependent arrows f : hom? (e,¢’), g : hom? (¢, "),
fore:Pb, e PV, e": PV.

1. If both f and g are are cocartesian arrows, then so is their composite g o f.

2. If f and g o f are cocartesian arrows, then so is g.

Proof. 1. Let w : homp(b”, "), v : B. Writing r := wowvowu : hompg(b,b"), let h :
hom! (e, e”), " : P¥". Define m := fill (fill;(h)) : hom’ (¢”,e"), then mo (go f) = h.
For any m’ : hom!, (¢, e") with h = m’o(go f) = (m'og)o f, necessarily m’ o g = fill¢(h).
But then m' = filly(fill¢(h)). Thus, g o f is cocartesian.

2. Let w := vou : homp(bb’) and h := goh : homl (e,e"”). For V" : B, consider r :

homp (0", ") and write t := 7 o v : hompg(¥,b"). Let k : hom! (¢/,e"”), ¢ : PV". Since
h = gf is cocartesian, there is a filler m : hom? (¢” €”), m = fill,(kf), so mh = kf.
Then in turn k = filly(mh). But since kf = (mg) f, we have k = mg.
Given any m' s.t. m'h = kf, this means m’ = fill,(kf) = m. O

Lemma 5.1.9 ([64, Lemma 5.1.6]). Let P : B — U be an inner family over a Segal type B.

1. If f is a dependent isomorphism in P over some morphism u in B, then u is itself an
isomorphism.

2. Any dependent isomorphism in P is cocartesian.

8. If f is a cocartesian arrow in P over an identity in B, then f is an isomorphism.

Proof. 1. Let u : homp(b,b') with b,¥’ : B, and f : hom? (e,¢/) for e : Pb and €' : PV. If
f is an isomorphism, since P is Segal, there exists a morphism f~! : homff(e’ ,€) over
some morphism ' : hompg (¥, b) such that f~!o f =id. and fo f~! = id,. But for the
projection 7 : P— B , this implies

wou=n(fYon(f)=n(ftof)=mn(id.) = idy,

and likewise uw o v/ = idy. Thus, v/ =: u~! is a two-sided inverse for u, so u is an

isomorphism, because B is Segal (cf. [62, Proposition 10.1]). In particular, 7(f~1) = u=!
implies f~! : hom?”, (¢, ).

2. Let b,/ : B, u : homp(b,t') and f : hom! (e,e’) such that f is an isomorphism. For
V" : B, v : homp(b,b") consider a dependent morphism ¢ : hom?Z (e, e”). Since by
Proposition 4.1.5 the type P is Segal, both w and f are invertible , cf. Lemma 5.1.9(1)
and [62, Proposition 1.10].

Define h := go f~' : hom! (¢, ¢”). Then ho f = (go f')of=goid, =g. This yields
the desired filler.

For uniqueness, observe that for any & : hom! (¢/, ") s.t. g = kf we have hf = kf, i.e.,
h = k applying f~!.

3. In general, arrows over an identity morphism are just arrows in a fiber (even definitionally).
Thus, for b : B consider a cocartesian arrow f : hompy(e,e’) = homﬁb(e,e’), where
e,/ : Pb.

Since f is cocartesian it has a retraction: there exists an arrow v: b — b with f’ :

P
v

hom;, (¢, e), uniquely up to homotopy, s.t. ide = f’ o f. But this implies id, = 7(ide) =

w(f")onm(f) = m(f"), so we can assume f’ to be over idy.
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Since f is cocartesian, for any morphism g : homZ (¢/, ¢/), w : homg (¥, V') with go f = f we
get that g = id.. Now, take g := ff', w:=1idy. Then gof = (fof)of = fo(f'of)=F,
thus f o f/ = id.. Hence, f is an isomorphism. O

5.1.2 Characterizations of cocartesian arrows

Proposition 5.1.10 ([39, Definition 2.4.1.10]). Let B be a Rezk type, and P : B — U be an
isoinner family with total type E := P. Fix b,V : B and let u : homp(b,b’) be a morphism in B
and f : homP (e,¢’), for e: Pb, ¢ : PV, a dependent morphism.

The morphism [ is cocartesian if and only if, for any b” : B, €’ : Pb", the diagram

homg ({8, &), (8", ")) —“H homp((b, e), (¥, ¢'))

| !

homp (¥, ) ———%—— homp(b,d")
is a pullback.

Proof. By fibrant replacement, de-/strictification, and choice for extension types, we can replace
the square in question by:

A2
[f(,)h]> — Zw:b—>b”(€ _>5 6//)

2w 2 < A2 > Zh:e—){ie” <H<t,s):A2 P(o(t,s))
o:({ A2=B

0
[u,w]

Zw:b—)b” <A2 — B

2
AO

[u,w]

> ——— homp(b,")

Undwinding what it means for this square to be a pullback precisely recovers the condition that
f be cocartesian. O

We prove a characterization for cocartesian edges, recovering the definition established by
Joyal and Lurie, and transferred to complete Segal spaces by Rasekh.

Let B be a Segal type and P : B — U be an isoinner family. Consider its total space
E:=5%,.5P0b. For b,b' : B, let u: homp(b,b') an arrow with a dependent arrow f : homf(e, )
above it, where e : Pb,e’ : PV'.

There is an induced commutative square involving comma objects, each of which can be

Al
u

described using extension types:

St (oo OO = /B —— w/B= (8% > B

| [ao

Zu:biB <Ht:A1 P(u(t))|g> = 6/E - b/B

Proposition 5.1.11 (Joyal’s Criterion, [28, Paragraph 20.4], [39, Definition 2.4.1.1]). Let B be
Segal and P : B — U be an inner family. Write E := P and consider the canonical projection
m:F— B.
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A dependent arrow f : hom? (e €'), e : Pb,e' : PV, u: homp(b,b'), b,V : B, is cocartesian
if and only if the mediating map ¢ in the pullback

Ty
e/E x5 u/B —— u/B

| [

e/E b/B

is an equivalence.

Proof. Note that by precondition both B and E are Segal types. The map ¢ is an equivalence
if and only if

H H H H isContr ( Z go f= h)

b":B vhomp(b/,b") €":Pb" h:hom?  (e,e”) g:hom? (e’ ,e”)
which is equivalent to f being cocartesian. O

Corollary 5.1.12. For a Segal type B, any arrow in B is cocartesian in the unit family A\b.1 :
B—U.

Another characterization familiar from the semantics is given in terms of the “cubical horn”.
The pushout product of the two shape inclusions by : OA! < Al iy : 1 — Al, can be depicted

' ¢

s (6A1 X Al)uaAlx{O}(Al x {O})

1 ol
/]

Proposition 5.1.13 ([39, Proposition 2.4.1.8]). Let f be a dependent arrow in an isoinner
family P : B — U over a Rezk type B. Then f is cocartesian if and only if every diagram of the
following form has a filler uniquely up to homotopy:

f
AL AL e AL g0 Ty
Al W (8A1 X Al) UaAlx{O} Al X {0}

Al x Al

«—

We omit a proof, but it is straightforward to do, jumping between (degenerate) squares and
2-simplices.

As has been pointed out to us by Emily Riehl, cocartesian arrows can also be character-
ized along similar lines like cocartesian families in Theorems 5.2.6 and 5.2.7 and cocartesian
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functors in Theorem 5.3.19, using the formalism of relative adjunctions/absolute left lifting di-
agrams [64, Theorem 5.1.7]. Translating to the type-theoretic setting, this unwinds exactly to
the above “cubical” formulation of the universal property. This viewpoint seems suitable for
the type-theoretic setting and would also yield a more general account to the formal properties
of cocartesian arrows, such as closure under composition or right cancelation. In this sense,
cocartesian arrows can be seen as an instance of the notion of j-LARI cells which is further and
more explicitly discussed in [87, Appendix A.2.1].

5.2 Cocartesian families Cocartesian families are families of Rezk types such that every
map in the base has a cocartesian lift w.r.t. a choice of the source vertex. After showing elemen-
tary properties such as functoriality we prove the Chevalley criterion which exhibits cocartesian
families as LARI fibrations (w.r.t. the initial vertex inclusion ig : 1 — Al). By the results from
Section 3.2.2 it then follows that cocartesian fibrations are closed under pullback, composition,
and dependent products. We proceed by giving three kinds of examples of cocartesian families:
the comma codomain, the domain projection in case the base category has all pushouts, and
the cocartesian replacement of an arbitrary map between Rezk types. Relating to the latter, we
show that cocartesian replacement really satisfies the desired universal property.

Here, we are only concerned with co-cartesian fibrations, so we omit the dual case of right
adjoint right inverse (RARI) adjunctions. Occasionally, reminiscent of the jargon of classical
fibered 1-category theory, we will refer to cocartesian fibrations simply as opfibrations (e.g., when
talking about the codomain opfibration of a Rezk type).

5.2.1 Definition and basic properties

Definition 5.2.1 (Cocartesian lifting property). A family P : B — U is said to have (all)
cocartesian lifts if

hasCocartLifts P := H H H Z Z isCocartArr? f.

b,b':B uthomp (bb') e:Pbe’:Pb" f:homP (e,e’)

Definition 5.2.2 (Cocartesian family). For any type B, we call a family P : B — U a cocartesian
family if
isCocartFam P := isIsolnnerFam P x hasCocartLifts P.

If B is a Rezk type and P : B — U is a cocartesian family, then any arrow u : homp(a,b)
induces a functor uIP : Pa — Pb defined by

uf’ = \d.01 P(u,d).

We will often omit the superscript if the family is clear from the context.
Notation: We often denote (types of) cocartesian arrows by a decorated arrow —»=. (Dually,
cartesian arrows are denoted —-.)

Definition 5.2.3 (Vertical arrow). Let 7 : E — B be an inner fibration over a Segal type. A
dependent arrow f : Al — F is called vertical if 7 f is an isomorphism.

Observe that, since being an isomorphism is a proposition in a Segal type by [62, Propo-
sition 1.10], being a vertical arrow is a proposition when in an inner family over a Segal type.
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In a cocartesian family one recovers the classically well-known fact that any dependent arrow
factors as a cocartesian arrow followed by a vertical arrow.

Cocartesian families implement the idea of a functorial family of Rezk types, i.e., in addi-
tion to transport along paths—which exists for arbitrary type families—there is also a notion
of transport along directed arrows, which turns out to be compatible with the familiar path
transport.

Proposition 5.2.4 (Functoriality). Let B be a Rezk type and P : B — U a cocartesian family.
For any a : B and x : P a there is an identity

P(idg, x) = id,,
and for any u : homp(a,b), v : homp(b, c), there is an identity
B(U o U,.’E) = _P!(U,’U,[(l')) o .PI(U,I)

Proof. The first claim follows from Lemma 5.1.9(3), in combination with Proposition 5.1.3.
The second claim follows from Proposition 5.1.8(1). O

Proposition 5.2.5. Let B be a Rezk type and P : B — U be a cocartesian family. For any
arrow u : homp(a,b) and elements d : Pa, e : Pb, we have equivalences between the types of
(cocartesian) lifts of arrows from d to e and maps (isomorphisms, resp.) from wd to e:

(d = €) — = (wd =— e)
(d —— ) = (wd —7= €)

Proof. Consider the maps

©:(d—ue) — (wd—ppe), @(f) =fillpqg(f),
U (uwd —ppe) — (d—ye), ¥Y(p):=poPlu,d).

From the universal property of cocartesian fillers, as argued in Corollary 5.1.4, we find

‘I)(\I/(g)) = ﬁuPy(md)(g o P‘(uvd)) =9,
W(®(h)) = fill gy o) (1) 0 Pi(u, d) = h.

Now, if u : d=-»>,e is a cocartesian arrow by uniqueness of cocartesian lifts the filler ®(u)
must be a path. Thus ® restricts to a map @' : (d-»~,e) — (wd =py €).

If p: wd = e is a path, it is in particular cocartesian, so W(p) is as well since cocartesian
arrows are closed under composition. Hence, ¥ restricts to a map

U (wd =py e) — (d-»>ye). O

Thus, just as in the classical case, our cocartesian families capture the notion of covariantly
functorial families of categories.

Due to Proposition 5.1.3, over Rezk types being a cocartesian family is a proposition, and
indeed this is the setting that we are interested in. In particular, cocartesian families over Rezk
types are thus “cloven up to homotopy”. Given an arrow u : hompg(b,b’) together with e : Pb,
we write Pj(u,e) for the homotopically unique cocartesian lift of u. Even more, from the point

of view of homotopy type theory, these cleavages are automatically “split”.2!

21 This is understood in the sense analogous to [82, Definition 3.1].
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5.2.2  Characterizations of cocartesian families We now turn to characterizations of cocartesian
fibrations after [64, 65].

Cocartesian families via lifting

Theorem 5.2.6 (Chevalley criterion: Cocartesian families via lifting, [64, Proposition 5.2.8(ii)]).
Let B be a Rezk type, P : B — U be an isoinner family, and denote by m : E — B the
associated projection map. The family P is cocartesian if and only if the Leibniz cotensor map
10 hr:EA o 4 B has a left adjoint right inverse:

BA ———— B
0

Proof. Assume P : B — U is a cocartesian family. The gap map can be taken to be
io M= M, fAu,0of) : EA m | B.

For the candidate LARI we take the map that produces the cocartesian lifts, i.e.,
X = A, e{u, P(u,e)) :m| B— EA

This is clearly a (strict) section of ig M 7.
We show that for any (u:b— b,e: Pb)inw | Band (v:c— ¢,g:d—d)in EX the
maps
Llue),(v.9)

homAlﬁE(X(Z% e)? <U7 g>) ¢ homﬂ'$3<<u7 €>7 <’U, 80 g))
¥ u,e), (v,9)

defined by

(I)(u,e>,(v,g)(kv m) = <7[' kv Tm, k>v qj(u,e),(v,g) (wv T, k) = <ka ﬁHB (u,e) (g © k;)>

yield a quasi-transposing adjunction (cf. Figure 7 for illustration).??

On the one hand, for a morphism (w,r, k) we find
Q(¥(w,r,k)) = (k,fillp (ye)(g 0 k) = (w, 7, k)

since fillp,(,.¢)(g © k) lies over r and k lies over w (even strictly so).

u,e

For a morphism (k, m) we obtain
U(®(k,m)) =V (rk,mm,k) = (k,m)

from the cocartesian universal property.
This shows x 149 th 7 is a LARI adjunction, as claimed.

22For brevity, we shall henceforth leave the fixed parameters (u, e), (v, g) implicit.
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e —r s d e —r s d
6L> b%é b*>é e —F 44
weTml’ V — V——  we - s> d

Figure 7: Transposing maps of the adjunction y — ig h

Conversely, suppose x is a given LARI of ig M m, w.l.o.g. a strict section. Then, for any
u:b—b inB,c:B,e: Pb,d: Pc, the map

homp1_, g (x(u, €), (i, idg)) ——2—— homyp((u, €), (id., d)).

defined by
®(w,v,h, g) = (w,v,h)

is an equivalence. Finally, contractibility of the fibers amounts to the cocartesian universal
property of x(u,e) : e =, O1(x(u,e)). O

Cocartesian families via transport There is another characterization of cocartesian fami-
lies in terms of an adjointness condition. Any map 7 : E — B between Rezk types is exhibited
as a retract of the pullback map o7 : 7] B — BA' in the following way:

The mediating map

L= tr = ANb,e).(idp,e) : E— 7] B

is a fibered functor from 7 : E — B to the cocartesian replacement?® of ogm:ml B — BAI,
i.e., there is a commutative triangle:

E\‘—&/mu}

BExplicitly, 8] := Au,e.u(1) : | B — B, cf. Definition 5.2.18.
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Denote the family of fibers of # by P : B — U. If P is cocartesian, it has “directed transport”

T = 1p 1= Tp = transpp = Au, e.ulpe )l B — E.

This transport map 7 is easily checked to be a fibered functor from 9] to 7. We will show that
it is a fibered left adjoint of ¢, and conversely, the existence of a fibered left adjoint 7, to ¢,
will imply that 7 is cocartesian.

Theorem 5.2.7 (Cocartesian families via transport, [64, Proposition 5.2.8(iii)]). Let B be a
Rezk type, and P : B — U an isoinner family with associated total type projection w: E — B.

Then, P is cocartesian if and only if the map
vi=wp:E—7nlB, u(be):=(idpe)
has a fibered left adjoint®* T :=7p : 7w | B — E as indicated in the diagram:

-
/—\
FE L ml B
-
L
™ 81

B

Proof. Assume P is cocartesian. For the candidate left adjoint we take the map given by
cocartesian transport
T:wlB—E, T1(u,e):= (01 u,ue).

Then 7(7(u,e)) = 0y u = 01(u,e), so 7 is a fibered functor from 9] to m. We show that for any
(u:b—V,e:Pb)and (c: B,d: Pc) in E the maps

Plue),(c,d)

homp (b, we), (¢, d)) homy| g ((u, €), (idc, d))

%
Ve, (c,d)

defined by

Dy e) ey (V,9) 1= (v, v, 90 Pi(use)), Wiy ey (W, v, h) = (0, fillpy,e) (h))
form a quasi-equivalence (cf. Figure 8 for illustration). We have

O(V(w,v,h)) = (v, fillp(ye)(h)) = (vu, v, fillp(ye) (h) 0 P(u,e)) = (w, v, h)

by Corollary 5.1.4(1), and noting that for any square (w,v) : u — id. there is an identification
w = vu. Next, we find

U(®(v,9)) = ¥(vu,v,90 P(u,e)) = (v, ﬁHH(u,e)(g o P(u,e))) = (v,9).

using again the properties of the fillers defined by the cocartesian lifts, cf. Corollary 5.1.4, 2.
So indeed 7 is left adjoint to ¢. Moreover, it is a fibered left adjoint as can be seen as follows.
The unit is defined by

T]<u7€> = (p(idb/, idwe) = <u,idb/, Pu(u, 6)> : homﬁ¢3(<u, 8>, <idb/,’u,1€>).

24¢f. Definition B.2.2
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goP(u,e)
e ——='d e — s d
- - -
we —2— d b 2 ¢ b — ¢ we -+ d
}L lu id, UJ ide J—>
¥ —2 e —c ¥ — ¢ ¥ —Y e

Figure 8: Transposing maps of the fibered adjunction 7p - tp

Since the second component is an identity this is a vertical arrow in 9] : w] B — B which proves
the adjunction is fibered.

Suppose on the converse that 7 4p ¢ is some fibered left adjunction. Since 7 is a fibered
functor, for (u:b — b e: Pb) we can assume

7(u,e) = (b, 7(u, e)).

Next, n being a fibered natural transformation fixes its part in B, i.e., since in the square
the lower horizontal edge has to be an identity the upper horizontal edge must be u (up to
identification), so the only degree of freedom is the dependent arrow f, . as indicated:

fu,c ~
e —— T(u,e)

Nu,e : b —%— b
b/ b/

Hence, we can assume
Nu,e = <u, idy, fu,e>'

By assumption, the transposing map induced by the unit
D 1= By = A0, g.0(0, 9) 0 M = (00,0, 0 fue) s homp((u, ), (¢, d)) — homyp({u,€), (ide, )

is an equivalence. Spelled out, this means for any v : ¥’ — ¢, h : e =L d there exists an
arrow gp : 7(u,e) —, d, uniquely up to homotopy, s.t. h = gp o fy . This says exactly that
fue €= T(u,e) is a cocartesian lift of u w.r.t. e. O

5.2.8 Closure properties of cocartesian families In this section, when considering type families,
we again assume the base types to be Rezk.

Stability of cocartesian families under composition follows as an instance of Proposition 3.2.7.
In principle, the computation of the cocartesian lifts follows by instantiation and unpacking of
the constructions given in the proofs of Proposition 3.2.7 and B.1.7, respectively. But actually,
we are showing a stronger statement, in a direct way, where the condition on the second factor
of the composition is being slightly weakened. The reason is that this will simplify a later proof
about induced cocartesian fibrations between pullback types.
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Proposition 5.2.8 (Identities are cocartesian fibrations). For a (complete) Segal type B, the
unit family Ab.1 : B — U is cocartesian.

Proof. This is an easy consequence of Corollary 5.1.12. 0

Proposition 5.2.9 (Cocartesian families are closed under the dependent product). Let B : [ —
U be a family of Rezk types, and for each i : I, assume P; : B; — U is a cocartesian family. We
denote E; := P;. Then, the family associated to the map of sections

[ [

s a cocartesian family.
In particular, a cocartesian lift for u: o — B in [[;.; B; w.r.t. o : [1;.; Pi(a;) is given by

<H R) (u,0) = Ni.(P(i)),(u(i), o (7).
a1 !

Proof. Stability of cocartesian families under products follows as an instance of Proposition 3.2.5.
In principle, the computation of the cocartesian lifts follows by instantiating and unpacking the
constructions given in the proofs of Propositions 3.2.5 and B.1.5, respectively.

More directly, one can alternatively take the suggested candidate lift in the product fibration
and show that it is indeed cocartesian. But this follows from employing the universal property
pointwisely and then invoking function extensionality. O

Corollary 5.2.10 (Cocartesian families are closed under exponentiation). Let B be a Rezk
type and P : B — U be a cocartesian family. For any shape or type x : X, the family PX is
cocartesian.

Corollary 5.2.10 can be seen as a shadow of the fact that cocartesian fibrations are repre-
sentably defined, cf. [64, Section 5.6]. To fully express this, however, we would need to employ
modal type theory.

Definition 5.2.11 (Partial cocartesian families). Let P : B — U be a cocartesian family over
a Rezk type B. An isoinner family @ : P — U is called partial cocartesian (w.r.t. P) if every
P-cocartesian arrow in P has a @-cocartesian lift (w.r.t. a given point in the fiber over the

source).

Proposition 5.2.12 (Composite cocartesian fibrations, [64, Lemma 5.2.3]). Let

3 7
FiEjB

where w is a cocartesian fibration. Then the composite p = m o £ is a cocartesian fibration,
whenever & is a partial cocartesian fibration over .

Call P the straightening of m, Q the straightening of &, and R the straightening of the
composite p. In particular, up to homotopy the cocartesian lift for uw:a — b in B w.r.t. to the
pair e : Pa, x: Qae is given by

(P © Q)!(u7 <€,ZL‘>) = Q'(R(u7 6),1‘).
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Pel and k : xa»»?ac’.

P ... Q. .n q; : :
o€ Tz a”. Since f is P-cocartesian,

Proof. Consider an arrow u : b — b’ in B with lifts f : e-»>

Let v: 0 — b” in B be any arrow, and h : e—»>

P

there is a unique filler g : €'+, ¢” s.t. gf = h. Since r is Q-cocartesian, there is a unique filler

m: x’%?w” s.t. mk = r. Taken together, this implies that the pair (f, k) is R-cocartesian. [

We directly®® conclude:
Corollary 5.2.13. The composite of two cocartesian fibration is itself a cocartesian fibration.

Proposition 5.2.14 (Cocartesian families are closed under pullback). Let P : B — U be a
cocartesian family, and k : A — B be a map. Then the pullback family k*P : A — U with
associated projection k*m in

AxpE —— E

k’*ﬂl . J:r
B

A k

s a cocartesian family.

In particular, a cocartesian lift of u: a — a’ w.r.t. to e : Pka is given by
(k*P)i(u,e) := P(ku,e).

Proof. Stability of cocartesian families under products follows as an instance of Theorem 3.2.8.
The computation of the cocartesian lifts follows by instantiation and unpacking of the construc-
tions given in the proofs of Propositions 3.2.8 and B.1.6, respectively. O

5.2.4  Ezxamples of cocartesian families We give three important kinds of examples of cocarte-
sian fibrations: comma opfibrations (including codomain opfibrations), domain opfibrations,
and free cocartesian fibrations. In a setting including universe types which are Rezk, one would
naturally be interested in universal op-/fibrations, arising as co-/domain projections associated
to the categorical universes.

Proposition 5.2.15 (Comma opfibration). Let g : C — A < B : f be a cospan of Rezk types.
Then the codomain projection from the comma object

flg —— A

T e

o1 CXB#AXA

gxf
é

18 a cocartesian fibration.

Proof. We show that, for v : ¢ = ¢ in C, and « : fb — gc in f | g the candidate for the

Z50f course, this also already follows from Proposition B.1.7.
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cocartesian lift is defined as the following square:

flg Jo == b

al J{a’:zgvoa

/
o gc T) gc

C Cﬁcl

For any v/ : ¢ — ¢ we are to consider a dependent arrow over v’v in the comma object with
domain «. This amounts to giving u : b — ¥ in B and §: fb/ — gc” s.t. Bo fu=g(v' ov)oa.
As indicated in the figure below, this represents the outer rectangle, and we have to uniquely
exhibit a square, on the inner right, as a filler:

— fu ”
g — fb --—--- > A
fl b R L b W
aJ{ la' 5l
o ge X g SELN gc’
g(v'ov)
C c c "

Clearly the horizontal arrows can be chosen as fu and gv’, resp., by the conditions read off
from the adjacent triangles. Since by assumption, there is an identity S o fu = g(v'v) o o, hence
gv' o’ = B o fu, so the square on the right is indeed commutative, and moreover the uniquely
determined filler. O

Corollary 5.2.16 (Codomain opfibration). For any Rezk type B, the projection
01 : B = B, 0,(f) := f(1)
s a cocartesian fibration, called the codomain opfibration.

Directly by Proposition 5.1.5 we obtain that the domain projection of a Rezk type is a
cocartesian fibration given that the base has pushouts.

Proposition 5.2.17 (Domain opfibration). If B is a Rezk type that has all pushouts, then the
domain projection

& : BA = B, Ao (u) := u(0)

s a cocartesian fibration.

5.2.5 Towards monadicity: the free cocartesian family As discussed in [3, 22, 63] cocartesian
fibrations are monadic (and comonadic) over general functors (over a fixed base). This means
that for any functor 7 : E — B there is a free cocartesian fibration L(w) : L(E) — B. Due to
the current absence of categorical universes in our type theory we postpone a discussion with
emphasis on a global perspective similar to the cited works. However, we can still state and
prove the universal property for this construction, so that in future work, in presence of the
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desired universes the actual monadicity statement will easily follow. Namely, we define a “unit
map” i, =1 : 7 —p L(7), and prove that precomposition constitutes an equivalence of types?®

—op : CocartFunp(L(r), &) — Funp(r, ),
for any cocartesian fibration & : F' — B.

Definition 5.2.18 (Free cocartesian family, [22, Definition 4.1], [3, Terminology 3.3.6]). Let B
be a Rezk type and P : B — U be an isoinner family. Then the family

L(P):=Xb. > P(Oou): B—U
w:Blb

is the free cocartesian family associated to P, or the cocartesian replacement of P.

In more categorical terms, the free cocartesian family—in its incarnation as a fibration—is
constructed by first pulling back the map 7 : E — B along the domain projection, and then
postcomposing with the codomain projection:

L(r) ——— FE

L y

Q

o
~

b ———
We will see that, indeed the free cocartesian family is a cocartesian family.

Theorem 5.2.19 (Cocartesian replacement is cocartesian, [22, Theorem 4.3], [3, Lemma 3.3.1]).
If B is a Rezk type and P : B — U an isoinner family, then the family L(P) : B — U is
cocartesian.

Proof. By the closure properties of isoinner families, since P is an isoinner family, so is L(P).
Let u : homp(b,b') be an arrow in B, and (v, e) : LP(b) a point over b, where v : homp(a, b)
and e: Pa.

26Tn general, CocartFunp(m, &) is the X-type of fiberwise maps from 7 to & which preserve cocartesian lifts.
Cf. Subsection 5.3 for a more thorough treatment.
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We define the candidate lift to be (idy,u,id.) : homE¥ ((v, ), (vu, €)), i.e.:

a a
’UJ/ l’l)u

b b
One can readily verify that this arrow is LP-cocartesian.?” Namely, for v’ : hompg(¥', "), let
t:homp(a’,b"), ¢ : Pd, together with w : homp(a,a’) and f : hom?Z, (e, €') s.t. tow = (v/u)ow.
We find the ensuing filler over v as indicated:

B b —— bV —— b

By construction, the dashed arrows are unique up to homotopy. O

For example, the free fibration of the identity idg : B — B is the codomain opfibration
81 : BA' — B (cf. [22, Example 4.2]).

We now demonstrate how the cocartesian replacement is in fact a “free” construction.?® We
take as the “unit map”

E——' s 7|B

N

L:= Ab,e.(idp, ) : HPb — (LP)b,
b:B

the “inclusion”

known from Theorem 5.2.7.

27Cf. Corollary 5.2.16.
Z8With categorical universes at hand, one would obtain statements more closely resembling [22, Theorem 4.5], [3,

Theorem 3.3.5], and [63, Theorem 7.2.6].
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Proposition 5.2.20 (Universal property of cocartesian replacement, cf. [22, Theorem 4.5], [3,
Corollary 3.3.4]). For a Rezk type B, consider an isoinner fibration 7 : E — B, and a cocartesian
fibration £ : F — B. Then the map

CocartFunpg(L(r),§) P= 08 pung (7, &)

s an equivalence of types.

Proof. Denote by P,Q : B — U the straightenings of 7 : £ — B and £ : F — B, resp.
We aim to give a quasi-inverse of the precomposition map. Let

U= \p.¢ : Funpg(m, ) — CocartFunpg(L(7), §)
where
(v, €) = v (pace),

for v:a — b, e: Pa. First, we are to show that this operation is really valued in cocartesian
functors. For this, we have to show that, for any v :a — b, e : P a, the arrow

At.(u(t) o U)!Q(gob e):uQ(ppe) —>5 (uv)!Q(gob a)

is @-cocartesian. To that end, we observe the following. Let a : B, d : Q) a be fixed. Consider
the maps cst(d), 7g(—,d) : a | B — E defined by

cst(d)(v:a—=b):=d, T9(—,d)(v:ia—b):= U!Q(d) 2 d.
We define the natural transformation

Qi(—,d): ﬂ?gglE(cst(d),TQ(f,d)), Qi(—,d)(v:a—b):=@Q(v,d): d%vU!Q(d).

Morphisms in a | B are given by commutative triangles u : v — w, so for fixed v the type of
morphisms in a | B starting at v is equivalent to the type (91 v) | B. Hence, any morphism in
a | B can be taken to be of the form u : v — wv, for v:a — b, u : b — b’. The naturality squares
of Qi1(—,d) thus are of the following form:

d d
t t
v (d) ————— (uv)f(d)

(u:v—>uv)!Q(d)

a a
ui v
b b

v

Note that the lower vertical arrow is given by
At (u(t) 0 v)2(d) = (u: v — w)?(d).

By right cancelation, (u: v — uv),Q(d) is cocartesian, and hence we have an identity of arrows:

(uv)*(d)

v
(u:v—)u@ﬁ/’ ’
Q

Qd Qul(d
U!()Wux(”!())
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In the cocartesian replacement 9] : w | B — B, the cocartesian lift of u : b — b w.r.t. (v:a —
b,e: Pa) is given by (idg, u,id.). Now, by the previous discussion we have

o, (ida, u, ide) = At.(u(t) 0 0)2 (pq )
=(u:v— uv)!Q(cpa e)

= Qi(u, v (¢ae))
= Ql(“? QOZZ(U, 6))

which shows that ¢’ : L(w) —p £ is a cocartesian functor, as desired.
We now turn to showing that precomposing with ¢ gives an equivalence

Funp(m, &) ~ CocartFunpg(L(7),§).

We define
Q= ). = Mpap o : Funp(m, &) — CocartFung(L(r),£),

and recall that in the converse direction
U= \p.¢' : CocartFunp(L(7),£) — Fung(n, §)
with ¢} (v, e) := U!Q(goa e). Let ¥ : Lm —p F be a cocartesian functor. We compute
(P00, €) = 120 ba(e)) = 02 (alidas ).

Since 1) is cocartesian, we have U!Q(wa(ida,e)) = Yp(v{F (idg, €)), cf. Corollary 5.3.5. Now, the
LP-cocartesian lift of v : @ — b w.r.t. (idg, €) is given by (idg,v,id.) : (idg,€) — (v, €):

C —/——— X €

)

As a dependent arrow in LP, the codomain of this morphism is the pair (v,e). In sum, this
means

v ($a(idas ) = (vl (idas €)) = (v,€) = ("P)y(v, ),
i.e., U(®(1))). On the other hand, for an arbitrary fiberwise map ¢ from P to (), we find that
(") (b, €) = iidy, ) = (ds)? (1 €) = pr(e)
since cocartesian lifts of identities are themselves identities. This gives ®(¥(¢p)) = . O

Remark 5.2.21. In fact, there also exists a discrete version of co-/cartesian replacement,
cf. e.g. [3, Section 4.3]. In type theory, this construction demands some more involvement,
since it will include fiberwise localization.
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5.3 Cocartesian functors Cocartesian functors are an approproiate notion of morphism be-
tween cocartesian fibrations (not necessarily over the same base). They are defined as fiberwise
maps that preserve cocartesian morphisms. We discuss several closure properties of cocartesian
functors coming from oco-cosmos theory. We also transfer the alternative characterizations of co-
cartesian functors from [64, Theorem 5.3.4], reworking the necessary tools from formal category
theory in Sections A.1 and A.2.

5.8.1 Morphisms of sections We commence this section with a brief discussion of morphisms
between sections. This willl turn out to be particularly important in the context of the Yoneda
Lemma in Section 7.

First, let B be any type and P : B — U any family. For any morphism u : homp(a,b),
a,b: B, there is an induced dependent morphism

ou:homf (ca,ob), ou:=Mo(u(t)).

Consider sections 0,7 : [[5 P and a morphism & : homH p(o, 7). Again, we imagine k as a
B
kind of 2-cell, and abbreviate hompy plo,7)=(c=7)=(0=1).
B
For any z : B, x induces a vertical morphism

kz:homp,(ox,7x), KkKx:=A.K(,2T).
By the axiom of choice, we have
(A'=T[P) = > (A" = P(u)).
B wAl—B
Let B is a Rezk type and P : B — U an isoinner family. Then x acts on arrows in the base B

in the sense that in [[5 P there are canonical squares

oca —Z ob

o s

TaTTb

a———b

and these squares compose over composable morphisms.??

5.3.2  Definition and basic properties

Definition 5.3.1 (Fiberwise maps). Let P : B — U and Q : C — U be families. A fiberwise
map or fibered functor from P to @ is a pair of functions ® = (j, ¢), where

e« j:B—>C,

o ¢ [Ip(Pb—Q(b)).
We call @ a fibered equivalence if both j and ¢ are equivalences.

We write Funp ¢(P, Q) = (P == @) = (mp —= mg) for the ensuing type of fiberwise maps.
In the case of B = C, we denote this type as Fung(P, Q) = (P —p Q) = (7p =B 7Q).

29But we will not discuss the validity of the Segal condition for II-types here.
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Note that (by fibrant replacement) the type of commutative squares is equivalent to the type
of maps between families.
Observe that given a map between families P and ) as above we get a strictly commutative

square:
B wtally) 3
o b
B — C

For any u : homp(a,b), the fiberwise map ® acts on arrows over u in the following way. For
f:hom?®(d,e), d: Pa, e : Pb, we have

eu(f) = Mgy (f(1) - hom, (0a(d), wu(e)).

Definition 5.3.2 (Cocartesian functors). Let P : B — U and @) : B — U be cocartesian families
over Rezk types. Given a fibered functor ® := (j, ¢) from P to @, if

® = total(p) : P = Q. Py(e) := (j(b), ()

preserves cocartesian arrows, then we call ® a cocartesian functor:>°

isCocartFunp g (®) := H isCocartArr? (f) — isCocartArr%(gof).
(u,f):A1P
We define
CocartFunp ¢ (P, Q) = Z isCocartFunp g (®).
®:Funp, c(P,Q)

For cocartesian families P : B — U to Q : B — U over a common base, we have

isCocartFunp g (¢) ~ H isCocartArrY (f) — isCocartArr% (¢ f)

wAl=B
Fi(t:AY)—=P(ut)

and write

CocartFung (P, Q) ~ Z isCocartFunp g(¢).
p:P—pQ

Definition 5.3.3 (Cocartesian sections). If the unstraightening of P is an identity, ® can be
identified with its second component, which in turn is the same as a section of ). In this case, if
® is a cocartesian functor it is called a cocartesian section. For a section o : [[ P, this condition
amounts to

isCocartSectp(o) := H isCocartArr? (o o u).
wAl—B
We denote by
cocart
H P = Z isCocartSectp(co)
B O'ZHB P

the subtype of cocartesian sections.
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(AnA! g —"—— fi A2 (0,1) 7 (1,1)
0o fO P <0a0>
Al 0O ——— 1 Al 0O ——— 1

Figure 9: The two equivalent fibrations 9y : (A2 — Al and pr, : A2 — Al

In general, cocartesian families can have non-cocartesian sections. This implies that fiberwise
maps between cocartesian families are not automatically cocartesian. As an example, consider
the cocartesian fibration

8 : (AN = Al 9y = AL£(0)
which is fibered equivalent to:
pry : A2 5 Al pry = A, s)t
The elements of (A1)A" are given by
fr = Ak, g:=MAt.t,
for k = 0,1, and the non-identity morphisms are the squares o, 7 and 7 o o, defined as follows:
1

T = fl

— 1

0 ——

fo =—o—
H
0

O —o—

Cf. Figure 9 for a visualization of the two equivalent fibrations 0y : (Al)Al — Aland pry : A? —
Al (for the latter, using the choice of coordinates and embeddings from [62, Subsection 2.3],
cf. Section 2.2).

The inclusion of Al into A? as the “long edge” (0,0) — (1,1) (corresponding to 7 o ¢ in
(A1)A") is a non-cocartesian section of 7 since there is no map (1,1) — (0, 1).

Proposition 5.3.4 (Naturality of cocartesian liftings). Let B be a Rezk type, P : B — U,
Q : C — U cocartesian families, and ® = (j, ) : CocartFunpg (P, Q) a cocartesian functor.
Then ® commutes with cocartesian lifts, i.e., for any u : homp(a,b) there is an identification of
arrows

P(Pi(u,d)) =a15uyq Qi1(Ju, pad)
and hence of endpoints

oo(ul’d) =g ey (7u){(pad).

39This is a proposition because being a cocartesian arrow is a proposition in our usual setting.
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In particular there is a homotopy commutative square:

Pa —%* 4 Qa

uf’ l l(ju)?

Proof. For u : hompg(a,b) and d : P a, consider the P-cocartesian lift Pi(u,d) : hom? (d, uf (d)).
Since @ is a cocartesian functor the arrow ¢, (P(u,d)) : hom;??u(cpad, op(uf’(d))) is Q-cocartesian.

On the other hand, Q(ju,v.d) : homJiQu(Lpad, ju!Q(cpad)) is as well a Q-cocartesian lift of
ju with domain ¢,d, thus coincides with ¢, (Pi(u,d)) up to a path, in particular this gives an
identification ¢y (uf (d)) = ju!Q(Lpad). O

Corollary 5.3.5 (Naturality over a common base ([64, Exercise 5.3.iii]; discrete case in sHoTT:
[62, Proposition 8.17])). Consider a Rezk type B, cocartesian families P,Q : B — U, and
a cocartesian functor ¢ : CocartFung(P,Q). Then ¢ commutes with the actions of arrows,
i.e., for any a,b: B, u: hompg(a,b), d: P(a), we get an identification

py(ul’ (d)) =qu ur? (va(d)),

thus a homotopy commutative square:

5.3.8 Closure properties of cocartesian functors The closure properties stated in this section
are to be understood w.r.t. the (non-full) sub-(oo, 1)-category of the (oo, 1)-category of arrows
which has as objects cocartesian fibrations £ — B and as arrows cocartesian functors between
those. In the absence of categorical universes, we capture the proclaimed limits and cotensors
by spelling out type-theoretically their universal properties.

We start by explaining horizontal and vertical composition of cocartesian functors, alluding
to the fact that in the model cocartesian fibrations form an (oo, 1)-double category.

In the following, for a fibered functor ¢, we often write ¢ for its totalization.

Proposition 5.3.6 (Horizontal and vertical composition of cocartesian functors, [64, Exer-
cise 5.3.ii]).

1. Cocartesian functors compose horizontally: Suppose, we are given cocartesian families
P:A—-U Q:B — U, R: C — U over Rezk types A,B,C. If ® = (j,¢) :
CocartFuny p(P,Q), ¥ = (k,) : CocartFunpg ¢(Q, R) are cocartesian functors, then the
horizontal composite ¥ oy, ® := (ko j, 9 o @) defines a cocartesian functor from P to R:

Yop
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2. Cocartesian functors compose vertically: Suppose, we are given cocartesian families P :
B—>U P :P>U Q:A—U Q :Q — U, over Rezk types A and B. If ® =
(4,) : CocartFunp 4(P,Q), ¥ = (p,v) : CocartFunp 4(P’, Q') are cocartesian functors,
then the vertical composite ®o, U := (j,1) defines a cocartesian functor from R := XpQ
to R = Xp Q%

RN

(4 ¥

mo€ ﬁ . ﬁjl o’

7L

BﬁA

Proof. Recall Section 5.2.3 for the closure properties of cocartesian fibrations, and how to com-
pute cocartesian lifts in the respective constructions.
1. Fiberwise composition of the fiberwise maps ¢ : [[,.4 Pa — Qja, ¥ : [[,.p Qb — Rkbis
given by

oY = Aajq 0 Pq - HPa—)Rkja. (5.3)
a:A

Since ¢ and ¢ both are cocartesian functors, for arrows u : a — a’ in A, v: b — b in B,
and points e : Pa, d: @b, there are paths:

eu(Pu,€)) = Qulju, pae) (5.4)
o Qu(v, d)) = Ri(kv, 1) (5.5)

Using these identifications, we find
(¥ 0 ©)ulPilu,€)) Z julpu(B(u 0)) = vju( @i, poc))
2 Ri(kju, ijalac)) = Ri(kju, (4 0 0)(a)).

2. Let u:b— bV in B, v :a— d in A, be arrows with points e : Pb, (e,d) : Q(b,e), and
e/ : PV. First, recall that lifts in the composite families are given by:

Ry (ua €, d) = QI(R(U, 6), d)
R{(u/7 6/7 d,) = Q?(P!/(u/? 6/), d/) (57)

Since ¢ and v are cocartesian functors, there are identifications:

p(Pi(u, e)) = P/(ju, pp(e))
QZJ(Q](U, /e d)) = Q{(]U, Sou(f)7 @b(€)7 Qﬁ@b(e) (d))

This gives a path

D(Ri(u, e, d)) 22 p(Qi(Pi(use), e,d)) 2 Qi(ju, puPi(u, ), ppe, Yy ed)

5.8 . . 5.7 .
= Q{ (]u7 P!/(]u, 9066)7 ©pe, 1/}<pbed) = R{(]u, $pe, wapbed)' O
31We have LpQ =Q © P.
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Proposition 5.3.7 (Product cones are cocartesian functors). Let B : I — U be a type family
over an arbitrary type I, and P; : B; — U cocartesian families with total types E; := P;. Then,
for any k : I the projections from the product fibration

I; i —— Ej

L]

Hi Bz‘ — Bk
are cocartesian.

Proof. The projection maps are given by evaluation at i. From the description of the cocartesian
arrows in Proposition 5.2.9 it follows that this defines a cocartesian functor. O

Proposition 5.3.8 (Cocartesian universality of products). Let I be a small type, B : I — U
be a family, and P : [[,.; Bi — U a family such that for all i : I the family P; : B; — U 1is a
cocartesian family. We denote the associated projections by w; : E; — B;.

Then the product fibration [[; E; — [I; B; satisfies the following universal property: For
any cocartesian family Q : A — U, with associated projection £ : F — A, given a family of
cocartesian functors (o, Py) : § —= m for k : I, there exists a unique cocartesian functor, the
target tupling ((a;)i.r, (Vi)r.1) : &€ == [1;.; ™ s.t. that every diagram of the form

P i B

commutes.

Proof. We only point out that the square given by ((a;)i.r, (¢i)i.r) is cocartesian. But this is
again clear, because cocartesian lifts in the product fibration are defined pointwisely. O

Proposition 5.3.9 (Pullback squares are cocartesian functors, cf [64, Example 5.3.3]). Let
P : B — U be a cocartesian family with projection m : E — B. For any map k : A — B, the
pullback square

FE —Y—— F
k*ﬂi . lﬂ'
_—
A : B
s a cocartesian functor.

Proof. The square acts as
(k ) (v, d) = (kv,d).

By Proposition 5.2.14, the pullback map k*w : k*E — A is a cocartesian fibration.
We abbreviate @ := k*P. Let v:a — a/ in A be an arrow and d : k*P(a) = P(ka) a point
in the fiber. Again by Proposition 5.2.14, the Q-cocartesian lift is given by

Qi (v,d) = P(kv,d).
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This leads to
90(1% Q!(Uv d)) = <]€U, Q!(U7 d)> = <k7), _P!(kﬂ), d)> = <k1), ‘P!(]m}? ng)) O

Proposition 5.3.10 (Pullback cones are cocartesian functors). Let P : B — U, P' : B’ = U,
and P" : B” — U be cocartesian families with associated projection maps w: E — B, ' : B/ —
B, and n" : E" — B”, resp.

Consider a commutative cubical diagram as below, where the given vertical maps are cocarte-
stan fibrations and the front and right square are cocartesian functors:

El XE E/l E//

I
| LA
I

N 7‘_7T// E/ 90/ E

I
I
‘ | l
I
¥ s 4

B’ B’
Then the mediating map
7" =a" x, 7" B =F xp B" - B xg B" = B"”
s a cocartesian fibration. Furthermore, the back and the left square are cocartesian functors.
Specifically, the cocartesian lift of an arrow u" := (u,u',u") w.r.t. {e,e’,e") is given by
(A(u,e), P, ), Pi(u”, ")),

Proof. Denote by Q',Q" : B — U the families associated to the maps 8’ and ", respectively.
The map in question is equivalent to (cf. [69, Theorem 24.2.3(ii)]) the following projection:

"

E" =y PV xpy PV —T—— B" =3, 5 Qb x0, Q"D

The candidate 7”’-cocartesian lift of (u,u,u”) w.r.t. (e : P(u0),¢’ : P'(x/0),¢" : P"(u"0)) is
given by
(P' (uv 6), P!,(ula 6/), !”(u”a 6”)>a

and since the universal property is satisfied fiberwisely it is satisfied in the pullback fibration. [

Proposition 5.3.11 (Cocartesian universality of pullback cones). Given a commutative cube
of cocartesian fibrations

w// E//
AN [N
v e

£’ @

FE
| |
i T
o B//
AN l AN
a/ B//
X N

B B

/ 3

F
j
A
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where the vertical faces are cocartesian functors, there exists up to homotopy a unique cocartesian
functor (" ") : € == 7" s.t. the diagram

F%w\
\ \
¢ \

‘ 7"

A N B/// Bl/

ow%a—m

commutes.

Proof. By fibrant replacement, we can take the whole diagram to commute strictly. This gives
a cocartesian functor comprised of the dependent pair

a=pod=p3"0d":A=B, Y=oy =¢"cy:F—-E.
Then o acts as the fiber product tupling (a, o/, @), and likewise " is given by (v, ¢, ").

Denote by R : A — U the family associated to the fibration £ : F — A. For an arrow v : a — a’
in A and a point d : Ra, the R-cocartesian lift gets mapped to

" (Ry(v, d)) = ($(Ry(v, ), ¥ (Ri(v,d)), 4" (Ri(v, d)))

= (P (aw,d), P (a'v,y'd), P’ (/v,¢"d)) (a, 0/, cocart. functors)
= P"(av,yd), (construction of lifts by Proposition 5.3.10)
which establishes the claim. O

Proposition 5.3.12 (Sequential limit cones are cocartesian functors). Consider an inverse

diagram of cocartesian fibrations as below where all of the connecting squares are cocartesian
functors:

s B
- <P3 o ”4/’/’ // 1 \\
T -2 A L %o
—_— -~ K Too -
- - l
" 92— [y & 9 — Fy " By
I
| | | ‘
™2 1 ! i)
e o Boo
-7 1)[}3 a .—””’ Pid S~
vl o
e T K -
fo— Bg( h— By fo— By

Then the induced map To : Foo — Boo between the limit types is a cocartesian fibration, and
the projections constitute cocartesian functors.

Proof. Note that we can present the limiting types as pullbacks in the following way: First, for
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the base types, we have

ZB:Hn:N By sz:N Bn = fn(/BnJrl) ~ By ——m— Hn:N Bs,

]

Hn:N B2n+1 Hn:N B,
since
[IBen~ > [[Beks1 = fors1(Boks2), and  [[Banri~ [ B2 = foe(Borsr)-
n:N ﬁ;anN By, kN n:N B:Hn-N B, k:N

Lying over, the limiting total type arises as

Z(ﬁ,a):Boo Zﬁ:Hn:N P, (Bn) Hk:N Un —on gn(§n+1) > Eog — anN Ean

-

Hn:N E2n+1 Hn:N E,

because

[[E2m=~ > > T2+ =canss 92011 (V2012)
n:N

(8,0):Ban 0:[ ] Pn(Bn) kN

[[Emsi~ D > 1192k =ou 926(92041)
n:N

(B,0):Ban+1 19:1_[71:N Pn(Bn) kN

Since cocartesian fibrations are closed under composition by Proposition 5.2.12 and depen-
dent products by Proposition 5.2.9, and the induced maps are cocartesian functors by Proposi-
tion 5.3.7 the diagram

E - N Hn:N Eon,
% \\\\) \
ﬂ—f’o Hn:N E2n+1 Hn:N E,
3 J (5.10)
¥
BOO N Hn:N an
Hn:N B2n+1 Hn:N B,

shows that the induced map 7o, : Foo — B i a cocartesian fibration, too, by Proposition 5.3.10.
Finally, coming back to the sequential limit of squares, it is clear that the mediating squares

EOOLEIC

o |

By ——— By
Yy

consisting of evaluations are cocartesian functors. O
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Proposition 5.3.13 (Cocartesian universality of sequential limits). Given an inverse diagram
of cocartesian fibrations

gn
Epygy ——m B,

7Tn+1l lﬂ'n

By T By,

and a cone

$n
e

F En+1 En

5 7Tn+ll
kn

lying above, there exists uniquely up to homotopy a cocartesian functor

Tn

&—
&—

lim;.; ©;
Al AN Ey

El lﬂ'oo
A B

lim;.7 k;

together with homotopies as indicated in the following diagram:

Proof. The type of cones over a fixed inverse diagram of squares is equivalent to the type of
cones over the ensuing cube (5.10). Then the claim follows by Proposition 5.3.11. O

Proposition 5.3.14 (Cocartesian functors are closed under dependent products). For a type
I : U, suppose there are families A, B : I — U with families of families P,Q : [1;.; Bi = U such
that P;: B — U and Q; : A; — U are cocartesian for each i : I. Then, writing & : F; — A; and
i« By — By, resp., for the associated projections, given a family of cocartesian functors
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the square induced by taking the dependent product
[, Fi M I1, E;
L. fll \U_L':I i
ILA ———— I; Bi
Hi:] ki

s a cocartesian functor.

Proof. Recall that cocartesian lifts in the product families are computed pointwise. For an arrow
o :a = o of sections in [[;.; A; and a section ¥ : [[;.; «*P; lying over we obtain

(ITe) (T €i(0,9)) = Xipi(Qi)i(0,93) = Ni(Po)i(kios, 0ith))
a1 a1

=(]] i), (Ko, o0). (¢ cocart.) O
[
Proposition 5.3.15 (Cocartesian fibrations are cotensored over maps/shape inclusions). Let
P : B — U be a cocartesian family with associated projection w: E — B. For any type map or
shape inclusion j : Y — X, the maps ©~ and 7Y are cocartesian fibrations, and moreover the
square

EXLEY

= =

s a cocartesian functor.

Proof. By Proposition 5.2.9, PX and PY are cocartesian families with associated projections
7% and 7, resp. Furthermore, said proposition tells us that cocartesian lifts in exponentials
are computed pointwise. Invoking fibrant replacement and the axiom of choice, this gives the
following.

Lifts in the cocartesian fibration
7T.Y
EY ~ Z H P(u(y)) —— BY
wY—ByY
are given by

(PY)!(oz cu— o f Hu*P) = My Py s uy = uy, fy).
Y

Lifts in the cocartesian fibration

EX ~ Z Z Z Z j*g:pfi» Z j*v =u~ BX

wY —Bp:j*v=u f. * . * uwY—B
v:X—B J fHYu PgHXU P v:X—B

“sitting above” are given by

(P!)X(a:u—)u’,f:l_lu*P,B:v—H)’,g:1_[11*]3,<p:j*ﬂ:oc,r:j’"g:%,0 f)
Y X

= <P!Y(a,f),)\:v.Py(ﬁx,gx)a Ay.P?(wy,ry)>
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where the 2-dimensional lift of ¢ w.r.t. r is constructed as follows:

Jrlg=———=f
(PY)l(j*ﬁ,j*g% <PY>|:2|'<W"> %(PY)!(ouf)
7*v U
L
BY j*’U/ U u

Since the functor £/ maps tuples (u,v,p, f,g,r) in EX to pairs (u, f) in EY one can readily
verify that it is cocartesian, using the computations above. O

Proposition 5.3.16 (Cocartesian functors are closed under Leibniz cotensors). Let j: Y — X
be a type map or shape inclusion. Then, given cocartesian fibrations m : B — B, £ : ' — A,

and a cocartesian functor

F— % L E

d I

AﬁB

the square induced between the Leibniz cotensors

FX W mY oy BX

SXJ; LEY X _y X

AX ﬁ AY XBY BX
Gk

s a cocartesian functor.

Proof. This follows from using Proposition 5.3.15 and then applying the universal property
Proposition 5.3.11. O

To sum up the results from Section 5.2.3 and the ones above, our synthetic cocartesian
families satisfy stability properties analogous to those of an co-cosmos, cf. [64, Definition 1.2.1]:

Proposition 5.3.17 (Cosmological closure properties of cocartesian families).

1. QOwer Rezk bases, it holds that:
Cocartesian families are closed under composition, dependent products, pullback along
arbitrary maps, and cotensoring with maps/shape inclusions. Families corresponding
to equivalences or terminal projections are always cocartesian.

2. Between cocartesian families over Rezk bases, it holds that:
Cocartesian functors are closed under (both horizontal and vertical) composition, de-
pendent products, pullback, sequential limits,’? and Leibniz cotensors.
Fibered equivalences and fibered functors into the identity of 1 are always cocartesian.

32Here, all three objectwise limit notions are meant to satisfy the expected universal properties w.r.t. to cocartesian
functors.
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Proof. Cf. the previous statements, as well as Section 5.2.3, and Proposition 5.3.22. O
We end the section with yet another useful stability property.

Proposition 5.3.18 (Base change of cocartesian functors, [64, Exercise 5.3.i]). Let A, B be a
Rezk type and j : A — B be a map.

Consider cocartesian families P, P' : B — U and a cocartesian functor ¢ : CocartFung(P, P’).
Then the mediating map ¥ = \a,e.(ja,e) : CocartFuny (5% P, j*P’) is also a cocartesian functor.

We write m : E — B, ©’ : E' — B for the fibrations corresponding to P, P', and similarly for
the pullback fibrations:

Proof. Let v:a — o’ be an arrow in A, and f : e —j, €’ a dependent arrow in P. By definition,
we have identifications:

Pu(f) = @iu(f) (5.11)
Ya(€) = @jal€) (5.12)

Since ¢ is a cocartesian functor, there is a path
eu(P(v,€)) = P(v, ppe). (5.13)
The cocartesian lifts in the pullback family are given by
Qi(v,e) = P/(jv,e). (5.14)

Taken together, this gives rise to an identification
5.11 . 5.13 . 5.12,5.14
Uu(Qi(v,€)) "= ju(P(jv,e)) = P (jv,¢jale)) =" Qi(v, Yae). O

5.8.4 Characterizations of cocartesian functors

Theorem 5.3.19 ([64, Theorem 5.3.4]). Let A and B be Rezk types, and consider cocartesian
families P: B — U and Q : A — U with associated fibrations & : F'— A and 7w : E — B, resp .
For a fibered functor ® := (j,¢) giving rise to a square

F-?.F
I

the following are equivalent:

1. The fiberwise map ® is a cocartesian functor.
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2. The mate of the induced natural isomorphism, fibered over j: A — B, is invertible, too:

F—* L F F—* L F
§¢A4>7T¢B fiA—>7T¢B

3. The mate of the induced natural isomorphism is invertible, too:

Al Al

- L EA - L EA
J / [ T \ Je
EJA—— 7| B EJA—— 7| B

plj plj

Proof. Let Q : A — U be the straightening of £ and P : B — U the straightening of 7.
1 <= 2 : Consider the first (fibered) adjunction, where the mate of the canonical isomorphism
cell is constructed through the following pasting diagram:

JA—5 5 F L4 E
! /lx
fiATﬂTiBTE

The unit 7 : homg 4 (idp, ki) at (u:a — d’,d: P,) is given as follows:

P(u,d)

d wd

u
— s d

a/

——Q

u

Q\

The pasting 2-cell can be identified with the natural transformation

a: homF_HwB(/*i, oplj,por)

whose components at (u:a — a/,d : Pa) are given by the fillers:

Ay = (K oo L Pnway = (Gd, (Guh(ed)) = (jd', o(wd))
o(wd)
Pi(u,d) A
" % )
q 2D o d o(d) s (jul(ipd)
' Pi(ju,pd) '
@ jla) —— (@)

If ® = (4, ) is a cocartesian functor there is an identification ¢(Qy(u,d)) = P(ju, ¢d) in
EAl, hence a, g is an identity.

On the other hand, if the induced filler a, 4y happens to be an isomorphism, and thus
an identity, we obtain an identification ¢(Q\(u,d)) = P(ju, pd) rendering ® a cocartesian
functor.
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1 <= 3 : In case of the second adjunction, the mate is given by the cell constructed by pasting
from the diagram:

Al
clA—Lt pA ¥ gA

21 Ao

AI
A elB—m B

The counit ¢’ : hom a1, par (£ o7’ idgar) at (v : b =V, g: e — ¢') is given by the fillers:

6/

g o
/ (v,g)

|
|

e ——m»—— e
Pi(vye) i

The pasting cell can be identified with the natural transformation

B homfiAeFAl (pljo glv ()OAI o/)

whose components at (u:a — a',d : Pa) are given by:
B(u,d) = €;A1(5<u’d>) : <ju, P'(]ua Sp(d)» - (Ju7 @Q!(u, d)>

p(wd)
0(Q1(u,d)) Tﬁ(u,@

Pl e Uwiled)

. .
jaT‘ya

If ® = (p,u) is a cocartesian functor, then ¢(Qi(u,d)) is a cocartesian arrow, so the filler
Biu,qy must be too, thus an identity.

Conversely, 8,4y being an identity gives rise to an identification p(Q(u,d)) = P(ju, pd).
This implies that ® is a cocartesian functor. ]

An application of the characterization theorem is a proof that any fibered left adjoint (over
a common base) is a cocartesian functor.

Lemma 5.3.20 (2-cell conservativity for comma types, cf. [64, Proposition 3.4.6(iii)]). Let
g:C — A<+ B: f bea cospan of Rezk types. For generalized elements o, o’ : X — f | g,

consider a natural transformation T : a = . If 7 for both k = 0,1 are natural isomorphisms,
then T is a natural isomorphism.

Proof. We have an equivalence X — f | g ~ > op:x>B[ls.x foor — gajz. The natural
Ozl:X%C
transformation 7 at stage x : X is given by a square:

OoTa
fagx —>f( o7) fajx

’
QIJ Tx lam

/
—_
TS R A
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Invoking transformation extensionality, if both whiskered 2-cells Ox7, are isomorphisms, then
by functoriality the squares 7, degenerate to

aacl Tx la;
exhibiting 7 as a natural isomorphism. O

Proposition 5.3.21 (Fibered left adjoints are cocartesian functors, [64, Lemma 5.3.6]). Con-
sider a fibered functor between cocartesian fibrations where the horizontal arrows make up a
fibered adjunction:

Then ¢ is a cocartesian functor.

Proof. Since ¢ and 7 are cocartesian, we obtain the following induced diagram:

pA!
pAYST T A

el 4T = e

plk
Specifically, the vertical adjunctions follow from the Chevalley criterion for cocartesian fibrations.
The top horizontal adjunction exists because of Proposition B.1.5. The bottom horizontal
adjunction exists by Proposition B.2.3. We now have to show that the the mate w.r.t. the
vertical adjunctions is invertible, which by Proposition A.2.3 is equivalent to the mate w.r.t. the

horizontal adjunctions being invertible. But this is established by 2-cell conservativity of comma
objects, cf. Lemma 5.3.20. O

Any fibered equivalence between arbitrary maps is also cocartesian.

Proposition 5.3.22 (Fibered equivalences are cocartesian functors). For (cocartesian) fibra-
tions £ : F'— A and m: E - B, any square of the form

F—= > F

d I

s a cocartesian functor.

Proof. By univalence we can replace anonymous equivalences by identities (equivalence induc-
tion), and these are easily seen to be cocartesian functors (since they preserve cocartesian
lifts). O
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Alternatively, in the case of cocartesian fibrations, one could argue similarly as in Proposi-
tion 5.3.21, cf. [64, Corollary 5.3.1]

6. More on covariant families

Covariant families have been introduced and thoroughly analyzed by Riehl-Shulman, cf. [62,
Section 8|. Since they can be characterized by a right orthogonality condition (namely w.r.t. the
map 0 : 1 < Al), it follows formally that they satisfy all the closure properties from Subsec-
tion 3.1.2, yielding the analog of the co-cosmological closure properties, cf. Proposition 6.2.1. As
a perhaps rather non-obvious result, we prove that covariant families (over an arbitrary type)
are automatically inner. Furthermore, we prove the expected result that, over a Rezk type, a
family is covariant if and only if it is cocartesian and all its fibers are discrete. We also argue
how covariant families can be seen as a type-theoretic analogue of discrete cocartesian fibrations
in the co-cosmological sense.

The section concludes by establishing a directed version of the encode-decode method [83,
Section 8.9], which we expect to be useful when analyzing localization or other higher inductive
types in later work.

In the following section, the Yoneda Lemma for covariant families, originally established
in [62, Section 9], is recovered in Section 7.2 as a special case of the Yoneda Lemma for cocartesian

families.
6.1 Properties and characterizations of covariant families

6.1.1 Covariant vs. inner families
Proposition 6.1.1. Every covariant family is an inner family.

Since inner families are a relative version of Segal types the proposition at hand can be seen
as a relative version of [62, Proposition 7.3].

Proof. Let P : B — U be a covariant family. Suppose we are given a 2-simplex ¢ in B with
boundary given by u : homp(b,b'), v : hompg(¥,b"), and w : hompg(b,b"), for b, b, " : B,
i.e., o : hom%(u,v;w). Furthermore, assume there are dependent arrows f : hom! (e, ¢/), g :
hom? (¢/,e”) for e : Pb, ¢ : PV, e : P¥'. We prove that there is a contractible choice of

elements of the extension type

(TI Plott,t))]}y) (6.1)

ta<t1

by giving a center and by showing that any two elements are equal.®3
The center is obtained using the homotopy extension property (HEP), cf. [62, Proposition

2.

*In general, a type A is contractible iff the type isContr(A) := Y, []..,(c =a z) is inhabited. For any pair

4.10], Proposition 2.1.3. Since P is covariant, there is an element

H: H H isContr<H P(ui(t))

b1:B ui:homp(b,b1)

(c,H:) we call ¢ : A a center of contraction of A and H. a contraction of A. It is common to strengthen the
articles to be definite: contractible data is unique up to contractibility anyway, and this is the usual sense in
which data in HoTT is deemed unique. We therefore allow ourselves to speak of the center of contraction of A
etc., cf. [69, Definition 10.1.1].
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To use the HEP, we first give an element of [[,,«;, P(o(t1,t2)). If t2 is given, consider K (t2) :=
Ho(1,ty) (At.o(t,t A tz)). The corresponding center applied to ¢ is in P(o(t1,t1 A ta)) =
P(o(t1,t2)). We now need to provide a homotopy between this and [f, g], but this is obtained
from the contraction part of H.

To show that any two elements &1,52 in (6.1) are equal, we use relative function exten-
sionality [62, Proposition 4.8], Proposition 2.1.3, by which it suffices to give an element of the

A7
refl

Again we appeal to HEP. Given ty < ¢, from K(t2) we get an identity between 1 and &5

extension type

< [T G1(t1,t2) = Ga(ta, t2)

to<t1

restricted to the extension type ([[, P(t,t A t2)|%). From the easy direction of relative function
extensionality we get an identity &1(t1,t2) = &2(t1,t2). To show that the resulting homotopy is
homotopic to refl on A?, we use tope disjunction elimination.

On the edge t = 0 we have an identity f = f in the contractible type ([], P(c(t,0))|%). But
an identity type in a contractible type is itself contractible, so this identity is equal to refl.

On the edge t; = 1 we may consider an arbitrary t5 and use the same argument. O

6.1.2 Covariant vs. cocartesian families
Proposition 6.1.2. Any covariant family over a Rezk type B is a cocartesian family.

Proof. A family P : B — U is covariant if and only if the Leibniz cotensor ig h7p pPA
BA' x B P is an equivalence. By Proposition 3.2.3 this also constitutes an adjoint equivalence,
and by fibrant replacement the left adjoint can be chosen a (strict) section. O

Proposition 6.1.3. Let B be a Segal type. Assume P : B — U is such that the following
properties are satisfied:

1. P is an inner family.

2. P has the cocartesian lifting property.

3. All fibers Pb for b: B are discrete.

Then P is covariant.

Proof. Let b,b' : B with u : homp(b,¥'), and e : Pb. There is ¢/ : P and a lift f : homZ (e, /)
which is cocartesian, meaning that for any e : P and g : hom? (e, ) there is a unique arrow h :
homi};b, (e’,€") such that hof = g. This dependent composition becomes an ordinary composition
in the total space P which is Segal, since B is. Now, as homfzb/(e', €’) ~ hompy (e, €"), and
PV is discrete, h can be taken to be an identity. But then f = g. O

Corollary 6.1.4. A cocartesian family over a Segal type is covariant if and only if all its fibers
are discrete.

Proposition 6.1.5. A cocartesian family is covariant if and only if all dependent arrows are
cocartesian.

Proof. Let P: B — U be a cocartesian family.

If P is covariant, then the unique lift for any u : b — b" in B w.r.t. e : P b must be (identifiable
with) a cocartesian arrow. Since any dependent arrow is given as a lift of some arrow in the
base, it follows that any dependent arrow is cocartesian.
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Conversely, if every dependent arrow in P is cocartesian, any two lifts of u : b — b’ beginning
at some e : Pb become equal (since the filler induced by the universal property is exhibited as
an isomorphism). O

6.2 Closure properties of covariant families

Proposition 6.2.1 (Cosmological closure properties of covariant families).

1. Ower Rezk bases, it holds that:
Covariant families are closed under composition, dependent products, pullback along
arbitrary maps, and cotensoring with maps/shape inclusions. Furthermore, they are
closed under sequential limits, and satisfy left cancelation. Families corresponding to
equivalences or terminal projections are always covariant.

2. Between covariant families over Rezk bases, it holds that:
Fibered functors are closed under (both horizontal and vertical) composition, depen-
dent products, pullback, sequential limits,’* and Leibniz cotensors.
Fibered equivalences and fibered functors into the identity of 1 are always covariant.

Proof. Most of the properties follow from the established results about cocartesian fibrations
Proposition 5.3.17, or the additional closure properties that hold for right classes. Recall that
fibered functors between covariant families are automatically cocartesian. We are only left
with stability under objectwise pullback (which will imply stability under objectwise sequential
limits). We assume a diagram as follows whose vertically drawn maps are covariant fibrations:

E=p —  F:=P« _ E'.=pr

B B B

We are to prove that the induced map E' xp E” — B’ x g B” is a covariant fibration as well. To
this end, we observe the following. Given a triple of arrows (u,u’,«”) in B’ x g B” with points
(€0, €4, €0) : E' x g E" lying over the respective domains the cocartesian lift is given fiberwise by

(P(u,eq), P/ (u', ep), P'(u”, €q)).

Due to covariance all the components are uniquely determined (after projecting), and so the lift
in B' xg E" — B’ xg B" is as well. O

6.3 Covariant families as discrete objects In co-cosmos theory, covariant families arise
as a kind of discrete objects. Their analogues in simplicial type theory satisfy a corresponding
property as well.

Namely, over a fixed base, a discrete cocartesian fibration in an oo-cosmos is defined as a
cocartesian fibration (relative to the given co-cosmos) that is required to be discrete as an object
of the slice co-cosmos [64, Proposition 1.2.22]. There are two equivalent ways of expressing the

34all three objectwise limit notions satisfying the expected universal properties w.r.t. to fibered functors
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latter. In our current type-theoretic setting, in absence of categorical universes, we cannot give
a systematic account of these definitions, but we can still give appropriate translations of both
of these criteria, and prove they are satisfied by discrete covariant families.

To state these principles, we need to type-theoretically capture some of the structure of sliced
oo-cosmoses, namely sliced versions of function types as well as simplicial cotensors.

The enrichment over categories is simply given by the object of fiberwise maps (cf. Sec-
tion 5.3.2), itself a Rezk type:

Definition 6.3.1 (Sliced function type, [64, Proposition 1.2.22(ii)]). For two maps 7 : E — B,
¢ : F — B over a common base type B, the sliced function type (over B)is given by the pullback
object:
Fung(¢,7) ——— EF
[
1 ; BF

Taking the sliced cotensor amounts to taking the usual exponential of each fiber:

Definition 6.3.2 (Sliced cotensor, [64, Proposition 1.2.22(vi)]). Let 7 : E — B be a map, and
X be a type or shape. The sliced exponential (over B) of m by X is given by the map XXE — B
defined as:
XXRE ——— EX
|- I

B—— 4 BX
cst

If X is a shape ®, we can take the strict extension type ® X E which is fibered equivalent
to the dependent pair type along the powers of the fibers, i.e., over B, we have an equivalence

PRE —— = ¥, »®— P

where P : B — U denotes the family of fibers of 7.
In particular, the sliced exponential w.r.t. ® = A! has as total type the type of vertical
arrows.

Proposition 6.3.3 (Covariant families are cosmologically discrete, cf. [64, Definition 5.5.3]).
Over a Rezk type, for a cocartesian family P : B — U with associated projection w : & — B the
following are equivalent:

1. The map m is ig-orthogonal.
2. The map induced by the non-degenerate map s : A — E is a fibered equivalence:

EXE ——— 3 AIRE

o~

3. For all global elements b: 1 — B, the sliced function type Funpg(b, ) is discrete.
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Furthermore, if P : B — U is a covariant family, then, for any map £ : F — B, the sliced
function type Funp (&, m) is discrete.

Proof.

1 <= 2: Criterion 2 is equivalent to [[,.zisEquiv(s — Pb), s = Pb: (E — Pb) — (Al — Pb),
which precisely says that all fibers of P are discrete. Given that P is cocartesian, this is
equivalent to P being covariant by Corollary 6.1.4.

1 <= 3: Similarly, since Funpg(b, 7) ~ P b, Criterion 3 is also equivalent to P being covariant.

Now, assume P is covariant. Given a map & : F — B, the exponential 7 : Ef' — BF is a
covariant fibration, too, hence the fiber £*7f ~ Funp (&, m) is discrete. O

6.4 Directed encode-decode We point out a directed version of the “encode-decode method”
in order to characterize hom-types in higher inductive types (and localizations).

The encode-decode method is used for a type A with a : A, together with a family P : A — U
with d : P(a). The elimination rule for identity types gives a fiberwise map ¢ : [[,.4(a = 2 —
P(z)), sending the reflexivity path to d. Since }_,.4, a = z is contractible, and a fiberwise map
is a fiberwise equivalence if and only if the map on total types is an equivalence, we get that ¢
is a fiberwise equivalence if and only if " .4 P(x) is contractible.

This has the following directed analog;:

Theorem 6.4.1. Let A be a Segal type with a : A, and let P : A — U be a covariant family
with d : P(a). The fiberwise map ¢ : [[,.4(homa(a,z) — P(x)) given by o(x, f) :== fiz, is a
fiberwise equivalence if and only if {a,d) is an initial object in 3", 4 P(x).%’

Proof. By [62, Lemma 9.8], >,. 4 homy(a, z) has (a,id,) as initial object.

Conversely, if (a,d) is initial in }°,.4 P(z), then each type 3 fiom , (a,2) homf(d, e) is con-
tractible, where = : A and e : P(z). By [62, Lemma 8.13], we have equivalences hom]}c) (d,e) ~
(fid = e), and hence we get that the fiber of ¢, at e, which is 3 f.j.om , (a,) (fi d = €), I8 equivalent
t0 3 fihoma(a,2) homf(d, e), and is hence contractible. O

7. Yoneda Lemma for cocartesian families

In our synthetic setting, we prove a version of the Yoneda Lemma for cocartesian fibrations
which reads as follows: For a Rezk type B and a cocartesian family P : B — U, evaluation at
the identity arrow is an equivalence:

cocart )
HiSEquiV (( H P(0, u)) i Pb)

b:B u:bl B

Generalizing work by Street [81], this Yoneda Lemma has been formulated and proved by Riehl-
Verity w.r.t. co-cosmoses [64, Theorem 5.7.3], showing that it applies to cocartesian fibrations
of (0o, n)-categories for 0 < n < oo. For our proof, we adapt Riehl-Verity’s methods to the
type-theoretic setting, with significant simplifications because we are only considering (oo, 1)-
categories. At the same time, this generalizes Riehl-Shulman’s type-theoretic Yoneda Lemma

*Recall that Y., P(z) is a Segal type.
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for discrete covariant fibrations [62, Theorems 9.1, 9.5].3¢ A semantic version of the fibered
Yoneda Lemma for discrete (co-)cartesian fibrations over Segal spaces has also been established
by Rasekh [57, Theorem 3.49].

As discussed by Riehl-Shulman, the synthetic Yoneda Lemma can be understood as a directed
path induction principle, now also applying to the case of categorical fibers. In fact—following
Riehl-Verity as well as Riehl-Shulman—the Yoneda Lemma will be implied by a general result
about cocartesian fibrations P : B — U over a base B with initial element b : B. Namely,
evaluation at b induces a LARI adjunction between the fiber and the type of sections which
yields a (quasi-)equivalence when restricted to the cocartesian sections:

H%)cart P

I P

This is discussed in Section 7.1. The Yoneda Lemma will follow as an instance of this result,
which gets discussed in Section 7.2.
Here, for a given b : B, the LARI y := y; is defined at d : P b, x : B via cocartesian transport
as
(y d)(w) = &1 (0., d).

A key step is showing that y lands in cocartesian sections. This can be shown by interpreting
cocartesian lifts as 2-cells xq : cstd — yd, and then concluding by the formal properties of
cocartesian arrows that the components of y d are, in fact, cocartesian arrows.

7.1 Cocartesian sections from initial elements Recall the definition of an initial element
in a type.

Definition 7.1.1 (Initial element, [62, Definition 9.6]). Let B be a type. An element b : B is
initial it
H isContr(homp (b, a)).
a:B
We write (), : homp(b, a) for the center of contraction if b : B is initial. First, we establish the
LARI adjunction result between the sections of the family and the fiber at the initial element.

Proposition 7.1.2 ([64, Proposition 5.7.13]). Let P : B — U be a cocartesian family over a
Rezk type B. If b: B is initial the evaluation functor evy : [[g P — Pb has a LARI:
y
0op . -
B €
-~

€evy

Proof. The candidate for the left adjoint is

y:Pob— [P y:=MAz.(0),(d) = Ad.Ax.01 Pi(0,, d).
B

36In the discrete covariant case, the statement reads exactly the same, only without the restriction to cocartesian
sections which has become vacuous.
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We will show that the map
: homH p(yd,o) = hompy(d,ob), ¢ :=Ak.kb
B

is an equivalence.
Since b is initial, for any z : B, the hom-type hompg(b, z) is contractible with center (),.. Since
P is cocartesian, we can define the map

¥ : hompy(d,ob) — homHB p(yd, o), = Az fillp g, (o (D) o f).

To illustrate, v yields the right-hand vertical arrow in squares of the form:

d Aed) (yd)x
fJ (f)
ob T O'V.I‘

Dz

b ———— =z

where f : hompy(d,ob). For the round-trip along through ¢ and 1, note that we obtain a path
©(1f) = idy since cocartesian lifts of identities are again identities.

For the other direction, note that as described in Section 5.3.1 a morphism of sections
K homHB p(yd, o) yields a square

for every x : B. But this means 1 (pk)(z) = k(z) as desired.
One checks that (yf)(b) = f, so y is indeed a left adjoint right inverse to evy,. O

In fact, the transport map y : Pb — [[g P is valued in cocartesian sections. We prove this
by a 2-dimensional naturality property of the cocartesian lifts.

Proposition 7.1.3 ([64, Proposition 5.7.18]). Let B be a Rezk type, P : B — U a cocartesian
family and b : B be an initial object. The map

y:Pob— [P y:=AdAz.(0),(d)
B

factors through the subtype of cocartesian sections, i.e.,

Pb 25 [P —— [[5 P.

\/

y

Proof. For d : Pb, consider the constant map cst(d) := \x.d : B — E, where E := P. The
cocartesian lifts w.r.t. d : P b give rise to a natural transformation

X : homp,p(cst(d), yd) ~ [] homp(cst(d, z),y(d, 2)), Xz = Bi(0e, d).
x:B
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Given z, 2’ : B, for any arrow u : hompg(z,2') we want to argue that the action of y on u yields
a cocartesian arrow yy, : hom (ydz,ydz").3" Considering the naturality square

=
8
B&----
/

it follows that ydu is cocartesian by Proposition 5.1.8(2). O

Proposition 7.1.4 ([64, Theorem 5.7.13], [62, Theorem 9.7]). Let B be a Rezk type, b : B an
initial object, and P : B — U a cocartesian family. Then evaluation at b

cocart
( ];[ P) - Pb

is an equivalence.

Proof. By Proposition 7.1.3, the map y restricts to cocartesian sections. By Proposition 7.1.2,
evpoy = idp b-

We set T := [[$°*" P. For the converse direction, we define a natural transformation

e : homp_,7(y o evy, idy) ~ H homyp(y(evy)(o),0)

=~ H [T homp.(y(c(b))(x), o))

o1l z:B

as follows: For x : B, the action of o on (), : hompg(b,x) yields a cocartesian arrow o(0,) :
homéjz(a(b),a(w)).
We define ¢, , as the following filler:

0z

By Proposition 5.1.8(2), €5 is cocartesian. As a cocartesian lift of an identity, it is itself an
identity. By [62, Proposition 10.3], € : homp_,7(y o evy,idy) is an identity. O

3"We suppress the canonical 2-cell witnessing composition.
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7.2 Dependent and absolute Yoneda Lemma We now obtain analogues of the (depen-
dent) Yoneda Lemma as in [64], [62] for cocartesian families.

Lemma 7.2.1 ([62, Lemma 9.8]). Let B be a Segal type. For any element b : B, the identity
morphism idy : b | B is an initial object.

Theorem 7.2.2 (Dependent Yoneda Lemma for cocartesian families, cf. [64, Theorem 5.7.2]).
Let B be a Rezk type, b : B any element, and Q : b | B — U a cocartesian family. Then

evaluation at idy as in
cocart

evia, : ( [ @) — Qidy)

bLB

is an equivalence.

Proof. Because of Lemma 7.2.1 (cf. [62, Lemma 9.8]) this follows from Proposition 7.1.4. O

Theorem 7.2.3 (Yoneda Lemma for cocartesian families, cf. [64, Theorem 5.7.3] & [62, Theorem
9.1]). Let B be a Rezk type, b : B any element, and P : B — U a cocartesian family. Then

evaluation at idy as in
cocart

eviq, ( H BTP) — Pb
bLB
is an equivalence, where

01 :=Muawu(l) b B— B.

Proof. This is an instance of the Dependent Yoneda Lemma Theorem 7.2.2 for @ := 0P =
Au.P(ul): bl B — B. O

Noting that for a covariant family any section is cocartesian, we recover the discrete versions
from [64, 62].

Corollary 7.2.4 (Dependent Yoneda Lemma for covariant families, cf. [62, Theorem 9.5]). Let
B be a Rezk type, b: B any element, and Q : b | B — U a covariant family. Then evaluation at
idy as in

evig, (H Q) — Q(idyp)

blB
is an equivalence.
Corollary 7.2.5 (Yoneda Lemma for covariant families, cf. [64, Theorem 5.7.1], [62, Theo-

rem 9.1], [32, Proposition 2.1.7], [57, Theorem 3.49]). Let B be a Rezk type, b : B any element,
and P : B — U a covariant family. Then evaluation at idy as in

evig, (H 8IP) — Pb
blB

is an equivalence, where

O :=Auu(l):b] B— B.
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Appendix A: Lax squares

Since Segal types form an exponential ideal, simplicial type theory in fact captures some of the

2-dimensional theory of synthetic (oo, 1)-categories, cf. [62, Section 6]. For Rezk types A, B the

type B4 is again Rezk, with mapping spaces 11r410mB (f,9) = (f = g). This invites a treatment of
N

lax squares

'S
oy

e
—

N

Q
-

which are encoded by 2-cells

o :hk = gf ~ [[(hk)(a) = (9f)(a).

a:A

We are mainly interested in some basic results about mates, known from classical 2-category
theory, re-interpreted in the context of higher categories as in [64] (cf. op. cit., Appendix B, for
the classical setting). These occur in our study of cocartesian functors in Section 5.3.

First, in Section A.1 we explicitly define pasting operations for lax squares. Then we prove
a simple pasting theorem for a specific pasting scheme, which is used in Section A.2 to establish
the mates correspondence for an adjunction.

Alas, in the absence of categorical type universes, a general pasting theorem, possibly along
the lines of [20, 26, 24|, seems out of reach. Therefore, we will only in an ad hoc manner
consider a few very specific pasting schemes relevant to our specific applications, and prove
well-definedness of these pastings by manual pasting diagram chases, which is straightforward,
though lengthy to spell out.

A.1 Pasting of lax squares In this subsection, we introduce horizontal and vertical pasting
of lax squares of functors between Segal types. We prove that these pasting operations are
associative, and establish a certain pasting theorem which will be used to establish the mates
correspondence subsequently in Section A.2.

Definition A.1.1 (Pasting of squares). 1. The horizontal pasting of a natural transforma-
tions « : hom (hu,u'k) with a natural transformation o : hom (h'u/,u”k’) as indicated
A A A5 A

in
B k B/ 14 B// B k'k B//
u %u/l % J{u// ~ uJ{ o'l u!!
A A A" A—-—— s A"
h h' h'h

is defined as:

o Ma = (o *idg) o (idy *a) : hom (W hu, u"k'k)
B A"
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PR
/1dh/*a /5'*ldh \
o/Doa:= B h’u’k% A" gBEg= A — k/f h— B"
\a *1dk/ \idk’ * /
k’llls f

//k/

Figure 10: Horizontal and vertical pasting of squares

2. The wertical pasting of a natural transformations f3 : EOIE (f'h,kf) with a natural trans-
— /

formation 3 : hom (f"HW,E'f") as indicated in

o,
A—1 B A—B
@ ;}ﬂ y
A _, B’ s ves Kk
S
A// T B// A// T) B//

is defined as:
B BB := (idp *8) o (B xidy,) : glogl (f"h'h,K'kf)
B

Proposition A.1.2 (Associativity of horizontal pasting of squares). For Segal types, consider

2-cells as given in the diagram:

B k k' B k" B!
A A" A
h h/ h//

This defines a unique pasting 2-cell /" : homp_, g (W' W hu, v k"k'k), so in particular there is

an identification
("D )YDa=d" =" Da).
Proof. We define 8 : hompg_, 4 (h'hu, u"k'k) as the composition § := o’ Da, i.e., for all b: B:

By s Bhu(b) — 2y k(b)) — Ry WK k(D)
Pasting o on the right gives the natural transformation o’ 3 = (o * idy) o (idpr x5):

o
k kb

R heu(b) My W R (D) —— X5 M (D)

h’m %@;b

h'hu'k(b)
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By symmetry, one can show that for v : hompr_, 4 (W', " k"kK'") defined as v := o” M’ the
composite vy M a = (v *idg) o (idprp xa) coincides with o [0 B. O

Proposition A.1.3 (Associativity of vertical pasting of squares). For Segal types, consider

2-cells as given in the diagram:

n ﬁ// 1%
A// f// B//

1
h// 5 k”

m 1" "
A" —— B

This defines a unique pasting 2-cell 3" : homp_, o (f""h'W h, k"K'kf), so in particular there is
an identification

(8"mp)mp=p"=p"0(' mp).

The proof is completely analogous to the proof for the horizontal pasting.
To prove the mates correspondence we need the following pasting theorem involving 2-cells

with identity boundaries.

Proposition A.1.4 (A pasting theorem). For Segal types, consider the following configuration
of natural transformations:

AifHB B
H v
A —f—— B

;{ /5/’ Jk
f’*>B’

H Tl =

A/ f/ B/
This gives rise to a unique pasting 2-cell, in particular there is a homotopy

(W' De)BEB (WD) =y D' BaEY) Dy

A—f—— B
=
| e
A f B k B ——— DB’ A—fFf—— B
=
H /90/ ul //go’E,BEtb “i /w'/? H — hi /B/ ik
A=—= A h A’ f B’ f’HB/
H oo |

f’*> B’
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Proof. Given a 2-cell 8 : f'h = kf, we spell out the 2-cells generated by the pastings on
either side of the identification. Each time, this is done in two steps, first considering the
diagram in the middle, and then pasting the cells on the sides. For the horizontal composite
H:=¢'0(¢BpEY) B, we find

W’u u/ u u/

o= BB : hu(b) — O fhau(b) — Ok fu(b) —E s k(b)
which yields the resulting cell:
"Qfia Ve ria
Y Dale: f'hla) —E s huf(a) sk f(a) D kf(a)
flso;luf(a) f/ulkwf(a)
f'd f'huf(a) — f'u'kfuf(a)
fulguf(a)

The vertical composite V := (¢/ D ¢') B 8 (pM) is treated accordingly. In sum, we get the
two composites:

H 'l L2 g B2 g BB ptpugp D2 ey 28 g

Vo ZEE prypn N gy P gy MO gy M gy

We are to show that the composite 2-cells H and V coincide.

Ultimately, this is established by commutation of the following diagram of natural transfor-
mations in A — B’ (which can be checked pointwisely) where the outermost left composite is
the 2-cell V, and the outermost right composite is H:

f'h =—=rho=—= f'huf
f’«p’hﬂ k) ﬂf’«p'huf
W f'h e
f/h f/ /f/ _ f/ /f h(p :> f/u/f/huf
f/ lﬁﬂ f/ ,(ﬂ*‘#’) ﬂf/u/ﬂuf
flu/kf —f/u’kfgp:> flu/k,f f % f/ ,]{}f
ﬁ n
\w;kfﬂ Whrof _ 'kfuf qp'k*w f ﬂw’kf
kfe ki f
Here, the identity (x) is established by:
1.1 £l f'v'B 1.1
w'f'hﬂ \ ﬂw’kf

f’h:ﬁ>kf

In sum, as desired we have constructed a path between the two composites

H=¢y'M(¢BpEY)Be=w'0¢)BAE (pDy)=V. O
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A.2 Mates We are now able to capture the mates correspondence of an adjunction in type
theory.

Proposition A.2.1. Consider adjunctions and morphisms between Rezk types as follows:

There is a quasi-equivalence between types of natural transformations
D h hu,v'k) ~ h 'hkf) W
hom (hu, w'k) =~ hom (f'h, kf)

traditionally known as the mates correspondence, cf. [64, Definition B.3.3], given by pasting in
the following way’®:

Bt p Bt p Y A
of B = / 113 Tf'ﬁ"//
A A B A A

&H
—
/.

™
—
)
Il
\7

/

A ! B, B
X ul 5/’% %X
A A - B

Ezxplicitly, the constructions are given by:

Bo:= () = (f'ha e e — T e — M g fa)

o 1= W(B) = (hub —" s o/ fhuub —" s e fu(b) — s k)
Proof of Proposition A.2.1. Consider the maps
®:h ! h ! O(a) =Ml
hom (hu, w'k) — hom (f'h, kf), (o) :=c'Man
¥ h 'h, k h hu,u'k U(p):=nEBpRBe.
hom (f'h, kf) — hom (hu, uk), (B):=nBpBe
By the previous pasting theorem, we obtain for o : hu = v’k an identification
U(P(a))=n"B®(a)Be=(n'De)BaB (nle) =a
invoking witnesses for the triangle identities, via [62, Theorem 11.23].
The round trip in the converse direction is analogous. O

38The associativity theorems tell us that the diagrams are well-defined when read as pasting diagrams.
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Proposition A.2.2 (Invertibility of conjugates, [64, Example B.3.5, Warning B.3.7]). Given
Rezk types A, B with adjunctions f Hu:B — A, f' 44 : B— A, consider a 2-cell o : v = u’
and its mate o' : f = f'. Then « is invertible if and only if o is:

B—— B B— B
| A2 e T
A— A A— A

Proof. By precondition, we have the identification o : u = u’. Recall the uniqueness of left
adjoints and all the accompanying data [62, Theorem 11.23|. Since both f = u, f' - u/, also
f' - u, but this implies there is an identification f = f’. Furthermore, the counit & can be
replaced by e.
Thus, the mate of o at a : A is homotopic to the composite
fla S, fufa S 7 flul fa —1% s faq

which is an isomorphism by one of the triangle identities. O

Proposition A.2.3 ([64, Exercise B.3.iii]). Consider adjunctions between Rezk types as in:

/
k/*> B’

f Gi o7 vl @ %

r—s A

~_ |, —

Then the mate o : wl' = ¢u' w.r.t. the horizontal adjunctions is invertible if and only if the
mate " : f'h = h'f w.r.t. the vertical adjunctions is:

B<—g' n— B’
\ J - \ Tf,
A—o— A A—pn— A

Proof. This becomes an instance of Proposition A.2.2 after considering the composites of the
adjunctions. O

Appendix B: LARI and fibered adjunctions

We complement Riehl-Shulman’s theory of adjunctions [62, Section 10] by a treatment of left ad-
joint right inverse (LARI) adjunctions. Hereby, we assume the types involved to be Rezk.

Specifically, we provide a characterization result Theorem B.1.4 along the lines of [62, The-
orem 11.23], as well as various closure properties which imply the closure properties in Sec-
tions 3.2.2 and 5.2.3. In particular, by fibrant replacement, we can identify LARI adjunctions
between Rezk types with adjunctions whose left adjoint is a section. As for the stability prop-
erties, LARI adjunctions (between Rezk types) are always closed under dependent products,
composition and pullback. This in turn implies the same closure properties for LARI fibrations
Section 3.2.2.

Finally, we briefly discuss fibered adjunctions between isoinner families over a Rezk type.
These occur in the characterization theorems of cocartesian families, Theorem 5.2.7, and func-
tors, Theorem 5.3.19.
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B.1 Left adjoint right inverse (LARI) adjunctions After providing a characterization
of LARI adjunctions, similar to and relying on [62, Theorem 11.23], we prove a few closure
properties. From these we derive corresponding closure properties of j-LARI fibrations (hence
also cocartesian fibrations) in the main text, cf. Section 3.2.2.

B.1.1 Characterizations of LARI adjunctions

Definition B.1.1 (Transposing LARI adjunction, cf. [62, Definition 11.1]). A transposing left
adjoint right inverse adjunction (or LARI adjunction for short) between Rezk types A, B consists
of:
e a transposing adjunction, consisting of functors u : B — A, f : A — B, and a family of
equivalences ¢ : [],. 4 5.5 homp(fa,b) >~ hom4(a, ub)
o such that for all a : A the components 7,4 = ¢4, fq(idfq) : homa(a,ufa) of the unit are
isomorphisms.

Given this data, f is called a transposing left adjoint right inverse (or transposing LARI).

Definition B.1.2 (Bi-diagrammatic LARI adjunction, cf. [62, Definition 11.6]). A bi-diagrammatic
left adjoint right inverse adjunction (or bi-diagrammatic LARI adjunction) between Rezk types
A and B consists of:

e functorsu:B — A, f:A— B

o a natural isomorphism 7 : isoq—4(id4, uf)

o two natural transformations e,&’ : homp_, g(fu,idp)

a path a : ueonu =id,

e apath B:e'fo fn=idy
Given this data, f is called a bi-diagrammatic left adjoint right inverse (or bi-diagrammatic
LARI).

Definition B.1.3 (Lifting LARI adjunction, cf. [67, Proposition 4.4.12]). A lifting LARI ad-
junction between Rezk types A and B consists of functors u : B — A, f : A — B with a
homotopy ¢ : uwo f = id4q such that the following holds: For all a : A,b : B and arrows
a : hom 4 (a, ub) there exists uniquely up to homotopy an arrow [ : hompg(fa,b) with uo = a:

ol Ut p

1
_—
A «

Given this data, f is called a lifting left adjoint right inverse (or lifting LARI).

Theorem B.1.4 (Characterizations of LARI adjunctions, cf. [62, Theorem 11.23]). For a func-
tor u : B — A between Rezk types the following types are equivalent propositions:

1. The type of transposing LARIs of u.

2. The type of lifting LARIs of u.

3. The type of functors f : A — B together with natural isomorphisms n : isog—A(ida, uf)
such that @, = Ak.uk o g : homp(fa,b) — homa(a,ub) is an equivalence for all a : A,
b:B.

4. The type of bi-diagrammatic LARIs of u.



Synthetic fibered (0o, 1)-category theory 155

Proof. Straightening u to be the first projection of a family P : A — U (so that B ~ ]5), and
strictifying all the occurring data, shows that the types in Item 2 and Item 3 each are equivalent

> II II isContr (fz —4 e).

! HC“A e:Py

to the type

By [62, Theorem 11.23], the types of transposing and bi-diagrammatic left adjoints are
equivalent to each other and to the type

Z Z isEquiv(ey,).

ftA=>Bnida=uf

Hence, the type

Z Z isEquiv(y,) x isIso(n)
f:A—=Bnida=uf
is equivalent to the type of bi-diagrammatic LARIs of u, which establishes equivalences between
the types from Items 1, 3 and 4. Since the type of bi-diagrammatic left adjoints is a propo-
sition by [62, Theorem 11.23], also the sub-type of bi-diagrammatic LARIs in Item 4 is (and
consequently, the type in Item 2 is as well). ]

We remark that, in general, given two functors v : B — A and f : A — B, whether they
determine an adjunction is extra structure, and not just a proposition, but it is a proposition
given the data that f is a section of u (the proposition being: are the corresponding transposing
maps invertible?). Similarly, whether f is a section of w is in general extra structure, but this
becomes a proposition when we have the data of an adjunction (the proposition being: are the
units invertible?).

B.1.2  Closure properties of LARI adjunctions

Proposition B.1.5 ((LARI) adjunctions are closed under products). Let I : U be a type, and
A,B: I — U families with maps r; : B; — A;. If there is, for everyi: I, a (LARI) adjunction

e

\()/I
we get an induced (LARI) adjunction:
[,
[I; B L I1; A
\_/I
L

Proof. By fibrant replacement we consider the straightenings P; : A; — U, so that B; ~ Zl; ~
>a:a; Pi(a). Writing ¢; := (f;, L;), the induced map is given by
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With this, we obtain
homyy g, ([ ¢, (o, 8)) 2 [ [ homp, (€i(ci), (], 7))
o HhOHlBi«fz‘az‘, Lici), {05, B,))
~ f[ hom 4, (v, af) (since ¢; 4 r;)
~ hzoml—[i 4, ().

Thus, adjunctions are closed under taking dependent products. Clearly, this property descends
to LARI adjunctions, i.e., the case where f; : A; — A; is the identity. O

Proposition B.1.6 (LARI adjunctions are closed under pullback). LARI adjunctions between
Rezk types are stable under pullback, i.e., given a map v : C — A between Rezk types together
with a LARI{ : A — C and a map j : B — A where B is a Rezk type, then the map r' := j*r

has a LARI as well:
D——C

v .j—{ir’ - r\b—r ¢

BTA

Proof. We fibrantly replace the square as follows. Denote by P : A — U the family of fibers of
the map j : B — A, so that B ~ P, and likewise, Q : A — U the family associated to r : C' — A,
so that C' ~ @:

Za:APa X QCL — Za:AQa
v 1—@1” - Tll—ff
Sn Pa ———s A

The section ¢ is induced by the section ¢ by setting ¢ := X(a, d).(a,d, £(a)).?* The adjunction
¢ - r is given by an equivalence

o
> l(a) —q € ~home({a,{(a)), (d’,€')) ~ homy(a,a’)
ata—a’
giving rise to an equivalence

Z (d—4 d) x (((a) =€) ~homp({a,d,l(a)),(d,d¢))

aza—a’

Lhomp((a,d), (@, d)) ~ Y d—ad,

a:a—a’

in sum establishing that ¢’ is a left adjoint right inverse of r’. O

Proposition B.1.7 (LARI adjunctions are closed under composition). Any two (LARI) ad-
junctions between Rezk types

v ¢
\/I \_/

/ T

39Here, in the notation we are identifying sections with their “principal parts”.
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compose to a (LARI) adjunction:

cY 1L A
\7/1

Proof. By fibrant replacement, we take r and r’, resp., to be the projections of families P : A — U
and @ : B — U, where B := P and C := Q:

Va ¢
o = : R -
7,,/ T
qu}fa Q ad Za:A Pa

We denote the actions of the maps ¢ and ¢’ in the following way:

¢ = Xa.(bya, l1a)
¢ = XNa,d).(¢had,lad, lyad)

The adjunctions £ 47 and ¢ 47’ are given by equivalences

> (fia =4 d') ~ homp(l(a), (', d')) 2 hom 4(a, a’) (B.1)

alpa—ra’

and

Z (t5(a,d) = (,8) ¢') ~ homg (¢ (a,d), {d’,d',€"))
a:f(a,d)—a’
B:! (a,d)— ad’

Lhomp((a,d), (', d)) ~ ¥ (d—q d), (B.2)

aa—a’

resp. The composite of the left adjoints acts as:
" =1 ol = Na.(y(boa, b1a), ) (boa, lra), ty(boa, £1a))
This gives rise to an equivalence witnessing the composite adjunction:

home (€7 (a), (a’,d',€')) ~ Z t5(oa, t1a) — (0,8) e
a:ly(Loa,lia)
B4 (boa,l1a)

B. B.
(22) Z la —o d (:1) hom (a,a’)

afpa—a’

Furthermore, clearly if both ¢ and ¢, resp., happen to be sections of 7 and 7/, resp., then ¢ o /£
is a section of 7’ o r as can be seen from the above terms defining the functions. O

B.1.3 Initial elements in a LARI adjunction The following lemma is useful in our considera-
tions of cocartesian arrows, in particular in proving their uniqueness up to homotopy (w.r.t. a
fixed source vertex), Proposition 5.1.3.

Recall first the discussion in Remark 3.2.1.
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Lemma B.1.8. Suppose F U : E — B is a LARI adjunction of Segal types, and let b : B.
Then b is initial in B if and only if F'b is initial in F.

Proof. The implication from left to right is clear, since left adjoints preserve initial objects.0
Conversely, for any V' : B, since F' is fully faithful we have hompg(b, ') ~ homg(F b, F'V/) ~ 1,
assuming F'b is initial in E. O

B.2 Fibered adjunctions We give a brief treatment of fibered adjunctions which appear

in the characterization theorems of cocartesian families and functors, resp., Theorems 5.2.7

and 5.3.19. We furthermore show that fibered adjunctions over a common base pull back along

arbitrary functors, which is used in the main text to show that, for a fibered adjunction between

cocartesian fibrations, the fibered left adjoint is always cocartesian, cf. Proposition 5.3.21.
Throughout the subsection, we assume all types to be Rezk.

Definition B.2.1 (Fibered natural transformation). Let 7 : E — B and £ : F — A be maps.
If ® := (k,p) and ¥ := (m, 1)) each are fibered functors from & to m, then a fibered natural
transformation ® to ¥ consists of a pair of natural transformations p: k = m and 9 : ¢ = ¢
as indicated in

(]
F_ | 2B
\@/!

13 ™
k
e
\m/r

together with a family of paths

H m(a) = pe,-

a:AdQa

By fibrant replacement, writing P := Stp(7) and @ := St4(§), any fibered natural transfor-
mation can be presented by the data

o p:homa_,p(k,m)

o 0 [Tigareld) — ¥(d).
We also write shorthand 9 : ¢ =, 1.

Over a common base, we obtain that a natural transformation as given in

is fibered if and only if all components of ¥ are vertical arrows (cf. Definition 5.2.3).

Definition B.2.2 (Fibered adjunctions, [64, Definition 3.6.5]). Let £ : FF — B, m : E — B be
maps between Rezk types, and fibered functors ¢ : &€ =»p 7, ¥ : ®m —p & A fibered adjunction
(with fibered left adjoint v and fibered right adjoint ¢) is an adjunction b - ¢ such that for

40We expect there to be a nice general theory of (co)limits in simplicial type theory, but here we only need this
specific case.
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all (b,e) : E, the components 7, of the unit are vertical arrows. We indicate this by writing
1 1p ¢ or the following diagram:

Proposition B.2.3 (Base change of fibered adjunctions, cf. [64, Lemma 3.6.6(i), Exercise 5.3.]).
Given a fibered adjunction ¢ g ¢ : F' —p E between isoinner fibrations & : F - A, w: E — B,
where P := Stp(w), Q := Stp(§), for any map k : A — B the induced adjunction ' 4 ¢ :
k*F —p k*E is again a fibered adjunction:

k:*F ~ J F ®
NS \ %)
ke T R | E
N
k*m ™
K K’
A - B

Proof. Suppose given a fibered adjunction ¥ 4 ¢ as indicated with unit
(idy, 7¢) = (b, €) = (b, (p¥)u(e)),
for b: B, e : Pb. By assumption, for ¥’ : B, d’ : Q d’, this induces an equivalence
@y - homp ((b, ¥y (e)), (V. d’)) — homp((b, e), (V', 4 (d)))

by
Q= O, = Au, g.(u, Pu(g) © Ne).

For the unit of the adjunction over A we take
(ida,ne) = (@, €) = (a, (Yp)rale))
for a: A, e: P(ka). This gives rise to the transposing map
&), homye £ ({a, Ya(e)), (', ) — homye n((a, e}, (@', gh(d)))

fora’: A, d : Q(ka'). Contractibility of the fiber of a pair (v:a — a/,h:e =L ¢} (d')) demands
the unique existence of an arrow gy : Vg, (€) —>f d’ such that

©ko(gn) ©Ne = h,

which follows from the respective condition for the original map . ]
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